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PREFACE. 

THE  present  volume  is  the  first  contribution  towards 
the  fulfilment  of  a  promise  made  at  the  time  of  publi- 
cation of  my  Treatise  on  Differential  Equations.  My 
desire  has  been  to  include  every  substantial  contribution 
to  the  development  of  the  particular  subject  herein  dealt 
with ;  and  the  historical  form,  into  which  the  treatment 
has  been  cast,  has  facilitated  the  indication  of  the  con- 
tinuous course  of  the  development. 

All  sources  of  information,  which  have  been  drawn 
upon,  are  quoted  in  their  proper  connection  ;  a  few 
investigations  have  been  added,  which  I  believe  to  be 
new  ;  and  some  examples  have  been  made,  in  order  to 
provide  illustrations  of  various  methods. 

In  the  revision  of  the  proof-sheets  I  have  had,  and 
wish  to  acknowledge  most  gratefully,  the  valuable 
assistance  of  my  friend  Mr.  H.  M.  Taylor,  Fellow  of 
Trinity  College,  Cambridge.  The  volume  owes  much 
to  the  care  and  trouble  he  lias  ungrudgingly  bestowed 
upon  it.  My  thanks  are  also  due  to  Mr.  H.  F.  Baker, 
Fellow  of  St.  John's  College,  Cambridge,  for  his  kind- 
ness in  reading  the  proof-sheets. 

A.   K.  FORSYTE. 

TRINITY  COLLEGE,  CAMBRIDGE, 
.      28  July,  1890. 
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CHAPTER  I. 

SINGLE  EXACT  EQUATION*. 

1.     WHEN  a  number  of  variables  x,  y,  2,  ?>,...  are  connected  by 
a  permanent  relation  of  the  form 

<j)(x,y,z,u,...  )  =  a  .......................  (1), 

where  «  is  a  constant,  any  simultaneous  small  variations  else,  dy, 
dz,  du,.  .  .  to  which  the  variables  are  subjected  are  so  related  that 
the  equation 


... 

dy    '       oz          on 

is  satisfied;  and,  if  a  relation  between  the  small  variations  be 
given  in  this  form,  the  equivalent  integral  relation  is  at  once 
obtained  in  the  form  of  the  first  equation. 

The  equation  which  connects  these  small  variations  is  exact, 
for  its  left-hand  member  is  a  complete  differential.  But  if  the  first 
differential  coefficients  of  <f>  with  regard  to  the  variables  have  a 
common  factor  //,  so  that  we  may  take 

90        p     d<f>        n     d<j>         p    d<f>        <-, 

-^-  =  l*.r,    -~-  -  =  fj,(J,    ^-  =  fiM,    xr=/Lt*S,  ...... 

ox  dy  dz  ou 

*  It  is  to  be  understood  that  the  investigations  in  the  first  chapter  relative  to 
exact  linear  equations  are  additional  to  the  very  slight  sketch  of  such  equations 
given  in  §§  150—164  of  my  Treatise  on  Differential  Equations,  hereafter  referred  to 
as  Treatise;  and  that  the  investigations  in  the  second  chapter  relative  to  the 
integration  of  systems  of  partial  differential  equations  are  intended  specially  to 
indicate  Mayer's  theory  of  a  system  of  equations  of  a  particular  form  and  to  be 
supplementary  to  the  investigations  of  Bour  and  Jacobi. 

F.  1 


2  EQUIVALENT  SOLUTIONS  [1. 

then  the  relation  connecting  the  variations  becomes 

Pdx+  Qdy  +  Rdz  +  Sdu+...  =0  ...............  (2), 

on  the  removal  of  the  factor  //,  which  is  not  dependent  on  these 
variations.  This  new  equation  (2)  is  essentially  the  same  as  the 
earlier  equation  ;  but  it  is  not  necessarily,  and  in  general  it  is  not, 
an  exact  equation.  In  order  to  be  made  an  exact  equation  so  that 
the  integral  relation  (1)  may  be  deduced,  the  factor  //,,  which  may 
be  called  the  integrating  factor,  must  be  restored  ;  and,  as  no 
indication  of  the  form  of  /i  survives  in  the  reduced  equation,  the 
determination  of  the  factor  must  be  made  by  a  separate  investi- 
gation. 

2.     There  are  equivalent  forms  of  (1)  which  lead  to  the  same 
equation  (2).     Let  <t>  be  any  function  of  <f>,  say 


then,  if  c  be  the  value  of  /(a),  the  equation  (1)  may  be  replaced 

by 

3>  =  c  .................................  (1)', 

where  3>  is  a  function  of  x,  y,  z,  u,...  and  c  is  a  constant.  The 
same  small  variations  to  which  the  variables  are  subjected  are  now 
connected  by  the  equation 

9<I>  ,     ,  8<l>  ,    ,  8$  ,      94>  , 

-=-dx  +  -^-  dy  +  -^-dz  +  -^-  du  +...  =0. 

dx          dy  dz  du 

But,  since  x,  y,  z,  u,...  enter  into  4>  only  through  <£,  we  have 


8<D 


with  similar  equations  ;  and  therefore  the  equation  connecting  the 
variations  reduces  to  (2)  as  before  on  the  removal  of  the  factor  M, 
where 


and  therefore  M  is  an  integrating  factor  which  will  enable  us  to 
obtain  the  equation  (1)'.  Hence  for  every  form  of/  leading  to  an 
integral  equation  new  in  form,  we  have  a  corresponding  integrating 
factor. 


2.]  OF  AN   EXACT   EQUATION  3 

It  is  convenient  to  call  a  function  of  the  variables  a  solution 
of  (2),  if  (2)  be  satisfied  in  virtue  of  the  relation  obtained  by 
equating  that  function  to  a  constant  ;  thus  <f>  and  4>  are  solutions 
of  (2).  The  result  just  obtained  shews  that,  if  tivo  quantities  be 
functions  of  one  another,  they  are  solutions  of  the  same  equation. 

3.     Conversely,  if  the  differential  equation 

Pdx  +  Qdy  +  Rdz  +  8du+...  =  0 

(assumed  to  be  the  only  relation  connecting  the  differentials  of  the 
variables)  can  be  satisfied  in  virtue  of  a  single  integral  equation 
all  its  solutions  are  equivalent  to  one  another,  that  is,  one  solution 
is  sufficient  for  the  construction  of  all  the  solutions.  For  let 

4>  =  <}>(x>  V,  z,  u>  ......  ) 

3>  =  3>(x,  y,  z,  u,  ......  ) 

be  two  solutions,  so  that  we  have 

d<f>  =  0,     d$>  =  0. 

When  x  is  eliminated  between  the  two  integral  equations,  the 
resulting  equation  is  of  the  form 

>,  y,  z,  u,  ......  )=0. 


Hence 

,       dF,      dF 


so  that 


^.  ...  =  0, 

oy   '       oz          on 


dF  ,    ,  dF  ,      dF, 

^-dy  +  ^-dz  +  ^-du+...  =  0, 

dy    '       oz          du 


a  differential  equation  among  the  same  variables  and  distinct  from 
the  original  differential  equation  because  the  variation  dx  does  not 
occur.  But  as  the  original  equation  is  the  only  relation  connecting 
the  differentials  of  the  variables,  it  follows  that  the  new  equation, 
not  satisfied  in  virtue  of  that  original  equation,  is  evanescent  ;  and 
therefore 

§?_o    a^-o    ??-o 

«      —  U,        ^-    —  \ff        ^      —  V,  ...... 

dy  oz  ou 

so  that  F  is  explicitly  independent  of  y,  z,  u,...  and  takes  the 
form 


Hence  <J>  can  be  obtained  in  terms  of  <f>,  which  proves  the  propo- 
sition. 

1—2 


4  CONDITIONS  [4. 

4.     Again  the  integrating  factors  M  and  ft  corresponding  to 
<I>  and  <f>  are  such  that 


and  /'(</>),  a  function  of  the  solution  <£,  is  (§  2)  a  solution;  hence 
the  quotient  of  two  integrating  factors,  if  not  a  constant,  is  a  solu- 
tion of  the  equation. 

And,  if  (f>  be  the  solution  determined  by  the  factor  p,  every  other 
factor  is  of  the  form  /*  .  X(<£)  luhere  X(</>)  is  a  function  of  <fr. 


5.  When  a  differential  equation  of  the  form  at  present  under 
consideration  is  given,  there  is  not  necessarily  a  single  integral 
equation  in  virtue  of  which  it  is  satisfied.  The  conditions  that 
this  may  be  so  are  that  the  coefficients  P,  Q,  R,  S,...  of  the 
differentials  are  proportional  to  the  partial  differential  coefficients 
of  one  function,  conditions  which  .are  not  satisfied  for  any  set  of 
arbitrarily  assigned  quantities  P,  Q,  R,  S,  .  .  .  ;  and  these  conditions 
lead  to  relations  between  the  quantities,  which  must  be  satisfied 
in  order  that  the  differential  equation  may  have  a  single  equation 
as  its  integral  equivalent.  We  proceed  to  obtain  these  relations. 

Let  the  differential  equation  be 

XlcLel  +  X.dx*  +  .........  +  Xpdxp  =  Q  .......  .....(3), 

and  suppose  it  derived  from  the  equation 

<£Oi,  #2,  .......  a-p)  =  constant  ...............  (4), 

by  the  rejection  of  a  factor  p.  after  differentiation  ;  then  we  have 


for  values  1,  2,  ...,  p  of  r.     From  the  equations  (5)  it  follows  that 

D*^o  §  *\ 

.        ,         dz<  o 


for  any  two  indices  in  .and  n  ;  and  therefore 


5.]  OF   EXACTNESS 

If  r  denote  any  other  index,  we  have  similarly 


v    du,       v    du, 

X^Xr-Xr^n  =  ^m' 

Multiplying  these  three  equations  by  Xr,  Xm,  Xn  respectively  and 
adding,  we  have 

0  =  fj>  (a,«)7l  Xr  +  an>r  Xm  +  ar>m  Xn), 
or,  since  //,  does  not  vanish, 

ct«t,»i  Xr  +  an>rXm  +  ar>m  Xn  =  0  ...............  (7). 

This  equation,  which  is  evanescent  if  two  of  the  indices  be  the 
same,  holds  for  any  combination  of  three  of  the  indices  of  the 
series  1,  2,  ...,/>;  and  therefore  the  number  of  equations,  of  the 
same  form  as  (7),  between  the  quantities  X  is 


each  being  identically  satisfied. 

6.  These  equations  are  not,  however,  all  independent  of  one 
another.  Taking  any  other  index  s,  distinct  from  m,  n,  r  we  have, 
in  addition  to  (7), 

ag,mXr  +  ar>sXm  +  am>rXg  =  0  ...............  (7)', 

tt«i,*^n  +  #«,7i  Xm  +  &n,w^8  =  0  ...............  (')", 

and  lastly 

«n,r  Xg  +ar>8  Xn  +  aSin  Xr  =0  ...............  (7)'". 

Multiplying  (7),  (7)',  (7/'  by  Xg,  Xn,  Xr  respectively  and  adding 
we  have,  in  virtue  of  the  property 

<*>k,l  =  —  (*'l,k 

for  all  pairs  of  indices,  the  relation 

Xm  {antr  Xg  +  afiS  Xn  +  aSin  Xr)  =  0, 

which  is,  in  effect,  the  equation  (7)"'  since  Xm  does  not  vanish. 
Hence  of  the  four  equations,  each  involving  three  of  a  set  of  four 
indices,  only  three  are  independent  ;  any  one  of  the  four  equations 
can  be  deduced  from  the  other  three. 

Let  us  consider  as  the  three  independent  equations  those 
which  involve  m,  11,  r;  m,  r,  s;  m,  8,  n  ;  in  the  foregoing  set  they 


6  CONDITIONS  [6. 

are  (7),  (7)',  (7)".  If  between  (7)'  and  (7)"  we  eliminate  X,  we 
have 

fl»n,n  as,m  Xr  +  (am,n  ar,s  +  am,r  as,n)  Xm  +  dr,m  a«,wi  A-n  =  "  5 

to  which  if  (7)  multiplied  by  am.ig  be  added,  we  have 

Q>m,  n  QT,  s  ~^~  ^m,  r  &S,  n  ~r  dm,  s  ^n,  r  ==  " 

on  the  rejection  of  the  factor  Xm.  This  last  equation  is  satisfied 
because  (7),  (7)',  (7)"  are  satisfied;  if  in  any  case  desirable,  it 
could  replace  any  one  of  the  three. 

Since  the  equation  which  involves  the  indices  n,  r,  s  is  deducible 
from  the  three  which  involve  pairs  of  these  indices  and  some  other 
index  the  same  for  the  three,  we  shall  obtain  all  the  independent 
equations  by  taking  some  definite  index,  say  1,  and  forming  all 
the  sets  of  three.  The  aggregate  of  all  these  sets  is  really  the 
aggregate  obtained  by  combining  the  index  1  with  every  pair  of 
indices  other  than  1,  that  is,  with  every  pair  formed  from  2,  3,  .  .  .  ,  p  ; 
and  the  equations  in  this  aggregate  are  independent  of  one  another. 
Hence  the  number  of  independent  equations  of  condition  is 

*(p-l)(p-I). 

It  is  to  be  noticed  that,  if  jj,  be  unity,  then  the  equations  are 
all  satisfied  in  virtue  of  the  vanishing  of  the  quantities  am>n;  and 
the  equations  of  condition  are  in  this  case 

am,n  =  0, 

their  number  being  %p(p  —  1).  The  extra  number  of  conditions 
arises  from  the  additional  supposed  limitation  that  the  equation  is 
exact  as  given  and  therefore  requires  no  factor  to  make  it  so. 

7.  The  conditions  of  the  type  (7)  are  a  necessary  consequence 
of  the  supposition  that  the  differential  equation  (3)  can  be  made 
an  exact  differential  ;  it  will  now  be  shewn  conversely  that,  if  the 
conditions  (7)  be  satisfied,  then  the  differential  equation  can  be  made 
exact. 

It  is  known  from  the  theory  of  equations  which  involve  only 
two  variables  x  and  y  that  for  an  equation 

Pdx  + 


there  exists  a  function  6  (x,  y}  such  that  the  differential  equation 
is  satisfied  in  virtue  of  the  relation 

6  (x,  y]  =  constant, 
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aud  therefore  that  P  and  (J  are  proportional  to  the  derivatives  of 
6  with  regard  to  x  and  y  respectively.  Considering  then  ^Y,  and 
X.2  as  functions  of  xl  and  x.2,  we  infer  that  there  exists  a  function 
u  of  xl  and  x.2  such  that  for  some  quantity  \  we  may  write 


and  the  function  u  will  involve  the  other  quantities  which  occur 
in  X^  and  X»,  viz.  x3,  x4,  ...,  xp>  the  presence  of  which  does  not 
however  affect  derivation  with  regard  to  xl  and  x2.  But  it  may 
not  be  inferred  that  the  remaining  coefficients  in  the  equation 
are  similarly  proportional  to  the  remaining  derivatives;  and  we 
therefore  take 


(for  r  =  3,  4,  ...,  p),  where  Yr  may  be  considered  known  when  u  is, 
as  it  is  supposed  to  be,  known. 

These  new  quantities  Yr  will  satisfy  certain  equations,  which 
are  derivable  in  virtue  of  the  aggregate  (7).  It  has  been  seen 
that  only  three  of  the  four  equations  which  involve  four  indices 
need  be  retained  in  that  aggregate;  and,  as  already  (§6)  explained, 
the  retained  equations  will  be  taken  to  be  made  up  of 

(i)    the  p  —  2  equations  involving  the  indices  1,  2,  r, 

(ii)    the£(p-2)Q>-3)  .......................................  1,  r,  s, 

where  r  and  s  are  different  from  one  another  and  are  terms  in  the 
series  3,  4,  ...,  p.  This  set  of  combinations  is  evidently  the  set 
obtained  by  combining  the  index  1  with  every  pair  formed  from 
2,3,  ...,p. 

8.  Considering  the  first  of  the  two  series  of  retained  equations 
we  have,  for  each  index  r, 

,5  —  (\Xr  —  Y.r)  =  ,5  —  3  —  =  ~  —  (XA  i), 
9#i  v  oXfOXi     oxr 

,  v  9\      v  9X  dYr 

so  that  X  r  ^  --  AI  -     =  \a,  ,.  +  ~  —  . 

dxj          oxr  oxi 

cr    M    ,  v  d\      v  d\  dYr 

Similarly  X  r  =  --  As  5—  =  Xa..  r  +  ^—  , 

OX..  "  OXr  OX-i 

,  v  9x      v  9X 

and  x~-X=Xa* 
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Now  of  the  aggregate  (7)  the  retained  equation  which  involves 
the  indices  1,  2,  r  is 

a1>2  Xr  +  a.2}fXl  +  a,.,!  X,  =  0  ; 

so  that,  multiplying  the  preceding  equations  by  —  X.2,  Xly  Xr 
respectively,  adding  and  using  the  condition-relation,  we  have 

X  ^—r  —  X  d^r  _  o 

'l  dx.2        '2  dxl 

This  is  the  only  equation  of  series  (i)  which  involves  Yr  alone  ; 
all  the  equations  of  series  (ii)  involve  two  of  the  quantities  Y,  and 
the  import  of  such  equations  will  be  indicated  immediately.  We 
may  thus  regard  the  preceding  equation  as  an  equation  determin- 
ing the  form  of  Yr.  It  is  a  linear  partial  differential  equation  of 
the  first  order  ;  to  obtain  the  most  general  solution  we  construct 
p—l  independent  integrals  of  the  subsidiary  equations 

dxl   _  dx2  _  dx3  _  dx4  _  _  dxp 

-z,    ix     o  =s  o  ""  ......  =  lf' 

There  are  p  —  2  integrals  at  once  given  in  the  form 

xr  =  constant    (r  =  3,  4,  .  .  .  ,  p)  ; 
so  that  only  one  more  is  needed,  to  be  given  by 
Xldxl  +  X»dx.2  =  0, 


.  fdu  j         du   , 

or  X    5—  dxl  +  ^—  cto.,    =  0, 

"' 


8w    ,         du   * 
i.e.,  ^—  dxt  +  -     (to,    =  0. 

OXi  OX* 

But  in  the  simultaneous  system  ctr3,  dx4>...  all  vanish,  find  there- 
fore the  last  equation  may  be  taken  in  the  form 

du    ,          du    ,          du 

5—  dxl  +  -5-  ax.  +  5—  dx3  +  ......  =  0 

oxl  dx.,  dx3 

viz.,  du  =  0  ; 

and  therefore  the  other  required  integral  is 

u  =  constant. 
Hence,  by  the  theory  of  linear  partial  differential  equations,  it 
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follows  that  Yr  is  of  the  form 

Yr=fr(u,  #3,  &-4,    ...,  Xp)  ..................  (9), 

where  fr  may  at  present  imply  any  function  of  the  arguments. 

Multiplying  the  equation  (3)  by  A,  and  substituting  from  (8) 
for  the  quantities  \X,  the  new  form  of  the  equation  is 

du+  Y3dx3  +  Y4dxt  +  ......  +  Ypdxp  =  Q  ..........  (3)', 

where  the  quantities  Yr  are  given  by  the  equations  (9).  Hence, 
in  virtue  of  the  first  series  of  retained  equations  of  §  7,  the  given 
differential  equation  (3)  has  been  transformed  into  another  (3)' 
involving  one  variable  fewer. 

9.     Consider  now  the  second  of  the  two  series  of  retained 
equations  of  §  7.     Taking  a  typical  equation  of  the  series,  we  have 

di,r  Xg  +  ar)S  Xi  +  ag,i  Xr  =  0. 

But 


„  ax    v  ax  ay,   dYr 

so  that  Xs^---Xr~=\ar,a  +        --*-- 

\JJUf  ud/g  UvUf  *J*^tS 

And,  before,  we  had 

Y  a\    Y  ax  _         dYfm 

^~   a~    lir+' 


•      -I       1  V  V  1-         i  » 

similarly  XS^-X^  =  XaM  +  -^  . 

Multiplying  these  three  equations  by  Xl,  XS)  —Xr  respectively, 
adding  and  using  the  former  relation,  we  have 


Ys     3  Fr\      y  dYr 

-         X- 


,_ 

- 


In  this  equation  the  quantities  F,.  and  Ys  are  functions  of 
»i,  x,,  ...,  xp  as  given  by  (8).  When  we  take  their  forms  as 
determined  in  (9),  we  have 


a/r  du 

-5~  ^ 
OH  9^ 
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and  therefore 

dYr  Wj_Y    fifr  _  f  <>fr 


Y  dYs          dY8          (df.     f  dfg\ 
Similarly  X,  —  -Xr  —  =  Xl(;r- -fr  -    , 


and  therefore  the  above  equation  becomes,  on  the  rejection  of  the 
non-  vanishing  factor  —Xl} 


CUT) 


for  all  the  combinations  of  the  indices  r  and  s.  These  are  the 
equations  derived  from  the  second  series  of  retained  equations  of 
§7. 

It  thus  follows  that  the  coefficients  of  the  transformed  equa- 
tion 

du+ftdas,+ftda;t+.  .....  +fpdasp  =  0  ............  (3)', 

equivalent  to  (3),  are  subject  to  the  conditions  (10). 

10.  Since  the  new  equation  (3)'  is  equivalent  to  (3),  let  us 
find  the  set  of  conditions  which  bear  the  same  relation  to  (3)'  as 
the  set  (7)  bear  to  (3).  Associating  a  subscript  index  0  with  u 
and  denning  br,g  by  the  equation 


for  all  pairs  of  the  indices  0,  3,  4,  ...,  p,  the  complete  set  of 
conditions,  associated  with  (3)'  and  similar  to  (7),  are 

1>r,sfq  +  bs>qfr  +  bq,rfs  =  0, 

in  number  equal  to  £  (p  —  1)  (p  —  2)(p  —  3).  But  of  this  number 
only  \  (p  —  2)  (p  —  3)  are  independent  ;  and  an  independent  set, 
as  in  the  earlier  case,  can  be  obtained  by  retaining  all  those 
equations  which  involve  any  one  index,  say  0,  with  all  possible 
pairs  of  indices  from  3,  4,  .  .  .  ,  p.  Taking  then  q  =  0  we  have 

/t-1. 
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•and  thus  the  above  condition  is, 


r_  .f<_f         r  _  « 

dxg   2xr*Jrdu    J*du~ 

which  is  the  typical  equation  of  the  set  (10).  Since  the  possible 
combinations  of  indices  are  the  same  for  the  two  sets  it  follows 
that  the  equations  of  condition,  constituted  by  the  system  (10),  have 
the  same  relation  to  the  transformed  differential  equation  as  the 
equations  of  condition,  constituted  by  ike  system  (7),  have  to  the 
original  differential  equation. 

11.  If,  then,  a  differential  equation  containing/)  —  1  variables, 
such  that  the  associated  system  of  conditions  among  the  coefficients 
is  satisfied,  can  be  represented  by  a  single  integral  equation,  it 
follows  that  a  differential  equation  containing  p  variables,  such  that 
the  associated  system  of  conditions  among  its  coefficients  is  satisfied, 
can  also  be  represented  by  a  single  integral  equation.  For  the 
preceding  investigation  shews  that  the  equation  (3),  subject  to  the 
conditions  (7),  can  be  reduced  to  the  equation  (3)'  subject  to  the 
conditions  (10)  ;  so  that,  if  an  integral  equation  equivalent  to  the 
latter  be 

F{u,  #3,  #4,  ......  ,  xp]  =  constant, 

then  an  integral  equation  equivalent  to  the  former  is 

F{f(x1,£C.2,£o3,  ......  ,  #p),  #3,  #4,  ......  ,  #?}  =  constant, 

where  f  is  a  function  known  to  exist. 

We  therefore  use  the  method  of  induction.  In  the  case  when 
p  =  3  the  equation  is 

Xjdas!  +  Xjbc,  +  X3dx3  =  0 
and  the  single  equation  of  condition  is 

a^Xj  +  (h,iX9  +  a^i2X3  =  0, 

the  preceding  investigation  shews  that  a  function  u  exists,  such 
that  the  equation  can  be  transformed  to 

du  +  <f>  (u,  #3)  dx3  =  0, 

where  <f>  is  subject  to  no  condition.      But  it  is  known  from  the 
theory  of  differential  equations  in  two  variables  that  some  function 
F  exists  such  that,  in  virtue  of  the  equation 
F  (u,  ii'-j)  =  constant, 
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the  transformed  equation  is  satisfied.  Hence  the  untrausformed 
equation  in  three  variables,  having  its  coefficients  subject  to  a 
single  condition,  can  be  satisfied  in  virtue  of  a  single  integral 
equation 

F{f(x1}  x.2,  x3),  x3}  =  constant. 

Hence  the  method  of  induction  leads  us  to  infer  that  the 
equation  (3),  having  its  coefficients  subject  to  the  conditions  (7), 
can  be  satisfied  by  means  of  a  single  integral  equation. 

The  result  of  the  investigation  may  be  enunciated  as  follows  :  — 

If  ilie  differential  equation 

Xldxl  +  X.$x»  +  ......  +  Xpdxp  =  0 

can  be  satisfied  by  means  of  a  single  integral  equation  of  the  form 
<£  (#!  ,  x.2  ,  ......  ,  xp)  =  constant, 

then  the  system  of  conditions 

Um,nXr  +  UnirXm  +  ar>mXn  =  0 

(where  a,n>n  =  ~^  —  y~]  is  satisfied  identically  for  all  combina- 
\  oxn  oxm  / 

tions  of  the  indices  m,  n,  r  from  the  series  1,  2,  3,  .  ..,  p  ;  and  of 
these  only  ^(p  —  l)(p  —  '2)  are  independent.  Conversely,  if  the 
system  of  conditions  be  satisfied  identically  for  all  combinations  of 
the  indices,  then  the  differential  equation  can  be  satisfied  by  means 
of  a  single  integral  equation  of  the  form 

<f>  (#1,  #2,  ......  .  #p)  =  constant. 

The  following  corollary  can  be  inferred  from  the  preceding 
analysis  :  — 

Let  Xlt  X»,  ...,  Xp  denote  functions  of  independent  variables 
#,,  #2,  ...,  Xp.  It  is  known  that,  whatever  be  the  quantities  X, 
there  exists  some  function  i^  such  that 

X  •  X  —  —  •  **— 

<".''i     (\i'_ 

If  a  relation 

a.,3  X,  +  a^X,  +  a,,X3  =  0 

be  satisfied,  then  there  exists  some  function  u.,  of  the  variables 
such  that 


_ 


'  dx3' 
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If  relations  ttmX1  +  asl  Xr  +  a^X,,  =  0 

(for  r,  s  =  2,  3,  4)  be  satisfied,  then  there  exists  some  function  w3 
of  the  variables  such  that 

V          V          V         V  0^3        GUy         v'Uy         tra» 

AI  '.  -A«  '  .A3  :  A4  =  ~ —  I  ;r —  :  i  — . 

And  so  on. 

12.  Let  it  now  be  supposed  that  the  differential  equation  can 
be  satisfied  by  a  single  integral  equation ;  we  proceed  to  obtain 
that  equation. 

One  method  of  derivation  of  the  solution  would  be  the  carrying 
out  of  the  successive  reductions  indicated  in  the  investigation  just 
completed :  it  is  practically  Euler's  method.  It  may  be  shortly 
summarised  as  follows : — 

First,  let  all  the  variables  except  x^  and  x.,  be  considered  con- 
stant ;  arid  on  this  hypothesis  let  a  solution  of 

Xldxl  +  X.dx.,  =  0 
be  u  =  u  (xl ,  x.2,  . - .)  =  constant, 

,  du      du 

so  that  A  i  :  A  n  =  ^ —  :  =-  . 

OX1        OJT» 

By  means  of  the  new  variable  u,  where 

U  ^—  It  (  $/i  y     &2  j     $?3  >      •«••••)     *^p) ) 

eliminate  from  the  differential  equation 

/{  ft W      i      st    /i w      \      /i    ft nf*    . I.  I      \    ft i*     —  (I 

-*  V  jW/«*/j      |^    ^\.  ol-C/wo     \^   ^\.  ;jW  »//3      |^    ••••••      |^   ^»-  *>W»</t>   ~ ~   " 

the  quantities  xlt  x2,  dxlt  dx% — an  elimination  which  will  be  found 
possible  when  the  equations  of  condition  are  satisfied — so  that  the 
equation  takes  the  form 

du  +  Y3dx3  +  Ytdx4  + -I-  Ypdxp  =  0, 

in  which  Y3>  Y4, ,  Yp  are  now  functions  of  u,  #:t,  x^ xr 

Secondly,  let  the  same  process  be  repeated  with  11  and  a-3  as 
the  variables  initially  considered  ;  then,  if 

V  =  V  (U,    X3,   X4,    ,   Xp) 

be  the  new  variable,  the  equation  similarly  comes  to  be 

dv  +  Z4dxt  + +  Zpda:p  =  0  ; 

and  so  on  for  the  various  steps  in  succession,  which  in  number 
cannot  be  greater  than  p  - 1.  If  at  any  stage  the  transformed 
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equation  should  have  all  its  coefficients  free  from  any  one  variable, 
it  can  be  made  an  exact  equation  on  division  throughout  by 
those  factors  of  the  coefficient  of  the  variation  of  that  variable 
which  do  not  involve  it  :  so  that  a  single  integration  will  then 
lead  to  the  part  of  the  desired  integral  which  depends  upon  that 
variable. 

13.     But  we  may  proceed  as  follows.     It  is  known  that  the 
expression 

Xldxl  +  X2dx2  +  ......  +  Xpdxp 

becomes,  after  multiplication  by  some  factor  //,,  an  exact  differen- 
tial d(j>  ;  so  that  if  this  factor  can  be  obtained  the  required 
solution  will  be  obtained  after  the  single  integration  required  to 
evaluate 

(j>=f/j,(Xl  da?!  +  Xc,  dx»  +  ......  4-  Xp  dxp)  =  constant. 

We  have  /j,Xr  =  ^-  , 

OSCf 

so  that  taking  the  complete  variation  of  both  sides  we  have 


But  on  the  right-hand  side 

_  J?!^  _     dXg  9/i, 

dxrdxg         dxr         gdxr 

for  all  indices  8  ;  and  therefore 

,       v    ,       ^  dXr  .  P  dXs  ,         du,  £  . 

dfi  .  Xr  +  p  2  •=  —  dxg  =  fji^  -5-^dae,  +  ^~  2,  Xsdxg 
*=i  oxe  s=l  cxr  dxr  s=i 

dp,  v       P         ,         1   dfj,   ,. 
or  ^  Xr  +  X  ar,dxs  =  —^-  dd>. 

/*  *=i  p-  oxr 

But  the  complete  variation  of  <f>  is  zero,  when  the  variables  are 
connected  as  by  the  given  differential  equation  ;  so  that  the  fore- 
going equation  becomes 

•  —  =  x-{ar,idxl  +  (ir>2dx.2+  ......  +ar,pdxp}  ......  (11) 

the  term  in  dxr  being  absent  from  the  expression  on  the  right- 
hand  side.  This  equation  is  valid  in  virtue  of  the  relation  d<j>  =  0 
or,  what  is  the  same  thing,  in  virtue  of  the  given  differential 
equation  ;  the  left-hand  side  is  a  perfect  differential,  and  therefore 
the  right-hand  side  also  is  a  perfect  differential  subject  to  the 
relation  d<j>  =  0. 
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15 


Since  r  may  be  any  one  of  the  quantities  1,  2,  3,  ....  p,  we  have 
the  set  of  equations 


--  -  =  Y  {0  .  dxl  +  a^ 

fl        A-i 


-f  a}pdxp] 


21^1  +  0  .  dx»  +  dado's  +  ......  +  a.y 


yidx-i  +  a-ndx*  +  0  .  dxs 


=  FF-  a 


pl 


0  .  dx 


' 


It  is   easy  to  verify  that  all   the   expressions  for  —  '   -  in  this 

/* 

system  are  equivalent  to  one  another,  on  account  of  the  differen- 
tial equation  itself  and  the  conditions  (7)  which  are  satisfied 
by  the  coefficients  in  that  equation. 

14.  Though  the  fractions  in  (12)  are  equal  to  one  another 
and  to  —  d  log  ft  in  virtue  of  the  differential  equation,  it  often 
happens  that  no  one  of  the  fractions  is  an  exact  differential  in  the 
form  there  given.  If  any  one  of  them  be  an  exact  differential  in 
the  form  in  which  it  occurs,  the  value  of  fi  is  immediately 
derivable.  Thus  if  all  the  quantities  a  in  the  numerator  of  any 
fraction  vanish  —  if  for  instance  Xl  be  a  function  of  xl  alone  and 
no  other  coefficient  X  involve  xl  —  then  we  may  take  fi  =  1  ;  and 
the  original  equation  is  an  exact  equation. 

Again,  any  value  of  p  which  satisfies  these  equations  will  prove 
sufficient  for  our  purpose  ;  and  the  simpler  that  value  is,  the  easier 
in  general  will  be  the  subsequent  integration  for  <f>.  Xow  from 
(12)  we  have 


dp. 


P    P 

z  2 

=l  s=l 


I   TrXr 

r=l 


whatever  the  quantities  Yr  may  be ;  and  it  often  happens  in  prac- 
tice that  this  combination  of  the  equal  fractions  leads  to  a  perfect 
differential  by  means  of  suitably  chosen  quantities  Y.  Such  is 
especially  the  case  when  Xr  is  a  function  of  xr  and  also  is 
symmetric  in  all  the  other  variables. 
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Further,  the  quotient  of  two  values  of  /*  is  a  solution  of  the 
differential  equation  (§  4).  For  if  p.  and  /*'  be  those  values  we 
have 

dfi     dp 
p,       p! 

or  fi/p.  is  constant,  a  result  obtained  on  the  introduction  of  the 
condition  d<j>  =  0  or  <£  =  constant.  Hence  p.'  I  p.  and  <f>  are  constant 
together;  and  therefore*  there  is  some  functional  relation  be- 
tween them,  which  may  be  represented  in  the  form  p,'jp,=  f(<j>). 
But  since  <£  is  a  solution  so  also  (§  3)  is  /(<£)  ;  and  therefore  p![p. 
is  a  solution  of  the  original  equation. 

If  then  two  values  of  p,  can  be  obtained  from  (12)  and  their 
quotient  be  not  constant,  a  solution  (and  therefore  all  solutions) 
can  be  given  by  equating  that  quotient  to  a  constant. 

We  can,  from  this  point  of  view,  deduce  the  earlier  inference 
(§  4)  as  to  the  general  form  of  jt,  and  also  the  result  that,  if 
three  values  of  p,  can  be  obtained  from  (12),  there  is  a  homo- 
geneous relation  among  them. 

15.     E.r.  1.     The  requisite  conditions  are  all  satisfied  for  the  equation 

z(y+z)dx+z(u  —  x)dy+y  (x  —  u)dz+y  (y  +  z)dn  =  Q; 
for  a==     2z»       «=     2z,       a=0. 


Taking  the  first  of  the  fractions  for  —dp/p  we  have 
_  dfi  _  Zzdy+Zzde_    dy+dz 

'  '  ' 


so  that  M 

the  same  value  being  given  by  the  fourth  of  the  fractions,  and  also  bv  a 
combination  of  the  second  and  third.     Then 

Cy  +  *)"*  (z  (y  +z)  dx+z(u  -  .r)  dy+y  (.r-  M)  dz+y  (y+z)  du} 
is  an  exact  differential  ;  and  a  solution  of  the  original  equation  is  given  by 

—  -=  constant. 


*  For  since  /*'//*  and  <f>  are  functions  of  the  variables  we  have,  after  elimination 
of  one  of  the  variables,  say  rlt  from  the  two  equations  expressing  those  functions, 
a  result  of  the  form 


Since  0=  constant  implies  n'ln  =  constant,  the  integral  leads  to  a  new  relation 
between  *»,  ...  ,  xf  which  is  different  from  the  former  one.  As  this  cannot  exist,  it 
must  be  evanescent  as  a  relation  among  the  variables  ;  and  therefore  we  have  the 
result  in  the  text. 
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Ex.  2.     The  requisite  conditions  are  similarly  all  satisfied  for  the  equation 

(y  +  z)  (z+u]  (u+y)  dx  +  three  similar  terms  =  0. 
Taking  the  first  and  the  second  of  the  four  fractions,  we  have 


(x-y)  dx+2(x  +  u)  (z-y)dz  +  2(x+z)(u-y)du 
(z  +  x)(x+u)  (u  +  z) 

second  numerator  -  first  numerator 
~  second  denominator  -  first  denominator* 

Removing  from  the  numerator  and  the  denominator  of  this  fraction  the 
common  factor  (u+z)  (x-y),  we  have 

dfi  _    dx+dy  +  dz  +  du 
H  ~        x+y+z+u 

so  that  p=(x+y+z+u~)-2. 

The  solution  is  now  easily  found  to  be 


x+y+z+u 
The  derivation  of  the  solution  by  the  method  of  §  12  is  rather  long. 

Ex.  3.     In  the  case  of  an  equation  in  three  variables  such  as 

Pdx  +  Qdy  +  Rdz  =  0, 
we  have 


and  the  condition  of  integrability  is 

PX+QY+RZ=0. 

The  equations  for  the  factor  are 

_  dji.  _  Zdy-Ydz  _  Xdz-Zdx  _  Tdx-Xdy 
~7~     ~~P~  ~Q~  R 

dx,  dy,  dz 
X,  Y,  Z 
a  ,  b  ,  c 


where  a,  b,  c  are  any  quantities  whatever. 
As  a  special  case  let 

P=x*y-y3-y2z,      Q=xy2-x 
then        A'=  -2x(x+y),      Y=2y(x+y),      Z=2(x-y)(2x+Zy+z). 
From  the  third  of  the  fractions  it  follows  that 

dp     (2ydx+ 2xdy)  (x+y]     ^ydx+xdy 
p  ~ 
to  that 
F. 
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Again,  taking 

d£_  Zdy  -  Ydz  -  (Xdz  -  Zdx) 
P'~  P-Q 

_Z(dy  +  dx)  -  (X+  7}  dz 


=  2  (x-y)  {(2x+2y  +  z)  (dx+dy)  +  (x+y)  dz} 
(x-y)(x+y}(x+y+z} 

we  have  the  new  fraction  a  perfect  differential  on  the  removal  of  the  factor 
x—  y  ;  so  that 


Since  we  now  have  two  integrating  factors  which  do  not  necessarily  bear  a 
constant  ratio,  a  solution  of  the  original  equation  is 

—.  =  constant, 
M 

or,  extracting  the  square  root, 

(x+y)  (x  +  y+z) 

V    TJfM    -ry-r  )  =  constant 

xy 
the  required  solution. 

16.  For  the  equation  in  three  variables  Bertrand*  adopts 
the  following  method.  In  the  notation  of  §  15,  he  constructs  the 
subsidiary  equations 

dx  _  dy  _  dz 

X  ~  T  ~  ~Z  ' 

and  obtains  two  independent  integrals  of  these,  say 
«  =  </>i  O,  y,  *),     ft  =  <f>-2  (x,  y,  z)  ; 

sothat  Xd£+Y^  +  Zd^  =  0, 

ox  dy  dz 


But  since 


,   v         j.  7 

~^ r  J-    o r  ^  ~^~  =  U. 

ox  dy  dz 

d<f>  n  d(f>  D  dd> 
~,  fj,Q  =  ^  u,R  =  ^~ 
dx  dy  dz 


(where  <f>  =  constant  is  the  solution  of  the  equation),  the  condition 
of  integrability  gives 

Z^+F^  +  Z8/  =  0. 
dx          dy          dz 

*  Comptes  Rendus,  t.  Ixxxiu.  (1876),  pp.  1191—1195. 
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Eliminating  X,  T,  Z  we  have 

?.(&_&  L_&)_O 
8  (as,  y,  z) 

and  therefore  <f>  can  be  expressed  as  a  function  of  $,  and  $.,  ;  hence 
some  function  /  exists  such  that  the  solution  of  the  equation  is 

f(4>i>  $2)  =  $  =  constant, 
say  f  (a,  ft)  =  constant. 

Hence  the  equation  can  be  transformed  to 

Mda  +  Nd/3  =  0, 

where  M  :  N  =  J-  '.  J=.  when  a  and  8  are  taken  as  variables  ; 

da     d8 

and  any  solution  of  the  last  equation  is  also  a  solution  of  the 
original  equation. 

It  will  be  noticed  that  the  subsidiary  equations  are  evanescent 
when  the  given  equation  is  exact. 

Ex.    For  the  special  example  given  in  Ex.  3  of  §  15  the  subsidiary  system 
is,  on  dropping  a  factor  2, 

-  dx  dy      __  ek  _ 

x(x+y]  ~  y  (x+y)  ~  ( 


One  integral  is  given  by  the  first  two  fractions  in  the  form 


From  the  fractions  we  construct  the  relation 


dx+dy_  _ 
x+y  ~         x+y+z 

on  dropping  a  factor  x-y  ;  so  that  a  second  (independent)  integral  is  given  by 


Since  the  equation  is  capable  of  transformation  to  the  form 


we  have,  on  substituting  for  a  and  ft,  the  equations 

My  +  N  (<2x+2y+z)  =y  (a,-2  -y2-yz), 
Jfx+N  (2x+2y+z)=x  (f  -  a?  -  xz), 
JV(x+y}=xy(.v+y), 

which  are  all  satisfied  by 

iV=AV/  =  n, 

-M=(x+y)(x+y  +  z)  =  p. 

'2—2 
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The  transformed  equation  is  thus 

ac?/3-/3cfe  =  0, 
having  for  its  integral 

/3 

-  =  constant, 

a 

which,  on  substitution  for  a  and  ft  is  the  same  as  that  before  obtained. 

Again,  since  iiQ  =  sr-  ,  u,R  =  -~  ,  we  have 
dy  oz 


2  „  =  _     , 

dz  dy      dy  dz  ' 

and  similarly  for  the  others  ;  so  that  the  subsidiary  equations  may 
be  taken  in  the  form 

da;  d  dz 


d  (y,  z)       d  (z,  x)       d  (x,  y) 

These  are  satisfied  by 

fi  =  constant, 

$  =  constant  ; 

and  the  constants  are  expressible  in  terms  of  a  and  /9,  but  are  not 
necessarily  equal  to  them.  It  thus  does  not  follow  that,  when 
two  independent  solutions  of  Bertrand's  subsidiary  system  have 
been  obtained,  either  of  them  may  be  taken  as  an  integrating 
factor  of  the  original  equation  ;  in  fact,  a  comparison  of  the  two 
methods  shews  that,  in  the  particular  example  considered, 

fi  =  a2, 


which  are  the  two  independent  integrating  factors*. 

17.  Bertrand's  method,  when  considered  from  a  different 
point  of  view,  admits  of  generalisation  to  the  case  of  an  equation 
involving  more  than  three  variables. 

The  two  new  variables  a  and  /?,  introduced  to  transform  the 

*  See  De  Morgan,  "On  the  integrating  factor  of  Pdx  +  Qdy  +  Rdz,"  Quart. 
Journ,  vol.  ii.  (1858),  pp.  323  —  326,  where  he  shews  that  the  integrating  factor 
satisfies  the  equation 

x*£+Yl?  +  z¥=o, 

ox         oy         cz 

easily  obtained  by  multiplying  the  three  equations  by  ~  ,  ^  ,  J^  respectively  and 

c«c    oy    Gz 

adding. 
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given  equation  into  one  which  involves  only  two  variables,  are 
independent  integrals  of  the  partial  differential  equation 

90  ,       W         W 

a239*  +  a3<9^  +  ai2^  =  0; 

and  it  is  because  the  required  solution  <f>  is  also  an  integral  of 
this  equation  that  0  can  be  expressed  as  some  function  of  a  and  ft 
thus  rendering  the  transformation  possible. 

For  the  purpose  of  indicating  the  generalisation,  let  us  consider 
the  equation 

X^daCi  +  X^dx.2  +  X3dx3  +  Xidxi  =  0, 

the  coefficients  of  which  are  to  be  supposed  subject  to  the  four 
conditions  of  the  form 

a23Xi  +  a31X.2  +  0^X3  =  0. 
The  quantities  amn  are  such  as  to  satisfy  the  relation 

C^14«23  +  «13&42  +  #12^34  =  0, 

as  well  as  the  relations 

d«nr    ,   farm    ,   ^mn  _  Q 

dxm       dxn       dxr 
the  latter  set  of  which  admit  of  immediate  verification. 

Let  if  possible  some  quantity  6  satisfy  the  two  equations 
W  W          90 


W         W  W 

=  a^  +  a^2  +ai29^ 

and  therefore  also,  on  account  of  the  relation  among  the  quantities 
a,  the  two  other  equations 

W          W          W 


4 
W  .........  (   '' 


these  two  (A)'  being  linearly  dependent  on  the  former  two  (A). 
Now  by  the  ordinary  Jacobian  theory  any  quantity  6  which 
satisfies  the  two  equations  (A)  must  also  satisfy 

9  9  9W9  9 
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the  condition  of  coexistence.  This  equation,  which  must  be 
satisfied  by  0,  is  not  new  in  form  ;  it  is  easily  shewn  to  be 
identically  satisfied  in  virtue  of  the  equations  (A)  and  (A)'  and 
of  the  relations  among  the  quantities  am<n.  Hence  it  follows  that 
the  two  equations  (A),  evidently  independent  of  one  another,  are 
the  only  two  linearly  independent  equations  to  be  satisfied  by  6  ; 
and  thus  they  form  a  complete  Jacobian  system*. 

Since  then  there  are  four  variables,  of  which  6  is  to  be  a 
function,  and  there  are  two  equations  in  the  complete  Jacobian 
system,  it  follows  (post,  §  38)  that  there  are  two  (=4  —  2)  inde- 
pendent simultaneous  solutions  of  the  equations  in  that  system. 
Let  a  and  ft  be  two  such  solutions  ;  they  each  satisfy  the  four 
equations  (A)  and  (A)'  when  they  are  substituted  for  8;  and 
every  solution  can  be  expressed  in  terms  of  a  and  ft  alone. 

But  we  have  relations 


and,  if  the  integral  equation  equivalent  to  the  differential  equation 
be 

i|r  =  constant, 
we  have  for  every  index 


so  that  substituting  and  multiplying  by  fi  we  have 

°  =  aW'H  far  +  °n'r  8^  +  "'•  m  fan 

for  all  combinations  of  the  indices.  Whence  it  follows  that  -*fr  also 
is  a  solution  of  the  four  equations  (A)  and  (A)';  and  therefore 
some  function  /  must  exist  such  that 

*  =/(«,  ft 

The  integral  equation  equivalent  to  the  differential  equation  thus 
becomes 

/  (a,  ft)  =  constant, 

so  that  the  differential  equation  may  be  taken  in  the  form 

Mda  +  Ndft  =  0, 

T^f        r)f 

where  M  :  N  =  *  :  ^  .     If  then  the  quantities  a  and  ft  be  taken 
*  See  Treatise,  %  226  ;  and  post,  §§  38  et  seq. 
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as  new  variables,  the  differential  equation  can  be  transformed  to 


where  M  and  N  are  functions  of  a  and  0  alone  ;  the  integral  of 
the  new  form  provides  the  required  solution.  Hence  we  have  the 
theorem  :  — 

If  the  differential  equation 

Xldxl  +  X^dx.,  +  X3dx3  +  X4dxt  =  0 


satisfy  all  the  conditions  that  it  should  have  a  single  integral 
equivalent,  and  if  two  independent  integrals  of  the  equations 

W          W          W 


80          W         W 

=  a»dx-1  +  a»dxi  +  a"tet 

be  a  =  a  fa,  xs,  x3,  a?4),      0  =  0  (a?,,  a?,,  «„  a?4), 

then  wlien  a.  and  0  are  used  as  independent  variables  the  equation 
admits  of  expression  in  the  form 

Mda  +  Nd0  =  0, 

where  M  and  N  are  functions  of  a  and  0  alone;  and  the  integral 
of  the  new  equation  leads  to  the  solution  of  the  original  equation. 

And  the  corresponding  theorem  for  an  equation  in  p  variables 
is:  — 

If  the  differential  equation 

Xldxl  +  X»dx.,  +  ......  +  Xpdxp  =  0 

satisfy  all  the  conditions  that  it  should   have   a  single   integral 
equivalent,  and  if  two  independent  integrals  of  the  equations 

W  W  W 


(where  m  =  3,  4,  .  .  .,  p)  be 

a  =  a  (xlt  x2,  x3,  ......  ,  Xp), 

3,  X3,   .......  Xp), 


*  Any  two  of  the  four  equations  (A)  and  (A)'  may  be  used  as  the  equations 
constituting  the  complete  system. 
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then,  when  a.  and  /3  are  used  as  independent  variables,  the  equation 
admits  of  expression  in  the  form 


where  M  and  N  are  Junctions  of  a.  and  /3  alone  ;  and  the  integral 
of  the  new  equation  leads  to  the  solution  of  the  original  equation. 

Ex.    As  an  example  consider  Ex.  1,  §  15  replacing  A1,  y,  z,  u  by  ,vlt  tf2,  x3, 
x4.    The  two  equations  which  serve  to  determine  a  and  /3  are 

80          80 

\J  —  \VG  ^       ~~"  Xn  «  —  . 

3  8o;4      2  8^  ' 

.  od          c6          c6 
0=K-^i)  9--^^+^38-=M 

say.    The  equations  subsidiary  to  the  integration  of  the  first  are 


three  independent  integrals  of  which  may  be  taken  in  the  form 

0i=  A  2, 

@2  —  X3l 

C^o  ^—  «/'O«t  I   ~P  &\3jn  . 

Every  solution  of   the  first  equation  can  be  expressed  in  terms  of  these, 


and  we  have  now  to  determine  such  forms  of  F  as  will  satisfy  the  second 
equation.     Now 

A51=-52,       A02=02,       A03  =  0, 
so  that 


cF     cF 

-' 


or  removing  the  factor  6.2 

The  equations  subsidiary  to  the  integration  of  this  equation  are 

d6i  _  dd} 
-  1  ~  T  = 

the  two  necessary  integrals  of  which  are 


d6i  _  dd}  _  (#3 
-  1  ~  T  =~   0  ' 
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Whence,  by  the  theory  of  such  equations,  every  simultaneous  solution  of  the 
equations  determining  Q  can  be  expressed  in  terms  of 


If  now  to  complete  the  integration  we  take 
we  have  Nxz=xz(x% 

M+Nx  =x  (x  —x  ) 

which  are  all  satisfied  by 

.V=a,         M=-fi. 

Hence  the  differential  equation  becomes 

the  integral  of  which  is 

-  =  constant ; 
a 

and  therefore,  as  before, 

-" *— -  —  constant. 

X  +  X 

It  should  be  noted  that,  in  case  two  of  the  four  equations  which  are  all 
satisfied  by  6  are  identical,  those  two  may  not  be  taken  as  the  equations  which 
are  used  to  find  a  and  /3. 

It  will  be  found  in  practice  (the  reason  for  which  can  be  seen  from  the 
theory  of  the  equations)  that  the  process  adopted  in  the  particular  example 
for  the  integration  of  the  simultaneous  partial  equations  is  of  general 
application. 

18.  There  is  another  method*  of  determining  the  integrating 
factor  /*,  which  deals  with  that  quantity  as  a  solution  of  the 
simultaneous  partial  differential  equations  which  it  satisfies.  The 
general  typical  equation  is  (§  5) 


which  must  hold  for  all  pair-combinations  of  the  indices  m,  n  ;  but, 
on  account  of  the  conditions  satisfied  by  the  coefficients  X,  a  set 
of  equations  equivalent  to  the  whole  system  and,  so  far  as  concerns 
fj,,  linearly  independent  of  one  another  is  constituted  by 


*  Collet,  Annaks  de  VEc.  Norm.  Sup.,  1"  S6r.,  t.  vii.  (1870),  pp.  59—  88. 


26  COLLET'S  METHOD  [18. 

(where  m  =  2,  3,  ...,  p).  Taking  p,  =  e?  and  denoting  —  by  pr,  we 
have  the  irreducible  simultaneous  system  in  the  form 

Xlpm-Xmpi  + 0,^  =  $ (13). 

The  Jacobian  conditions  of  coexistence  are  satisfied  in  virtue  of  the 
relations  (7) ;  and  thus  p,  will  be  determined  by  any  simultaneous 
solution  of  the  system  (13).  If  however  we  obtain  a  simultaneous 
solution  of  the  system  involving  one  or  more  arbitrary  constants, 
it  will  in  general  be  possible  to  deduce  from  that  solution  two 
different  values  of  the  integrating  factor ;  and  thence  (§  4)  a  solu- 
tion of  the  original  equation  can  be  constructed. 

Taking  the  special  example  discussed  in  Ex.  3,  §  15  and  retaining  as 
the  two  linearly  independent  equations  which  determine  z 


we  have  on  substitution  for  Xlt  X2,  JT3,  a13,  a^, 

Fi  =  (-ri2  -  x-i  ~  •%)  Pa  ~  xi  (xi  +  -v-2)  Pi  ~2  to  +  •**)  =  0, 
F2  =  (xf  -  a,2  -  xjxj  p3  -  x.2  (Xi  +  j?2)  p2  -  2  (xt  +  x2)  =  0, 
after  the  removal  of  factors  .i;2  and  A\  respectively. 

The  equations  subsidiary  to  the  integration  of  F1  =  0  by  Jacobi's  process 


0  "   - 


A  combkiation  of  the  first  three  of  these  fractious  gives  as  their  common 
value 


so  that  we  have  an  integral  of  the  system  given  by 

*iaB*»»C*i+*«+*s)=«> 

where  a  is  an  arbitrary  constant.    It  is  easy  to  verify  that 

(^,^=0,         (F,,F3}=0; 
and  therefore  F3=ais  the  common  solution. 
Solving,  we  have 

x  p  +2  =  a  ^iil£sLZ5rr8  _  =a  (       *i 
-- 


18.]  NATANI'S   METHOD   OF   INTEGRATION  27 

i  o_  a?8a  —  #ia  —  ffyCfr  (         #2  #2  \ 

a  fo+^+tfg)  (xi+xj~a  tvf^j+^3  +  J.\+xt  ~  l  J  ' 


and  hence 


=  -  (a  +  2)    —  !  +  —    +  a  f°i  +  <«  +  dl'3  ,  d*i  +  ^*\ 
V^i       *%)        \    Xi+*t+x3      '   «!+*,/' 
so  that 


=  ^_ 


where  a  is  an  arbitrary  constant. 

A  special  value  of  /x,  say  //,  due  to  a  =  0  is 

,         t' 

/*  ~  rijT  2  » 
•*i  *a 

and  therefore  a  solution  of  the  original  equation  is 

—t  ;  =  constant, 
V- 

which  can  at  once  be  transformed  to  the  earlier  form 


19.  There  is  a  method  somewhat  similar  in  process  to  Euler's 
(§  12)  due  to  Natani*  ;  it  will  be  sufficiently  illustrated  by  taking 
the  form 

Xdx+  Ydy+Zdz+  Udu  =  0  ...............  (A), 

the  conditions  of  integrability  being  supposed  satisfied  so  that  the 
integral  equivalent  consists  of  a  single  equation. 

First,  treating  z  and  u  as  constant  we  obtain  an  integral  of 

Xdx  +  Ydy  =  0 
in  a  form 

•fy  (ac,  y,  z,  u)  =  constant  ; 

and  the  integral  equivalent  of  the  original  equation  is  then  of  the 
form 

/(^r,  Z,  U)  =  ttf 

or,  say  -fy  =  $  (z,  u,  a)  ...........................  (i), 

*  "  Ueber  totale  und  partielle  Differentialgleichungen,"  CrelU,  i.  Iviii.  (1860), 
pp.  301—328,  §  2. 

+  It  is  at  this  point  that  the  assumption  of  integrability  is  tacitly  made  in 
Nataui's  process. 
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where  <£  does  not  explicitly  involve  x  or  y  and  is  therefore  not 
modified  in  form  by  any  special  assumption  about  these  variables. 
Putting  then  x  zero  and  denoting  by  y1  the  corresponding  value 
of  y,  we  have 

i/r  (x,y,z,u)  =  ^(0,yl}  z,  u]  (ii), 

and  then 

ty  (0,  y1}  z,  u)  =  <j>  (z,  u,  a) (iii) 

is  the  integral  equivalent  of 

Y1dy1  +  Z1dz  +  U1du  =  0 (B), 

where  Tlt  Zlt  U-^  are  the  values  of  T,  Z,  U  for  y  =  ylt  a;  =  0. 
Secondly,  treating  u  as  constant,  we  obtain  an  integral  of 

F^T/J  +  Zjdz  =  0 
in  a  form 

X  (l/i>  z>  w)  =  constant ; 
and  the  integral  equivalent  of  (B)  is  of  the  form 

F  (%,  u)  =  constant, 
or  say  x  =  6(u,  b) (iv), 

where  6  does  not  explicitly  involve  yl  or  z  and  so  is  not  altered  in 
form  by  any  special  assumption  as  to  these  variables.  Putting 
then  yl  zero  and  denoting  by  z.2  the  corresponding  value  of  z  we 
have 

X  0/i>  z>  w)  =  %(°>  2*>  w) (v), 

and  then 

X(Q,  z,,  u)  =  0(u,  b)  (vi) 

is  the  integral  equivalent  of 

Zsdzt+  U2du  =  0 (C), 

where  Z.2>  U»  are  the  values  of  Zlt  Ul  for  z  =  z.,,  yl  =  0,  i.e.,  are  the 
values  of  Z,  U  for  z  —  z.2,  y  =  0,  x  =  0. 

Now  (C),  when  integrated,  gives  z.2  as  a  function  of  u.  When 
this  value  of  z2  is  substituted  in  (v),  the  right-hand  side  becomes 
0  (a,  b) ;  and  so  the  equation  changes  to  (iv),  which  gives  the  value 
of  2/!  as  a  function  of  z  and  u.  When  this  value  of  yl  is  substi- 
tuted in  (ii),  the  right-hand  side  becomes  0  (z,  u,  const.),  and  so 
the  equation  changes  to  (i),  i.e.,  changes  to  the  equation  which  is 
the  integral  equivalent  of  (A)  which  is  thus  obtained. 

All  the  steps  prove  possible,  on  account  of  the  satisfaction  of 
the  conditions  of  integrability ;  and  the  functions  i/r  and  ^  are 
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obtained  from  the  integration  of  (simplified)  binomial  special  forms 
of  (A)  and  (B). 

It  is  evident  that  the  difference  of  Natani's  method  from 
Euler's  lies  in  the  introduction  of  the  postulates  which  lead  to 
equations  like  (ii)  and  (v),  and  that  the  process  will  apply  to 
equations  in  any  number  of  variables.  And  if,  in  special  examples, 
it  should  not  prove  convenient  to  assign  a  zero  value  to  a  variable 
in  order  to  derive  an  equation  such  as  (B)  from  (A),  or  (C)  from 
(B),  it  is  permissible  to  assign  a  non-zero  constant  value  to  the 
variable  for  that  purpose ;  the  only  other  change  is  that  the 
coefficients  in  a  general  case  would  be  less  simple  than  they  are 
when  the  normal  zero-substitution  is  made. 

Ex.  1.     As  a  simple  example,  consider 

z  (y +z}  dx+z  (u-x}  dy  +y  (z-u)  dz+y  (y +z)  du  =  0 
(see  §  15,  Ex.  1).     First  taking  u  and  z  as  constant  we  have 

, ,        }=y+z 

so  that 


u        u-x 
The  next  equation  is 

zudy±  —  y±udz  =  0, 
so  that 

z 


y\ 

and  therefore 

z 

y\ 

The  last  equation  is 

-  udz2  +  (l+z2)du=Q, 
so  that 

=  constant, 

u 

or 

Hence 

_z  _      z 

and  therefore 

y  +  z     y\Jfz  _     a 
u  —  x~    u        cu—  1 ' 

so  that 

uy^L —  =  -= constant, 
y+z       c 

agreeing  with  the  former  result. 
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Ex.  2.  In  order  to  have  a  direct  comparison  of  the  two  methods  due 
respectively  to  Euler  and  to  Natani,  we  may  compare  them  when  applied  to 
the  equation 


supposed  to  be  integrable. 
Euler  takes 

Xdx+ 

where  -^  is  &  function  of  x,  y,  z  determined  in  the  first  instance  on  the 
supposition  that  z  is  constant  ;  and  his  second  equation  is  then 


where  -v>  -  -^-  is  a  function  of  z  and  •&•  alone,  on  account  of  the  condition  of 
M     cz 

integr ability.     The  integral  of  the  differential  equation  is  then  of  the  form 

where  c  is  an  arbitrary  constant. 
Now,  with  Natani, 

say.     Let  Ml  be  the  value  of  M  for  x=0,y=y1;  so  that,  if  6  (z,  ^)  be  the 
value  of  Y>  —  -JT-,  it  follows  that  6(z,  ¥)  is  the  value  of  -~  —  -~-,  since  x  andy 

do  not  explicitly  occur.     But,  because  ^=¥,  we  have  6  (z,  •$>•}  =  6  (z,  ¥) ;  and 
therefore 

M      82      M1      dz ' 
Also  d^=d9  ;  hence  Euler's  second  equation  becomes 


i.e.  »—  %1  +  T^c?2 

q^i         MI 
Further  we  have 

z±_r 

ty~M' 

and  therefore 

9*     J^ 
^-J// 

and  hence  Euler's  second  equation  becomes 


i.e.,  it  becomes  Natani's  second  equation.     Since  the  integral   of  Euler's 
second  equation  (and  so  of  the  original  equation)  is 

*=/<*,*), 

the  integral  of  Natani's  second  equation  is 

*=/(«,  c), 
and  therefore  the  integral  of  the  original  equation  is,  by  Natani's  method, 

*  (*•  y,  *)= 
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20.  A  method  has  been  given  by  du  Bois-Reymond*  for 
obtaining  an  integral  equivalent  of  H  =  Xdx  +  Ydy  +  Zdz  =  0. 
But  nowhere  in  the  exposition  of  the  method  does  the  condition 
of  integrability  essentially  appear ;  and,  whether  H  =  0  be  inte- 
grable  or  not,  the  method  leads  to  a  single  equation,  which  is 
declared  to  be  of  the  proper  form  when  the  equation  is  integrable. 

The  method,  geometrically  stated,  is  as  follows: — Whatever  be 
the  locus  represented  by  ft  =  0,  we  pass  from  a  point  P0,  whose 
coordinates  are  x0,  y0,  z0)  along  that  part  of  the  locus  which  lies 
on  an  arbitrary  surface 

a  =  x(x>  y>  *) 

to  some  other  point  Plt  whose  coordinates  are  acly  ylt  zv  From 
this  point  P1}  we  move  along  that  part  of  the  locus  which  lies 
on  another  arbitrary  surface 

b  =  Xi  (x>  y>  z) 

to  some  other  point  P,  whose  coordinates  are  x,  y,  z. 
Now 

n  =  o,   a  =  x,   o  =  dx 

can  be  used  to  construct  an  equation  of  the  first  order  in  two 
variables  only ;  of  this  there  will  be  an  integral,  say 

f(x,  y,  z,  a)  =  d, 
so  that  we  have 

x  (x<»  y<»  z*}  =  a  =  x  to »  yi>  *iX 

/(#o,  y<>,  z<>,  a)  =  d  =/(#i,  2/1,  *i,  a). 
Similarly 

Ii  =  0,     b  =  xi,     0  =  dXl 

can  be  used  to  construct  an  equation  of  the  first  order  in  two 
variables  only,  with  an  integral  of  the  form 

g  (x,  y,  z,  6)  =  cs, 
so  that  we  have 

Xi  to*  y*>  *i)  =  &  =  xi  (x>  y>  z\ 

g  fa,  yi,  Zi,  b)  =  c2  =  g  (x,  y,  z,  b). 

From  these  eight  equations  the  seven  quantities  #,,  y,,  *,,  a,  b, 
d,  C2  can  be  eliminated ;  and  the  result  will  be 
<I>  (x,  y,  z,  x0,  y0,  z0)  =  0, 

*  "  Ueber  die  Integration  linearer  totaler  Differentialgleichungen  denen  durch 
ein  Integral  Geniige  geschieht,"  Crellt,  i.  Ixx.  (1869),  pp.  299-313. 
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which,  if  the  equation  O  =  0  be  integrable,  is  assumed  to  take  the 

form 

<f>  (x,  y,  z)  =  <f>  (#0,  y0,  z0)  =  constant. 

This  is  the  equation  of  the  locus  of  P,  and  thus  is  the  integral 
equivalent  of  O  =  0  the  differential  equation  of  that  locus. 

The  assumption  just  made  as  to  the  form  of  the  final  equation 
is  not  proved,  though  it  can  be  verified  in  special  instances. 
Moreover  no  proof  is  given  that,  if  the  assumption  as  to  the  form 
be  generally  true,  the  result  is  independent  of  any  peculiarity 
in  the  fonn  of  the  subsidiary  equations  x  =  a>  %i  =  ^  which  may 
be  adopted. 

Modifications  of  the  method,  subject  to  the  same  criticisms, 
are  given  (1.  c.),  and  a  generalisation  to  equations  in  n  variables*. 

Ex.  1.     When  the  method  is  applied  to  the  integrable  equation 
2  (y+z) 

with  the  subsidiary  equations 

_ 

x~ 
it  leads  (correctly)  to  the  result 


a  single  equation  of  the  assumed  type. 

But  when  applied  to  the  non-integrable  equation 

xdy  +ydx + xdz  =  0 
with  the  subsidiary  equations 

it  leads  to 


and  when  applied  to  the  same  equation  with  the  subsidiary  equations 

it  leads  to 

Z-ZQ=  b    MO  . 

y  #y  ' 

in  each  case  (incorrectly)  to  a  single  equation  not,  however,  of  the  assumed 
type. 

Ex.  2.  It  is  easy  to  see  that  the  practical  rule  given  in  du  Bois-Reymond's 
method  comes  to  be  the  same  as  the  process  in  Natani's  method  (§  19),  when 
the  subsidiary  equations  are 

*  For  other  criticisms,  see  Weiler,  SchKm.  Zeitschr.,  t.  xx.  (1875),  pp.  80—83 ; 
du  Bois-Reymond,  Math.  Ann.,  t.  xii.  (1877),  pp.  123—131. 
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21.  The  derivation  of  the  conditions  of  exact  integrability  of  tin  ordinary 
differential  equation  of  the  wth  order  (or  of  a  differential  expression  involving 
lerivatives  of  a  single  dependent  variable  with  regard  to  a  single  independent 
variable)  is  sometimes  made  to  depend  upon  the  theory  of  integration  of  an 
sxpression,  exact  in  the  sense  of  the  foregoing  chapter.  As  however  the 
sonnection  is  not  immediate  and  this  method  is  not  the  principal  method,  it 
will  be  sufficient  here  to  give  the  following  references  to  some  of  the  writers 
an  the  subject,  in  whose  memoirs  references  to  Euler,  Lagrange,  Lexell,  and 
Condorcet,  will  be  found  : 

SARRDS;  Comptes  Rendus,  t.  i.  (1835),  pp.  115 — 117:  t.  xxviii.  (1849), 
pp.  439—442  ;  Liouville,  t.  xiv.  (1849),  pp.  131—134. 

DiRKSEN;  Abh.  d.  Kan.  Akad.  d.  Wiss.  zu  Berlin  (1836),  pp.  79—98. 

BERTRAND;  Journ.  de  VEc.  Poly.,t.xvu.  (1841),  pp.  249 — 275;  Liouville, 
t.  xiv.  (1849),  pp.  123—130. 

RAABE;  Crelle,  t.  xxxi.  (1846),  pp.  181—212. 

JOACHIMSTAHL  ;  Crelle,  t.  xxxiii.  (1846),  pp.  95 — 116. 

STOFFEL  ET  BACH;  Liouville,  2me  Ser.,  t.  vii.  (1862),  pp.  49 — 61. 

IMSCHENETSKY  ;  Grun.  Arch.,  1. 1.  (1869),  pp.  278 — 474;  especially  §  26. 

PUJET;  Comptes  Rendus,  t.  Ixxxii.  (1876),  pp.  740—743. 

WINCK.LER  ;  Wiener  Sitzungsb.,  t.  Ixxxviii.,  Abth.  ii.  (1883),  pp.  820—834. 


MISCELLANEOUS  EXAMPLES. 

1.  Let  P,  Q,  R  be  any  functions  of  three  independent  variables  a',  y,  z ; 
md  with  a  point  A  (#,  y,  z)  let  the  plane  (X-x)P  +  (Y-y)  Q  +  (Z-z)  R=0 
5e  associated.  Shew  that  there  are  two  directions  in  this  plane  such  that,  if 
i  point  £(x  +  dx,  y  +  dy,  z+dz)  be  taken  consecutive  to  A  lying  in  the 
plane  in  either  direction,  the  intersection  of  the  planes  associated  with  A  and 
jvith  B  is  the  line  AB.  Shew  also  that,  if  the  relation 


dp 

fa' 

dp 

8P 

P 

fa' 

3Q 

fa' 

Q 

fa' 

8/2 

8/2 

R 

P, 

Q, 

/2, 

0 

identically  satisfied,  then  the  system  of  planes  associated  with  all  possible 


points  A  envelopes  a  surface. 
F. 


(Voss.) 
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2.     In  connection  with  the  last  example  shew  that,  if  for  the  equation 
=  0  the  condition  of  integrability 


be  identically  satisfied,  then  the  envelope  of  the  associated  planes  is  in  its 
general  form  an  integral  of  the  differential  equation  ;  and  that,  at  any  point 
of  contact  of  a  plane  with  the  surface,  the  two  directions  indicated  are  those 
of  the  inflexional  tangents  to  the  surface. 

In  the  case  when  G  =  0  is  not  identically  satisfied,  discuss  the  relation  of 
the  surface  G  =  0  with  the  differential  equation. 

(Voss.) 

3.     Prove  that  the  equation 

(x.?  -  .v.^)  dx\  +  (*3*  -  a^)  d.rz  +  (.r^  -  x^}  d.r3  =  0 

is  exact  ;  and  obtain  its  integral  by  Bertrand's  method  (or  otherwise)  in  the 
form 

(xl  +  .r2  +  .r3)w  (xl  +  «a2.r2  +  (DX3)W  (#!  +  o>xz  +  o>2.r3)  =  constant. 


4.  Shew  that  the  total  differential  equations 
(i) 

(ii) 

y         ** 

1C  Z1L  $ 

(iii)    dx  +  '    dy  -  —  dz  -  - —  du  =  0, 
£y   fc      soy          2txy 

*  so  x  ft        u  /          it,     \ 

(iv)     dx+ dy+~, dz  +  -  cot  -  ( du dv}=0. 

ylogyz   "      zlogyz          v        v\          v     ) 

all  satisfy  the  conditions  of  integrability ;  and  obtain  the  respective  integral 
equations  which  are  equivalent  to  these  differential  relations. 

(Collet.) 

5.  Integrate  the  following  equations  which  can,  on  multiplication  by  a 
factor,  be  made  exact : — 

(i)      (yz  +  z*)  dx  -  xzdy  +  xydz = 0, 

(iii)    s  (1  -  z2)  dx + zdy  -  (x +y + xz*)  dz  =  0, 

(iv)     (\+yzfdx-z*dy  +  dz  =  Q, 

( v)     If(y,z,u)dx+H(z,  u,  x}dy  +  H  («,  x,  y}  dz  +  H  (x,  y,  z)  du = 0, 

where  in  the  last  H  (a,  6,  c)  denotes  the  sum  of  the  homogeneous  products  of 
a,  6,  c  of  two  dimensions. 

6.  Obtain  the  primitive  of 

dx,     dy,     dz,      0 
x,     y,      z,      1 
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(the  generalisation  of  Hesse's  equation),  where  the  quantities  A  and  D  are 
linear  non-homogeneous  functions  of  ,v,  ?/,  z,  in  the  form 

to      ei      Co      r3 

u0    «!    «2   1%    =  constant, 

where  «0,  ult  u.z,  ^  are  properly  determined  linear  functions  of  .r,  y,  z  and 
c0,  cls  e2>  C3  are  constants. 

(Pittarelli.) 

7.     Shew  that,  if  the  equation 

+  ......+  Pdv  =  0 


be  deducible  from  a  single  integral  equation  and  be  such  that  Plt  P.2,  ...,  /'„ 
are  homogeneous  functions  all  of  the  same  order,  then 


is  an  integrating  factor. 

Discuss  the  case  in  which  this  integrating  factor  takes  the  form  l-i-0;  and 
apply  the  result  to  integrate 

(y  +  z}'*  dx  -x(y  +  2z)  dy  -  xzdz  =  0. 

(Fais.) 

M-l 

8.     Shew  that,  if  the  coefficients  in    2    Xmdxm  be  rational,  then  the  sub- 

»»=o 

stitutions  (for  £=0,  1,  ...,  n  —  1) 


where  o>  is  a  primitive  wth  root  of  unity,  transform  the  differential  expression 

into 

n-l 


and  prove  that  the  necessary  and  sufficient  conditions  of  integrability  of  the 
expression  reduce  themselves  to  the  $n  or  \(n-  1)  equations 

d<ft(z0>  zl>  •••>  ^n-l)  _  90(gr>Zr  +  l»  •••>2:r  -j) 


dzr  dz0 

for  r=  1,  2,  3,  ...  fyi  or  \(n  -  1).  (Kronecker.) 

9.     Prove  that  conditions,  necessary  and  sufficient  to  ensure  that 


is  an  exact  differential,  are 
(i)    that  the  equations 

^-^^•-2 
fartei~  '"" 
are  satisfied,  and 

(ii)     that  p^d.v.2  +  ......  +  pnd.rn  is  an  exact  differential  when  .r,  is  made 

constant. 

(Laurent.) 

3—2 
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10.     If  the  equation 

Xldxl  +  X$xt  + +  XfdXp = 0 

satisfy  all  the  conditions  that  it  should  be  capable  of  representation  by  a 
single  integral  equation  and  if  it  be  reduced  in  succession  to  the  forms 

+  Yvdxv  =  0, 

i\  + +  Zpdxj, = 0, 


dup  -2+Tj,_  zdjcp = 0, 

C?Mp_1  =  0, 

then  an  integrating  factor  of  the  original  equation  is 

1  3ttj  9w2          dup  _  2  3wp  _  i 
Xl  3^*!  dut ?w,)_ 3  "diip  _ 2 " 


CHAPTER  II. 

SYSTEMS  OF  EXACT  EQUATIONS. 
22.     WHEN  we  have  a  system  of  n  equations  in  m  +  n  variables 

<f>r(lli,  W2,    ...,  Un,  #!,   ...,  X,n)=0,r, 

where  ar  is  a  constant  and  r  may  have  the  values  1,  2  ...,  n, 
they  can  be  considered  as  determining  the  n  variables  u}  ,  u.,,  ...  ,  un 
in  terms  of  the  m  variables  xlt  ...,#,„,  provided  there  is  no 
functional  relation  among  the  n  functions  <f>  considered  as 
involving  the  n  variables  u. 

All  variations  of  the  variables  are  connected  by  n  equations  of 
the  form 


,  ous 

When  they  are  solved,  they  give  the  variations  du  of  the  dependent 
variables  in  terms  of  the  variations  dx  of  the  independent  variables 
by  means  of  other  n  equations 

m 

dug=  S    U,tdxt...(s=l,  2,  ...,  n)  ............  (I), 

t=i 

where  the  coefficients  U,tt  are  (or  may  be)  functions  of  all  the 
variables  u  and  x\  and  the  equations  (I)  are  definitely  and 
uniquely  derivable  from  the  earlier  set  because 


3  (MI,  ......  >  «»)' 

which  is  the  determinant  of  the  coefficients  of  the  rfu's  in  that 
earlier  set,  does  not  vanish  on  account  of  the  hypothesis  made 
regarding  the  functions  <£. 
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Moreover,  since  the  equations  (I)  are  derived  from  the  earlier  set, 
the  substitution  there  of  the  values  of  du  as  given  by  (I)  will  lead 
to  identities  ;  hence,  for  each  of  the  n  functions  <f>,  the  equation 

m,    /  n    £),!. 

If       z 


is  identically  satisfied.  It  follows  that  the  coefficient  of  each  of 
the  differential  elements  dx  must  vanish  ;  and  therefore  <£  satisfies 
the  m  differential  equations 

M-g*+2&J£-o  ..................  (ID 

OXt       5=1  OUg 

for  t  =  l,  2,  ...,  m. 

23.  It  follows,  just  as  in  the  case  of  a  single  equation,  that 
any  functional  combination  of  the  quantities  <£  is  a  solution  of  the 
equations  (I)  or  (II).  For,  so  far  as  regards  the  equations  (I),  they 
are  equivalent  to 

dfa  =  0,  d<f>»  =  0,  ......  ,  d<J>n  =  0, 

and  therefore,  if  ty  be  a  function  of  01}  <£.,,  ...,  </>n,  we  have 


dtyr  =  2  5-^-  dd>r 

r=lO<pr 
=  0 

in  virtue  of  equations   (I)  ;    or  ty  is  a  solution.     And,  so  far  as 
regards  the  equations  (II),  we  have 


=  0 

in  virtue  of  equations  (II)  ;  or  -^  is  a  solution. 

Conversely,  every  solution  of  the  system  (I)  or  the  system  (II) 
can  be  expressed  as  a  function  of  the  n  independent  solutions 
$!,  </>o,  ...,  (j)n.  For,  taking  it  to  be  i/r,  it  is  some  function  of 
MJ,  w2,  ...,  wn  and  of  the  independent  variables  xlt  x2,  ...,xm\ 
and  determining  ult  uy,  ...,  un  in  terms  of  the  solutions  <f>  and  of 
the  variables  x  we  then  have  -^  in  the  form 

"^  =  ^($1,  #2,  •••>  <f>n,  ®i>  X.2,   ...,  Xm). 

So  far  as  regards  (I),  we  have  ctyr  =  0,  for  i/r  is  a  solution;  and 
equations  (I)  give  dfa  =0,  .  .  .  ,  d<f>n  =  0,  for  the  quantities  </>  are 
solutions  ;  hence 
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Now  the  quantities  xl}  #»,  ...,  xm  are  by  hypothesis  independent 
and  there  can  therefore  be  no  relation  among  their  variations. 
Hence  the  foregoing  equations  can  only  be  satisfied  by 


or  ty  in  its  later  form  is  explicitly  independent  of  xlt  a;.,,  ...,  xm 
and  can  thus  be  expressed  as  a  function  of  <£j,  ...,  <£?l.  So  far  as 
regards  (II),  we  have,  taking  ty  in  the  same  form,  the  equations 


for  the  quantities  a  occur  only  in  the  quantities  <£  :    hence,  as 
At<£r  =  0,  we  have 


for  each  of  the  values  t=  1,  2,  ...,  w;  and  thus  we  are  led  to  the 
same  conclusion  as  before. 

24.     Multiplying  the  equations  (I)  by  \1>g,  X,,*,  •••,  V,«  where 
\,8  =  ~—  and  adding,  we  have 

OUg 

d(f>r  =  0, 

an  equation  in  an  integrablc  form.  Such  a  system  of  quantities 
may  be  called  a  set  of  integrating  factors  ;  there  must  evidently 
be  n  independent  sets  of  integrating  factors,  each  set  subsidiary 
to  the  derivation  of  an  integrable  equation  ;  and  the  determinant 
of  the  n  sets  is  not  zero,  because  the  Jacobian  of  the  functions  <J> 
with  regard  to  the  variables  u  is  not  zero. 

Now  let  i/r  be  any  other  integral  of  the  system  of  equations  so 
that,  as  just  proved, 


and  let  plt  p«,  ...,  pn  be  the  set  of  integrating  factors  subsidiary  to 
the  derivation  of  d-    =  0.     Then  we  have 


Pr  —  5  —  =  oT"  ^-1,  r  +  5-7-  X-j,  r  +  ......  +  cTT"  ^l>  r 

OUf       9<^>i  9</)2  0<pn 

for   r  =  l,  2,  ...,  n.      The   determinant   of  the   right-hand   sides. 

8-«/r 
considered  as  linear  in  the   quantities    „-    ,  is   a   non-vat 
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quantity  being  made  up  of  the  n  independent  sets  of  integrating 
factors;    so   that   the   n   equations   can   be   solved   to   give   the 

quantities  ^  in  the  forms 

cty  _  Mi      frjr  _  MI  ety  =  Mn 

dfa~Hf'dfa~M'          '  dfa,      M' 

The  value  of  M  is 

9  (fay    </>2»    ......  .    fat) 

9  (MI,  M2,  ......  ,  «») 

and  that  of  Mr  is 

/_  -.  y.9  (fa,  ......  ,  fa-i,ty,  fa+i,  ......  ,  <ftu) 


9  (MI,  ",',  ......  ,  Mn) 

so  that  all  the  quantities  M  are  of  the  same  kind,  viz.,  Jacobians 
of  systems  of  n  solutions  of  the  original  equations.  Such  a 
quantity  as  M,  or  Mr,  is  called,  after  Jacobi,  a  multiplier:  it  is, 
from  its  origin,  a  non-vanishing  magnitude. 

Now  unless  the  Hessian  of  ty,  considered  as  a   function   of 
fa,  ...,  fai,  vanishes,  the  quantities  ~  are  independent  of  one 

another,  so  that  there  is  no  identical  relation  between  them 
involving  only  constant  coefficients.  The  effect  of  this  inde- 
pendence of  the  quantities  M  is  to  exclude  the  existence  among 
the  Ti  +  1  quantities  M  of  any  homogeneous  relation  of  any 
degree  with  constant  coefficients. 

7\  t 

If  then  we  suppose  that  no  one  of  the  quantities   ~~  is  a 

d<p 

constant  or  zero,  each  of  them  will  be  a  functional  combination  of 
the  quantities  <£  and  so  will  be  a  solution  of  the  system  of 
equations  ;  and,  as  they  are  supposed  to  be  independent  functional 
combinations  of  the  quantities  </>,  it  therefore  follows  that  the  n 

£)    f 

quantities   ^   will   constitute   a   complete   system   of  integrals, 
similar  to  the  system  of  integrals  fa,  fa,  ...,  <£„. 
We  may  now  draw  some  inferences  :  — 

(A)  When  a  multiplier  M  of  the  equations  (I)  is  known, 
then  every  other  multiplier  is  of  tlie  form  J/<t>,  w  here  4>  =  constant 
is  a  solution  of  the  equations. 
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For  every  other  multiplier  is  a  Jacobian  of  a  system  of 
solutions  ;  the  quotient  of  this  Jacobian  by  M  is  the  Jacobian  of 
the  system  of  solutions  with  regard  to  <f>lt  ...,  <f>n  and  therefore,  as 
it  is  a  function  of  <f>1}  <£2,  ...,  <£n,  it  is  a  solution  of  the  equations. 
Hence,  conversely  : 

(A')    If  two  independent  multipliers  have  been  obtained  which 
have  not  a  constant  ratio,  their  quotient  is  a  solution  of  the  equations 
(I)  or  (II). 
Also 

(B)  If  n  +  1  multipliers  have  been  obtained  such  that  tliere 
exists  among  them  no  homogeneous  relation  of  any  order,  then  the 
n  quotients  of  any  n  of  them  by  the  remaining  one  form  a  complete 
system  of  integrals  of  the  differential  equations. 

And,  as  can  easily  be  proved  by  similar  considerations  :  — 

(C)  If  p  +  n  +  1  multipliers  have  been  obtained,  then  there 
exist  among  them  at  least  p  identical  relations,  the  coefficients  in 
which  are  constants. 

25.  Now  we  can  deduce  from  a  well-known  theorem  in 
determinants,  due  to  Jacobi*,  the  partial  differential  equations 
which  these  multipliers  satisfy.  If  there  be  n  +  1  functions  (say 
0i,  ...,  <£n  the  foregoing  functions  and  <f>  any  other  function)  which 
involve  n  +  I  variables  (say  ult  ...,  un  and  x  any  other  variable) 
and  if 


,  <n  _  A  <>     .    <>  A 

—  —  -«•  o  —  'T^li5  --  P  ......  ~T-"n 


zr-r  —  —  -•  o  —  'i  ......        -n5  —  t 

O  (X,  •&!  ,  ......  ,  Un)  OX  OUi  Olln 

then  the  quantities  A  are  such  that 


dx 


This  theorem  is  applicable  to  the  set  of  functions  under  considera- 
tion, when  we  make  x  the  same  as  any  one  of  the  variables 
*i>«i,  •••>®m-  We  have  A  given  by  the  quantity  M  ;  and  we 
have,  for  x  =  xt, 


r     (      ' 


Crelle,  t.  xsvii.  (1844),  p.  21;  Ges.  HYrA-e,  t.  iv.,  p.  323. 
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where,  in  the  denominator,  u,.  does  not  occur.     But,  by  (II), 


so  that 

where  ur  does  not  occur  in  the  sequence  Wj,  ...,  un',  and  thus 
(-  I)'*1,  i 

~  9(M1}  HZ, ,  un)  wr>t' 

where  u^,  u»,  ...,  un  are  now  the  complete  set  of  all  the  variables  u. 
Hence 

and  therefore  substituting  for  Ar(r=  1,  2,  ...,  n)  and  for  A  we 
have  the  equation 

The  dependent  variable  M  in  this  equation  is  the  non-evanescent 
Jacobian  of  n  solutions  of  the  equations  (I)  or  (II)  with  regard  to 
ttj,  ...,  un;  and  therefore  the  same  equation  is  satisfied  when  the 
function  yfr  is  substituted  for  ^,  <£2,  ...,  <f>n  in  turn  in  this 
Jacobian,  that  is,  the  other  multipliers  Mlt  ...,  Mn  also  satisfy  the 
equation.  Hence,  by  propositions  (B)  and  (C),  every  multiplier 
satisfies  this  equation;  and,  therefore,  as  the  equation  holds  for 
the  values  t=l,  2,  ...,  in,  the  multipliers  of  the  system  (I)  or  (II) 
are  determined  by  the  equations 

Vt#  =  -= — | -= —  '     -\ ^ — ^—  + H — ^-  =  0 

OXl  C/ttj  OU^  OUn 

dx2          9tf]               9ita  d«n  -..(111). 

^«^=a«    + a./'"1   + 5^-+ + 


25.]  CONDITIONS   OP    EXACTNESS  4;) 

Ex.     A  verification  of  (A')  in  this  paragraph  can  be  deduced  at  unco  fruui 
(III).     For  if  6  and  6(f>  be  two  solutions  of  (III),  wo  have 


and  therefore  <£,  the  quotient  of  two  solutions  of  (III),  satisfies 

A(<£  =  0 

for  the  values  t  =  l,  2,  ...,  in.  Thus  0  is  a  solution  of  (II),  the  original  system 
of  equations. 

26.  Suppose  now  that,  instead  of  deducing  differential 
equations  from  a  set  of  given  integral  equations  of  the  type 
considered,  it  is  required  to  obtain  a  system  of  integral  equations 
equivalent  to  a  given  system  of  independent  differential  equations. 

The  most  general  form  of  the  latter  is 

n  m 

2  XrjSdus  +  2  Yritdxt  =  0    (r  =  1,  2,  . . . ,  n\ 

8=1  't  =  l 

the  coefficients  X  and  Y  being  functions  of  the  variables  u  and  x. 
Since  any  linear  combination  of  these  equations  will  be  satisfied 
by  the  same  integral  equations  as  the  foregoing  set.  they  may  be 
replaced  by  the  set 

m 

dur=  2  Urtdxt (I) 

t=\ 

obtained  by  solving  the  system  for  du1}  ...,  dun;  and  there  are  n 
equations  in  this  set,  all  the  coefficients  U  being  functions  of  x 
and  u.  It  is  assumed  that  the  equations  can  be  thus  expressed — 
an  assumption  which  implies  that  the  determinant  of  the  co- 
efficients X  does  not  vanish  and  which  is  justified  by  the 
supposition  that  the  system  of  equations  is  independent ;  and 
the  form  (I)  will  be  considered  the  canonical  form  of  such  systems 
of  equations. 

In  order  that  a  system  of  equations  such  as  (I)  may  be 
replaced  by  a  system  of  integral  equations,  which  suffice  to 
determine  v^,  u2,  ...,  un  as  functions  of  independent  variables 
a?x,  #2>  •••>  Xm>  certain  conditions  must  be  satisfied.  Instead  of 
regarding  the  coefficients  U  as  composed  of  derivatives  of  the 
(unknown)  functions  <f>,  we  may  regard  the  us  as  (potentially) 
expressible  by  means  of  the  unknown  integral  system  in  the  form  of 
explicit  functions  of  the  variables  xl}  #2,  . . . ,  xm ;  and  when  they  are 
so  expressed  they  satisfy  the  necessary  and  sufficient  conditions 
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which  apply  to  each  of  the  dependent  variables  for  all  combinations 
of  s  and  t. 

From  the  system  (I)  we  have 


for  each  of  the  indices  t  (=  1,  2,  .  .  .  ,  in)  and  each  of  the  indices 
r  (=  1  ,  2,  .  .  .  ,  w)  ;  and  when  we  substitute  in  Ur^  the  values  of  those 
variables  u  which  may  occur,  in  terms  of  xl}  x2,  ...,  xm,  the 

£\ 

resulting  value  of  ~-  is  the  same  as  in  the  above  condition. 
Denoting  this  value  by  ~  ,  the  foregoing  condition  is 


The  aggregate  of  these  conditions,  necessary  and  sufficient  for 
the  integral  equations,  is  certainly  necessary  for  the  differential 
equations  under  the  supposed  hypothesis;  it  must  not,  with- 
out proof,  be  assumed  sufficient  for  the  differential  equations. 
Now  we  have 


where  the  quantities  on  the  right-hand  side  are  as  they  occur  in 
(I)  ;  and  similarly  for  the  other  member  of  the  equation  of 
condition,  which  therefore  becomes 


r.t_r.J_  ,. 

S=:" 


dUr.. 


or,  what  is  the  same  thing, 


This  equation  must  be  satisfied  for 

(i)     each  of  the  values  1,  2,  .  .  .  ,  n  of  r  : 
(ii)     each  of  the  \m  (m  -  1)  combinations  of  s  and  t  from 
the  series  1,  2,  ...,  m; 
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therefore  the  total  number  of  necessary  conditions  represented  l>y 
(2)  is 

%nm  (m  —  1), 

and  these  conditions  are  independent  of  one  another. 

27.  It  now  remains  to  prove  that  these  necessary  conditions 
are  sufficient  to  ensure  that  the  integral  equivalent  of  the  n 
differential  equations  (I)  is  constituted  by  a  system  of  n  integral 
equations  independent  of  one  another.  For  this  purpose  an 
inductive  process  will  be  used.  The  given  system  (I),  involving 
n  dependent  and  m  independent  variables,  will  be  transformed  by 
a  change  of  variables  to  a  similar  system,  involving  n  dependent 
and  m  —  1  independent  variables;  and,  of  the  ^nm(m—  1)  neces- 
sary conditions  of  the  original  system,  \n  (m  —  1)  (m  —  2)  conditions 
bearing  the  necessary  corresponding  form  will  be  shewn  to  survive 
for  the  transformed  system. 

To  obtain  the  transformations  we  subsidiarily  consider  all  the 
variables  #.,  ...,#m  as  unchanging;  the  equations  (I)  take  the 
forms 

dui  _  du2  _          _  dun  _  , 

TT  —  77        ......  ~~  rr    —u&i- 

l/u       u21  Um 

Let  n  independent  integrals  of  these  n  equations  be 

^  =  constant,  £2  =  constant,  ......  ,  £n  =  constant, 

where  £,,  %  .,•••>  In  are  functions  of  ult  «,,...,  un,  xl  and  of 
unchanging  quantities  that  may  occur  in  Un,  U^,  ...,  Um,  that 
is,  of  a?2,  ...,#„.  All  these  functions  £  satisfy  the  equation 


(3). 


Having  thus  obtained  these  n  independent  functions  £  we  use 
them  to  form  equations  of  transformation  in  the  shape 


where  vlt  v»,  ...,vn  (constant  so  far  as  regards  #,)  are  functions  of 
x^,...,xm,  now  to  be  determined.  Taking  any  one  of  the 
equations,  say 
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we  have 

n     gfc  m    gfc 

dv  =  S  ^-  dur  +  2  ^-ckcg 

r=l  ™<r  *=1  VXg 


after  substitution  for  the  quantities  du  from  the  equations  (I). 
The  coefficient  of  the  element  dxl  on  the  right-hand  side  vanishes 
on  account  of  the  partial  differential  equation  satisfied  by  £,  so 
that  the  assumption  of  dv  being  independent  of  dxl  is  hereby 
justified.  When  we  take 


dxg         ls  diti         ^  dii.2 
then  we  have 


s=2 

for  r=  1,  2,  ...,  n. 

28.  This  is  the  transformed  system  indicated  :  we  proceed  to 
consider  the  coefficients  V'rs.  From  the  n  independent  equations 

£=f, 

we  can  find  the  values  of  «1}  «2,  ...,  wn  as  functions  of  vlt  v2,  ...,vn, 
xlya:2,  ...,  xm\  and  when  these  values  are  substituted  for  the  w's 
in  Vrg,  wherever  they  occur,  it  is  changed  into  a  function  of 
*i»  v2,  ...,  vn,  x-i,  ...,  xm.  Let  Vrs  denote  this  transformed  value 
of  V'n\  then  Vn  is  explicitly  independent  of  xl}  a  result  which 
leaves  the  system  (I)'  involving  only  m  —  1  independent  vari- 
ables. 

The  proposition  just  enunciated  may  be  proved  as  follows. 
Let  0'  denote  any  function  of  Mlt  u«,  ...,  vn,  xlt  ...,  #•„,  and  ®  the 
same  function  when  substitution  is  made  for  MI}  t^,  ...,  ?/n  in 
terms  of  vlt  v»,  ...,  vn,  xlt  ...,  a?m;  thus  0  involves  a?i,  «2,  ...,  xm 
and  t>,  (=  I,),  v2  (=  ^2),  ...,»»(=  f  „).  Then 


_ 

o  ^» 

dj/j,  r=1 

for  ;>  =  1,  2  .....  ??  :  hence 
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a®'     i      a®'_8@     •  a®  (8|     »       a^ 

»'~  Pii 


a*, 

By  the  differential  equation  (3)  which  all  the  functions  £  satisfy, 

96 

the  coefficient  of  every  term  _  g-  on  the  right-hand  side  is  zero  ; 

Ogr 

hence 

80  _  8©'       »  9©' 

o  —  —  n         •"    •"     Up,l  -5        • 

oaj,      8#!     p=i          8wp 

80 
giving  the  value  of  «—  ,  so  far  as  xl   occurs   explicitly   in   the 

transformed  function  0,  in  terms  of  derivatives  of  &  the  un- 
transformed  function. 

Applying  this  general  result  to  the  coefficients  in  (I)',  we  have 
3V       W         »  3V 

1  V  rs  _  v  "   rs   i      V     77       °  "   rs 

p>1 


Substituting  from  (4)  the  value 

O «.  M  3f- 

?r  _i_    51    77       ^r 
for  V'rs,  we  have 


7T          ° 

P>1 


T    ^     o —   1  ~o r     **    ^P,l     ^         I' 

9=1  OUq  [   OX-i          p=i  OMp  j 

But  by  the  differential  equation  (3)  we  have 
8fr       ,2,   -._     8fr  _  ^ 

so  that,  differentiating  for  explicit  occurrence  of  xs,  we  have 


8F 

which   transforms   the    first    line    of    the    expression    for    -^   . 
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Similarly,  differentiating  the  equation  for  explicit  occurrence  of 
uq,  we  have 

frgr       ,      I    jj  *&_  =  _    S3Jid?&, 

duqdx!      p=i     P>1  diiqdup         p~^i    ditq  dup' 
and  therefore 

at  n  a-2fc     1  M       n  rlTT       d£ 

^r    4-  y    77         !_**_  I  -       V     S   77  P|1  _»r 

^  --  "     *•    "P.I  5  —  o  —  i   —  ~~    *      *    '-'<?,  s  ~o  --  a 
gdtf!       p  =  i  OWgOWj,]  9=1  p=l  <™9     OMp 

n       n  377      ?)£ 

T     ?   77     0(Jq,-i°Sr 

—        ~      •^•'l-^'s  ' 


which   transforms   the   second   line   of  the   expression  for 
Hence,  on  substitution, 

dvrs  _  »  d^r 

"  —    •6* 


=  0, 

d£ 
because  the  coefficient  of  every  one  of  the  terms  =^  (5  =  1,  2,  .  .  .  ,  ??) 

vanishes  by  the  conditions  (2).  Hence  Vrs  is  explicitly  indepen- 
dent of  xl  ;  and  therefore  the  system  of  equations  (I)  has  been 
transformed  to  the  system 

m 

dvr=  2  Vrgdxg  ......................  ..(I)', 

*=2 

in  which  xl  no  longer  occurs  explicitly. 

29.     Some  of  the  conditions  (2)  have  been  used  in  making  this 
elimination  of  a.\  possible  :  viz.  those  of  (2)  which  hold  for 

(i)     each  of  the  values  1,  2,  ...,  n  of  r  ;  simultaneously  with 
(ii)     all  the  in—  1  combinations  of  s  with  1. 

Hence  n(m  —  1)  conditions  have  been  used;  and  there  thus 
remain  ^nm  (m  —  I)  —  n  (m  —  1),  that  is,  $n  (m  —  1)  (m  —  2)  con- 
ditions, as  yet  unused  ;  they  are  those  equations  of  (2)  which  hold 
for 

(i)     each  of  the  values  1,  2,  ...,  n  of  ?•;   simultaneously 
with 

(ii)     each  of  the  £  (m  —  1)  (m  —  2)  combinations  of  s  and  t 
from  the  series  2,  3,  .  .  .  ,  m. 
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These  remaining  conditions  can  be  transformed.     We  have 


and  hence 

Wii  + 1  ^EM  a3> = _?&_ + I  ..?&•_  ^  ( 

5-  77    j  a2!,,      j 


,        r      , ,          .n 

T    4    5 —  v^5 +    _     -x LJj  „ 

dost       ,=i    dut 


M       w 

2    2 


Also,  since  vp=i;p, 

we  have  — ^  =  ^£  _)_  ^  _^  f^9  » =  Vp  * 

*  *        9=1         9 

by  (4):  a  result  which  might  also  have  been  inferred  from  (I)'. 
Hence 


p,a 


£    /zr         *&      ,rr         ^|,   \ 
Z    I   t/o  g  ,.    -v  --  h  t/«,«  o 
?=1  V  OUqOXt  OUqOX,l 


+  z    2  UntUys  +  2  5=H~^+  2    x1— t/««h. 

9  =  1  p=l  '     OUpOUq        q  =  l OUq   {  OX8  p  =  i     OUp 

Interchanging  s  and  t  and  subtracting  the  corresponding  members 
of  the  two  equations,  we  find 

VP,S  8o—  -  -  1 


top 


the  covariantive  character  of  which  equation  is  worthy  of  notice. 
F.  4 
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rl£ 

Since  all  the  coefficients  of  terms  ~  on  the  right-hand  side 

dug 

are  zero,  it  follows  that 

3Vr,t     dVft.      $  (v     Wrj     v     ?! 
"~~+  *'        "      P'* 


an  equation  which  holds  for 

(i)     each  of  the  values  1,  2,  ...,  n  of  r; 

(ii)     each  of  the  |  (m  —  1)  (m  —  2)  combinations  of  s  and  t 
from  the  series  2,  3,  .  .  .  ,  m. 

Hence  (2)'  implies 

\n  (m  -  1)  (m  -  2) 

conditions  in  all.  Moreover,  because  the  quantities  %r  are  inde- 
pendent qua  functions  of  -ult  ...,  un,  so  that  their  Jacobian  does 
not  vanish,  the  conditions  (2)'  conversely  lead  to  the  vanishing  of 

?}£ 

all  the  coefficients  of  the  quantities  ~  in  the  previous  equations. 

It  therefore  follows  that  the  |?i  (m  —  1)  (m  —  2)  conditions  (2)'  are 
equivalent  to  and  coextensive  with  the  fyi  (m  —  1)  (m  —  2)  conditions 
which  survived  after  the  transformation  (I)'  ;  and  therefore  these 
new  conditions  (2)'  may  replace  the  old. 

30.  The  new  conditions  (2)'  stand  in  the  same  relation  to  the 
new  equations  (I)'  as  the  original  conditions  (2)  to  the  original 
equations  (I).  Hence  if  the  system  of  equations  (I)',  involving  n 
dependent  and  m  —  1  independent  variables,  have  its  integral 
equivalent  in  the  form  of  a  system  of  n  integral  equations  in 
virtue  of  the  conditions  (2)',  it  follows  that  the  system  of  equations 
(I)  involving  n  dependent  and  m  independent  variables  has  its 
integral  equivalent  in  the  form  of  a  system  of  n  integral  equations 
in  virtue  of  the  conditions  (2). 

Now  for  a  single  independent  variable  the  conditions  are 
evanescent;  and  it  is  known  that  the  integral  equivalent  then 
consists  of  n  equations.  Hence,  by  induction,  we  have  the 
following  theorem  :  — 

In  order  that  a  system  of  n  simultaneous  linear  differential 
equations 

m 

dur=  2  Urtda-t, 
t=\ 
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where  r=  1,  2,  ...,  n  and  the  coefficients  Ur<t  are  functions  of  all  the 
variables  a;  and  u,  may  possess  an  integral  equivalent  in  the  form  of 
a  system  of  n  integral  equations,  it  is  necessary  that  the  conditions 


should  be  satisfied  for,  (i)  each  of  the  values  1,  2,  ...,  n  of  r  and 
(ii)  each  of  the  \m  (in  —  1)  possible  combinations  of  s  and  tfrom  tJie 
series  1,  2,  ...,  m  ;  and  the  identical  satisfaction  of  these  conditions 
is  sufficient  to  ensure  the  e^dstence  of  an  integral  equivalent  of  the 
stated  form*. 

31.  The  following  method  f  of  expressing  the  necessary  con- 
ditions, which  will  (after  the  result  just  proved)  be  assumed 
sufficient,  refers  to  the  unsimplified  or  uncauonical  form  of  the 
equations.  Let  the  equations  involve  n  variables  and  be  k  in 
number,  where  k  is  not  greater  than  n  :  and  suppose  them  to  be 
Xn  dx,  +  ......  +  Xindxn  =  0  } 


Xfrdx^  + +  Xkndxn  =  0  J 

Let  the  coefficients  X  be  such  that  only  m  of  these  equations  are 
independent;  then  all  the  remaining  k  —  m  equations  are  linear 
combinations  of  those  m,  which  may  be  taken  to  be  the  first  m 
equations.  We  proceed  to  express  the  necessary  (and  sufficient) 
conditions  that  the  m  equations  should  be  an  exact  system  and 
have  therefore  771  independent  integrals. 

If  one  of  these  supposed  integrals  be  /=  constant,  then  the 
differential  relation 


must  be  a  linear  combination  of  the  m  independent  equations 
above ;  and  therefore  all  determinants  of  the  (m  +  l)th  order  of 
the  system 

•AH,    ,   -A  m 


df 


*  This  result  appears  to  have  been  «iven  first  by  Peahna,  Crelle,  t.  «.  (1840), 
pp.  340—349. 

t  Frobenius,  Crelle,  t.  Ixxxii.  (1877),  pp.  276  et  seq. 
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must  vanish.     Hence  all  systems  of  quantities  f  ,  which  satisfy  the 
equations 


(for  fi  =  1,  ...,  m\  also  satisfy  the  equation 


which  is  thus  a  differential  equation  for  the  integral  f.  And, 
since  each  of  the  original  equations  can  be  expressed  as  a  linear 
combination  of  the  m  independent  equations,  we  may  change  the 
series  1.  2,  ...,  m  as  values  for  /z  to  the  series  1,  2,  ...,  k. 

Since  m  of  the  equations  connecting  the  »  quantities  £  are 
independent,  there  are  n  —  m  essentially  distinct  systems  *  of 
solutions,  and  therefore  there  are  n—m  distinct  differential  equa- 
tions of  the  form  E/=0.  Since  there  are  m  functions  f  and  there 
are  n  —  m  linear  differential  equations  in  the  n  variables,  this  system 
of  partial  differential  equations  is  complete  ;  and  the  conditions  for 
this  completeness  are  the  conditions  for  the  completeness  of  the 
independent  equations  of  the  original  system. 

Let  «!,  ...,  un  ;  vlt  ...,vn',  be  any  two  systems  of  solutions  of 
the  quantities  f  ;  and  let 


be  the  corresponding  differential  equations.     Then  the  required 
conditions  are  that,  for  every  possible  pair,  the  equations 

U{V(f}}=V{U(f}} 

shall   be   satisfied   either   identically  or   in  virtue  of  the  n  —  in 
differential  equations  E  (/)  =  0.     Now 

*  If  P^  •  •••  »  P\n  ^or  ^  =  1>  •••  >  n  -m)be  n-m  new  sets  of  quantities  such  that 
the  determinant 


P  P 

f  n-j»M>  '  r n— IH>  n 

does  not  vanish,  then  a  system  of  solutions  is  given  by 

8A  8A 

i~^x,i:    "?^r«; 

and  the  »  -  m  systems,  corresponding  to  all  the  possible  values  of  X,  are  distinct. 
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H  ?l 

-  2  ,      • 


V  V 

=  2  5^-  2 

y=i  9#j  »=i 

which  must  vanish.  The  system  of  partial  differential  equations 
being  complete  and  each  equation  of  the  system  being  linear  and 
homogeneous  in  the  partial  differential  coefficients,  it  follows  that 
there  must  exist  some  solution  of  the  equations  determining  the 
quantities  %  such  that 

"    /      dvj          duj\ 

Wj  =    2,        Wt-  x-^  -  Vi  --•' 

i=i  V     9^i          oast) 

for  j=  1,  ...,  ??  ;  and  the  equations,  which  arise  from  this  condition 
for  all  values  of  j  and  for  all  possible  pairs  of  distinct  sets  of 
solutions,  are  sufficient  to  ensure  the  completeness  of  the  system. 
Now  by  the  definition  of  the  quantities  Wj  we  have  for  all  the 

values  of  /*  the  relation 

n 

2  XliJWj  =  Q, 
/=i 

and  therefore  for  all  the  values  1,  ...,  k  of  //,  the  relations 


though  the  equations  in  this  set  for  /it  =  ?/i+l,  ?/i  +  2 
superfluous.     But  also 


v,. 
so  that  2  Xri  of  =  -2  ^ 


and  similarly  2  X^  ^  =  —  2  iij  ~  ^ . 

Hence  sufficient  and  necessary  conditions  are  included  in  the  set 
of  equations 

or  finally,  in  the  set 
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for  the  values  1,  2,  ...,  k  of  p,  (some  of  which  equations  are 
superfluous  because  not  independent  of  the  others)  and  for  all 
pah's  of  sets  of  distinct  solutions  u  and  v  of  the  equations 


for  the  values  of  1,  2,  ...  ,  k  of  p. 

Ex.  As  an  illustration  of  these  results  (for  other  details  in  regard  to 
which  the  quoted  memoir  of  Frobenius  may  be  consulted),  consider  the 
system  of  equations 

a^dXi  +  ai<pLvz  +  ......  +  aindxn  =  0   (t  =  1  .  ......  ,  «), 

so  that  k  of  the  preceding  investigation  is  n  ;   and  the  quantities  ay  are 
supposed  to  be  derived  from  n  functions  Pv  .  .  .  ,  Pn  by  the  equations 


and,  as  above,  it  will  be  assumed  that  minoi-s  of  order  m   (<  n)  of  the 
determinant 


do  not  all  vanish,  but  that  all  minors  of  order  greater  than  m  do  vanish. 

In  order  that  this  system  of  m  independent  equations  may  be  complete, 
the  necessary  and  sufficient  conditions  are  that  the  equations 


are  satisfied  for  all  values  p  =  l,  ...,  n  and  for  all  sets  of  quantities  which 
are  subject  to  the  equations  (the  independent  equations  being  m  in  number), 


Since  2  «yi>,  =  0, 

j=i 

we  have  2  |li/  «,  +    £  atf^=0; 

J=18.i>   >     j=l    y3a:M 

and  therefoi-e,  multiplying  by  ?<<,  adding,  and  remembering  that  for  every 
value  of.; 


we  have  2     2  K^-  ^'  =o, 

.  =  !>=!  00-> 

or  since  ^+^+^=0 

CXp       C.Vi          CJCj 

the  conditions,  above  proved  to  be  requisite,  are  all  satisfied  ;  and  therefore 
the  system  is  a  complete  system. 
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32.  The  integration  of  the  equations,  on  the  supposition  that 
the  conditions  are  satisfied,  may  be  founded  on  the  preceding 
investigation  (§§  27  —  30).  One  process  follows  it  directly,  and  so 
is  a  generalisation  of  Eider's  method  ;  another,  after  the  adoption 
of  a  modification,  comes  to  be  Nataui's  method. 

For  the  former  process,  we  begin  by  supposing  all  the  variables 
constant  except  xl  and  integrate  the  equations 

dur  =  UndXi  (r  =  1,  2,  ...,  n) 
in  the  forms  %r  =  constant  =  v,.  (#.,,  .  .  .  ,  #,„.), 

where  vr  is  unknown.  When  these  values  of  £  are  substituted, 
the  equations  are  of  the  form 

m 
d,Vr=   2    Vrt&Kt, 

t=z 

where  Vrt  does  not  involve  x1.  The  similar  transformation  is 
applied  to  the  new  system  in  order  to  diminish  the  number  of 
independent  variables  by  unity  ;  and  so  on,  until  the  integral  is 
obtained. 

Ex.  1.    To  integrate 

(v  —  u]du=(\-  uy)  dx  +  (l  —  ux)  dy, 
(v-u)  dv  =  (vy-  1)  dx  +  (v.v-  1)  dy. 

The  two  necessary  conditions  are  satisfied.  Proceeding  as  indicated,  we  find 
two  independent  integrals  of 

(v  -  u)  du  =  (l  -  uy}  di', 
(v  -  u)  dv=(vy  —  1)  dx, 
on  the  supposition  that  y  is  constant.     We  find  them  to  l>c 


UV  =  X    +  0, 

where  6  and  <f>,  the  constants  of  integration,  are  made  functions  of  >/.     Then 
d6  =  du  +  dv  -  xdy  -  ydx 

=  0, 

after  substitution  for  du  and  dv  from  the  original  equations  ;  and 

d<p  =  udv  +  vdu  -  djs 

=  dy, 
after  the  same  substitutions.     Hence 

d=a, 
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where  a  and  $  are  constants  ;  and  thus  the  integral  equivalent  of  the  original 

system  is 

u+v  -xy=a 


Evidently    any  function   of  u  +  v-.vy  and  uv-x-y  is  a  solution   of  the 
equations,  that  is,  its  variation  is  zero  in  virtue  of  the  differential  equations. 

Ex.  2.     The  system 

(?<  —  v)(u  —  w}du  dx  dy  dz 

(ux  —  \)(uy—\)(uz  —  \)     ux  —  1     uy-\      us—  1* 

(v  —  u)(v  —  w)  dv  dx  dy  dz 

(vx-\)(vy-l)(vz-V)  ~  vx  ~l     vy~-I     vz-l  ' 

(w  —  u)  (w  —  v}  dw  dx  d;i  dz 

(wx-\}(wy-\}(wz  —  \}~v;x-\      wy-1      viz  —  1' 

may  be  similarly  solved,  with  the  result 

constant  =  uvw  -  x  -  y  -  z, 

constant  =  uv  +  vio  +wu  —  xy  —  yz  —  zx, 

constant  =  u  +  v+w  —  xyz. 


33.  The  other  method  is  that  given  by  Natani*  ;  it  is  the 
natural  generalisation  of  his  method  which  applies  to  the  case  of 
a  single  equation,  and  it  is  connected  with  the  generalisation  of 
Euler's  method  in  the  same  way  as  his  earlier  method  is  connected 
(see  Ex.  2,  §  19)  with  Euler's  method  and  may  be  justified  by  a 
similar  argument. 

Ex.  1.  Sufficient  illustration  will  be  afforded  as  regards  the  general 
process  by  considering  a  set  of  equations 

du=  Udx  +  U'dy  +  U"dz 


=  c  u.i,  -f  v  ay  -f  o    us  \ 

dv=  Vdx+  V'dy+  V"dz\ (a), 

dir=  Wd,v+  W'du+  W"dz> 


w=  Wd,v  +  W'dy+  W" 

to  be  integrable.  The  following  is  Xatani's  method  :  the  possibility 
of  its  application  at  each  successive  step  is  implicitly  proved  in  the  earlier 
investigation. 

The  integrals  of 

on  the  supposition  of  y  and  z  constant,  are  of  the  form 

0  (u,  r,  «•,  .r,  y,  z)  =  constant =p  (y,  s)  % 

^(w,  vt  w,  xt  y,  z)  =  constant  =  <r(y,  z)  >• (a)', 

X  (M>  *>  tc>  •<•>  y,  •?)  =  constant  =  T  (y,  z}  / 

*  Crelle,  t.  Iviii.,  p.  303. 
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where  the  functions  p,  <r,  T  are  not  derivable  by  this  Hrst  integration,  but  the 
forms  <£,  fy,  x  are  known.  When,  however,  the  values  of  p,  <r,  T  are  known, 
then  the  foregoing  equations  constitute  the  integral  equivalent  of  the  system  of 
differential  equations. 

Since  the  three  functions  on  the  right-hand  side  do  not  involve  .*,  their 
value  and  form  are  not  altered  when  any  particular  value,  say  zero,  is  assigned 
to  A\  Let  Mj,  v1}  ?0t  be  the  corresponding  values  of  w,  t>,  w\  then  we  have 

$  (u,  v,  w,  x,  y,z)  =  <t>  («,,  yu  -ir,,  0,  y,  2) 
+  (w,v,  w,x,y,z)  =  ^(ult  vlt  wlt  0,  y,z) 
X  (w,  v,  io,  x,  y,e)=x  K>  »i,  Wn  0,  y, 2) 
and  the  equations  determining  ut ,  Vj ,  wt  are 


CYta) 

^4 (b\ 

Vj'dz) 


Vi 

dwv  =  W\'dy  +  W^ 

where  the  coefficients  are  the  values  of  the  original  coefficients  after  the 
substitutions  u  =  ul,  v=vl,  w=wly  x=0. 

Let  the  integrals  of 

dut  =  U^dy,        dv±  =  V^dy,        dwl  =  ^\'dy, 
on  the  supposition  of  z  constant,  be 

z)  =  constant = X  (2)  1 


t  z)  =  constant =X  (z)  \ 

,  z)  =  constant =M(z) I (6)', 

,  z}  =  constant  =  v  (z)\ 


f  («i,  #1,  MI,  y,  2)= constant  =  1 

where  the  functions  X,  p,  v  tire  not  derivable  by  this  integration,  but  the  forms 
°f  £>  */>  C  are  known.  Since  those  three  functions  do  not  involve  y,  they 
remain  unaltered  by  the  assignation  of  some  special  value,  say  xero,  to  y. 
Let  M2,  v2,  10%  be  the  corresponding  values  of  iilt  vl,  wl;  then  we  have 

and  the  equations  determining  n2,  t\2,  ic.,  are 

where  the  coefficients  are  the  values  of  6Y'>  \\",  IT,"  after  the  substitutions 
i*!  =  i«2,  "i  =  ^2>  wi  =  w-2)  y=^>  i-e-  are  the  values  of  the  original  coefficients 
U",  F",  W"  after  the  substitutions  u=u2t  v  —  v.^  w=w.^  .r=0,  y=0. 

The  integrals  of  (c)  are  of  the  form 


where  the  quantities  on  the  right-hand  side  are  constants.  From  these 
equations  we  determine  u.z,  v.^  w^  as  functions  of  z;  when  they  arc  substituted 
in  (6)",  we  have,  by  comparison  with  (6)' ,  the  values  of  X  («),  /*  (*),  t>  (z). 
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We  now  use  (&)'  to  determine  ult  v^,  icl  in  terms  of  y  and  z;  when  their 
values  are  substituted  in  (a)"  we  have,  by  comparison  with  (a)',  the  values  of 
p  (y,  z},  <r  (y,  2),  T  (y,  z).  Then  (a)'  gives  the  integral  equivalent  of  the  system  (a). 

Applied  to  the  particular  example  1  of  §  32,  the  first  integration  gives 
u  +  v  -  xy  =  function  of  y  =  v^  +  vv 

uv  -  x  =  function  of  y  =  UjV^ 

on  putting  o;=0;  and  uv  and  vl  are  determined  by 

(vi-u^dui=     dij, 
(vl-it^di\=-dyt 

so  that  ?«!  +  #!  =  a, 

tt1v1-y=ft. 

Hence  u  +  v-xy=a, 

uv-x  = 


the  same  solution  as  before. 

Ex.  2.     Integrate  the  system  of  equations 


-  Z£|  +  #2  +  a 

u-fcj  +  ?<2  / 
O^.1!  +  M2 
ctTj  +  M^ 

a  ~  x-i              J  . 

nowitch.) 

<*-*>««.-<» 

^2^+^+r 

•^2       ^'l 

\  /              \  OW-2 
•^1  ~  A>2              j 

(a-ffjKa-afj) 

(a-xl}(a-x2)      2J 
(Maxir 

Ex.  3.     Integrate  the  simultaneous  system  of  total  equations  : — 


dz»  = 


^Jg)(jP   -.V.,)  '      "  l        * 

(Maximo\vitch.) 
Ex.  4.     Integrate  the  (exact)  equations  : 


and  also 

du  =  udx  +  vdy  +  u'dz  \ 

dv=  vdx  +  wdy  +  iidz*; 
dw  =  wdx  +  udy  +  vdz  I 

(Stodockiewicz.  ) 
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Ex.  5.     Integrate  the  simultaneous  equations 


21!       n.i       . 
-j  +  (  b.nyi  +  b.f,yz)  drt  f  ' 

where  the  quantities  a  and  b  are  functions  of  xl  and  A*,,  supposed  to  satisfy 
the  conditions  necessary  for  integration. 

(Le  Pont.) 

34.  A  very  remarkable  development  of  Natani's  method  of 
integration  has  been  made  by  Mayer*. 

As  indicated  in  §  33,  Natani's  method  when  applied  to  the 
general  system  of  integrable  equations  (I)  requires  the  integration 
of  m  different  systems  of  n  ordinary  differential  equations  of  the 
first  order;  and  the  successive  systems  are  constructed  by  the 
adoption  of  special  values  for  those  of  the  variables  whose 
variations  have  ceased  to  occur.  Mayer's  method  requires  the 
integration  of  only  one  system  of  n  ordinary  differential  equations 
of  the  first  order. 

In  §  33  it  was  assumed  (for  purposes  of  illustration)  that  zero 
was  a  suitable  value  for  each  of  the  variables,  when  once  its 
vaiiation  ceased  to  occur:  suppose  more  generally  that  for  the 
independent  variables  in  the  equations 

m 

duf=  S  Urtd^t  ..........................  (I) 

t=i 

the  values  xl  =  Ui,  ac.2  =  a.2,  xs  =  a3,  ...  ,  are  assigned  after  the  inte- 
gration of  each  of  the  successive  systems  of  ordinary  equations. 

The  independent  variables  are  changed  to  yl  ,  .  .  .  ,  ym  ,  any  set 
of  m  independent  quantities,  by  the  substitutions 

*t  =  «t  +  (yi  -  6)ft, 

where/j,  ...,/)„  are  m  independent  functions  of  the  new  variables 
y,  and  6  is  a  constant.     When  substitution  takes  place  in  the 

system  (I),  it  takes  the  form 

in 
duf=  2  Yrsdt/s  .........................  (I)', 

s=l 

where 


yn  =  Jff*  {/«  +  &-*)  a^}' 


*  Math.   Ann.,   t.   v.    (1872),   pp.   449—470,    "  Ueber    simultane,   totale    uiid 
partielle  Differentialgleichungen  "  ;   especially  §3. 
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It  is  natural  to  expect  that  the  system  (I)',  which  is  merely  a 
transformation  of  (I),  will  satisfy  all  the  conditions  of  integrability  : 
and  it  is  easy  to  prove  that 

<)Yrt_dYrs+ 


h 


=  ,    »  —  _  —     -=  ---  ^  --       ,         px  -^  --     pu,  ^  — 

A=I  M=i  fy,  fy«  L  9^       <"V      P=I  V        9wp  8«p  /J 

=  0, 

because  the  conditions  of  integrability  of  (I)  are  supposed  to  be 
satisfied. 

Proceeding  with  the  transformed  system  (I)'  as  in  Natani's 
method,  we  first  integrate  the  system  of  n  differential  equations 

dus=  Yndy!   0=1,  2,  ......  ,  n)  ...............  (A) 

on  the  supposition  of  the  invariability  of  y»,  ...,  ym.  Their  n 
integrals  are  of  the  form 

<j>r(Ui,   ......  ,Un,yi,   ......  ,y,n)  =  \-, 

where  X,.,  a  constant  of  integration,  is  independent  of  yl  and  may 
be  a  function  of  y.2,  ...,  ym.  The  value  of  A.,,  is  thus  not  altered 
when  we  assign  any  special  value  to  ylt  Let  the  value  6  be 
assigned  to  y1  and  suppose  that  the  altered  values  ot  u1}  ...,  un 
are  w/,  ...,  un';  then  we  have 

<t>r(Ui',  ......  ,  <*«'>  &,  ya,  ......  i  y,,t)  =  \-, 

so  that  the  system  of  n  integrals  is  of  the  form 

&•(«*!,   ......  ,  Un,  #1,  y«>   ......  ,  ym)  =  </>r  («/,  ......  ,  M»',  0,  ya,  ......  ,  ym). 

The  quantities  u  must  now  be  obtained  ;  they  are,  as  in  §  33, 
determined  by  n  equations 

m 
dur'  =  2  Y'rsdys, 

8  =  2 

where  Y'rg  is  the  value  of  Y,.g  after  the  substitutions  tit  =  ut',  yi  =  6 
have  been  made.  But  these  substitutions  make  Yrs  vanish,  so 
that  all  the  coefficients  Y'ril  are  zero  :  hence  the  equations 
determining  the  quantities  u'  are 

du'r  =  0, 

that  is,  all  the  quantities  a'  are  constants.  Hence  the  system  of 
integrals  of  the  transformed  system  (1)'  is 
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</>,(«i,  ...,  wM,y,,ys,  .-.,  y,M)  =  </>,  (c,,  ...,cllf  0,  y2>  ....  y,«)...(B), 

the  functions  <£,.  being   determined   by  the   integration   of  the 
equations  (A),  the  only  integration  now  necessary. 

In  order  to  obtain  a  system  of  integrals  of  the  system  (I)  we 
merely  have  to  eliminate  the  quantities  y  from  the  equations  (B) 
by  the  relations  of  transformation 


there  are   sufficient  arbitrary  constants  to  constitute  the  result 
a  system  of  integrals  of  the  equations  (I). 

35.  To  render  the  integration  of  the  equations  (A)  as  easy  as 
possible,  it  is  natural  to  adopt  the  simplest  relations  of  trans- 
formation consistent  with  generality.  These  appear  to  be 

#1  =  2/1, 

and  xr  =  a,.  +  (y1  -  a,)  yrt 

for  r  =  2,  3,  .  .  .  ,  m  :  for  these  relations,  the  coefficients  Y  are 

m 

Yrl  =Un+  S  yt  Urt, 
t=z 

Yn  =  (yi  -  «i)  Uri  (i  =  2,  ......  ,  m). 

There  is  one  simple  property  of  the  system  of  integrals  which 
exists  in  some  cases.  If  it  be  possible  to  eliminate  the  variables  y 
from  the  function  <f>r  and  obtain  a  function 


which  is  not  indeterminate  for  values  of  x  corresponding  to  yt  =  0, 
then  the  integral  takes  a  simple  form.  The  value  of  xt  which 
corresponds  to  y1  =  6  is  at  ;  hence  the  determinate  value  of  ifrr  for 
yl  =  6,  u-l  =  cl)  ...,  un  =  cn  is 

tyr  (GI,  ......  ,  c«,  a,,  ......  ,  a™), 

which  is  thus  the  value  of  <f>r(c^,  ...,  cn,  6,  y»,  ...,  ym).     Hence  it 
follows  that  when  the  value  of  the  right-hand  side  of  the  integral 
(B)  takes  the  form 

^Md,  ......  ,  cn,  a,  .......  ,  a,,,) 

a  pure  constant,  the  integral  itself  is  given  by 
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But  it  must  be  understood  that  this  result  in  the  present  form  is 
strictly  limited  to  all  integrals  (B),  which  are  such  that  the 
substitutions  y^  =  Q,  u  =  c  reduce  the  function  <£,.  to  a  constant. 
We  give  here  one  example  in  which  this  occurs  ;  another  will  be 
given  later  in  which  the  property  does  not  hold. 

Ex,     As  an  illustration  of  Mayer's  theorem,  consider  the  equations 

(  ry  —  it,r)  du  =  («2  +  y2)  dx  +  (iiv  +  xy)  dy  | 
(ux  -  vy)  dv  =  (uv  +  .vy)  dx  +  (v2  +  a?)  dy  J  ' 

which  satisfy  the  conditions  of  integrability.  In  accordance  with  Mayer's 
result  connected  with  the  simplest  substitution,  we  leave  x  untransformed 
and  take 


then  the  set  of  subsidiary  equations  (A)  is 

[v  {#  +  (.v  -  a)  z}  -  v..v]  du  =  {u  (u  +  vz)  +  (j8  -  az  +  xz]  (ft  -  az  +  2xz)}  d.v] 
-[v{p  +  (x-a)z}-ux]dv={v  (u  +  vz)  +  (0-az  +  2xz).v}dx  }' 

Two  integrals  of  these  are  easily  obtained  (z  is  invariable)  by  taking  them 
in  the  equivalent  forms 

vdu  +  udv  =  (@-az  +  2.vz)  dx, 
xdu  +  (fi-az  +  xz)dv=-(u  +  vz)  dx. 


The  former  gives 


-  X-z  = 


on  taking  x=a  ;  hence  we  infer  that  the  integral  is 

itv  -  xy  =  cfa  -  a/3  =  constant. 
The  latter  gives 

xu  +  ft-azv  +  z.rv  =  ac  +  3o., 


on  taking  .r  =  a  and  of  course  u  =  clt  v  =  c.2  as  before  ;  hence  we  infer  that  the 
integral  is 

xu  +yv  =  aCj  +  )3<?2  =  constant. 

Hence  the  integrals  are 

uv  -xy  =  constant  1 
xu  +  y  v  =  constant  J  ' 

36.     The  conditions,  necessary  and  sufficient  to  ensure  that 
the  equations 

dit^  =  X^dx  +  Y^dy 
du»  =  X^dx  +  Y2dy 

can  be  satisfied  by  a  system  of  two  integral  equations  are  (by  §  30) 

dX^dY,         dX>         dY>         dX>         dY>_ 
dy       fa^'ifa     ^^u,4    r'8^~    L2^72~ 
?X*_*Y.YdX,         dY,         dX.2         dY2 

4  Yl        Al     4    -     ~A2     = 
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It  is  interesting  to  see  how  these  conditions  arise  when  a  set  of 
integrating  factors  (§  24)  is  introduced  ;  the  process  leads,  in 
this  special  case,  to  a  method  of  solution  distinct  from  those 
which  have  preceded. 

Let  a  set  of  integrating  factors  be  \  and  p,  so  that 

(-  du»  +  X»dx  +  Y,ch/}  =  d<f>  : 


then  a«r 

8<f> 

_  !_  — 


Hence  we  have  the  conditions 

9\      dfj, 
du2     du}  ' 


From  the  first  three  of  these  we  have 
SX 


ax       ax 
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and  from  the  last  three  it  proves  to  be   possible  to   eliminate 

^-,  J-,^-  with  the  result 
ox    oy    8tto 

ax     r  8x\     T  /ax 


.        ,    8X     F  3F,    F  8XA        /3F,    9X2        8F2 

=x"+X2  ^-4    -~ 


When  this  is  combined  with  the  last  two  equations,  we  find 
ft7l     dX,         dY,         dX,         dY,         aZA 

=  x       ""1  ^2~   -        Al          J 


8F2 

~   - 


Now  the  ratio  of  X:/z,  cannot  be  a  quantity  which  is  the  same  for 
all  solutions  ;  for  otherwise 


•      =  this  unchanging  ratio  =  s     ; 


that  is,  the  Jacobian  of  <f>  and  -^  would  vanish  and  every  integral 
would  then  be  expressible  in  terms  of  only  one  so  far  as  the 
dependent  variables  can  occur.  Hence  the  preceding  equation  for 
X  :  /A  is  not  determinate  ;  and  therefore  the  coefficients  of  X  and  /* 
must  vanish.  These  are  the  two  conditions  that  the  given  system 
should  have  its  integral  equivalent  composed  of  two  equations. 

Further  the  only  independent  equations  which  can  be  obtained 
free  from  the  differential  coefficients  of  /*  are  the  pair 


8X      v  8X      v  8X 

=  —  I-  A  i  0      +  -A  2  ^  — 
ox          citi          on* 


v  v  N        l 

=  —  I-  A  i  0      +  -A  2  ^  —  =  —  A,  -=  --  u, 


d\^vd\      vd\  8F,        ?F2 

O r    •*  1  0~      I     -*  2  o ^  ^\ f^   "o • 

ay          ditt          8?/2  9?^          du^ 

The  elimination  of  p  leads  to  a  linear  partial  differential  equation 
for  X ;  when  X  is  known,  then  either  of  the  equations  will 
determine  /*. 

There  is,  of  course,  a  similar  result  so  far  as  regards  /*,  viz. 
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the  only  independent  equations  which  can  be  obtained  free  from 
the  differential  coefficients  of  X  are  the  pair 

3w     „  3w      -rr  3/u,  dXi        3X., 

o  —  r  -A  i  ~;  --  r  •"•20  —  =  —  A,  -x  --  u,  -=  —  " 
ox          d«!          dii*  3w,          du2 

3/i     v  3/4      v  dp  _         37,         3F2 

o     ~r-*l'\~ij:2o"~  --  •*  '•*        —  /*   *\ 

3y         3z/!         3w2  3?{2         3w2 

and  a  similar  inference  can  be  drawn  from  these. 

(An  apparent  case  of  doubt  sometimes  arises  if,  for  instance,  in  the  former 

7*i  ~V      7\V 

pair  both  the  quantities  ~^  ,  ^   2  vanish.     This  implies  that  the  equation 


contains  only  three  variables  x,  y,  u.2:  and  the  condition  of  integrability  is 
satisfied,  so  that  the  equation  can  be  integrated.  And  then  without  any 
further  consideration  of  the  equations  for  X,  the  value  of  w2  obtained  from 
the  integral  can  be  substituted  in  the  first  equation 

du^  =  X^dx  +  Y^dy, 

which  will  then  be  found  to  satisfy  the  condition  of  integrability  and  is  an 
equation  in  three  variables.) 

37.     The  differential  equation  for  X  is 

ax  a_7,  _  ax  az_s    _ax  /x  a7s_  Y  dx2\    3x 

"bx  du^      dy  du!      du^  \    1  du^         1  di^J     du« 


and  the  subsidiary  equations  for  its  complete  integral  are 


dlog\ 


dX.dY, 


.(A). 


The  complete  integral  is  not  necessary  for  our  purpose. 
One  value  of  X  determines  one  value  of  p  ;  when  these  are 
combined,  they  lead  to  an  integral  equation  derivable  from  the 
given  system.  Similarly  a  second  value  of  X  will  lead  to  a  second 
integral  equation  ;  and  in  terms  of  two  integrals  all  the  integrals 


F. 
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of  the  given  system  can  be  expressed.  Hence  it  is  sufficient  to 
have  two  independent  values  of  X  which  satisfy  its  equation;  and 
the  simpler  they  are,  the  simpler  in  general  will  be  the  integration 
of  the  resulting  integrable  equation. 

Ex.    A  sufficient  indication  of  the  method  will  be  given,  if  we  once  more 
consider  the  equations 

(l-u1y)dx+(l—  uvx)  dy, 
=  (u%y  —  l)dx+  (u,qX  —  1  )  dy. 

•iv   ,  „     \  —  uly  ^     1—UjX 

We  have  X,  =      —^  ,  F,  =  —     *-  . 

—  — 


_^-  „  _.2- 

J\.  t)  —  ™  .  ./  o  —  • 

%.,  —  «!  M2~M1 

Substituting  in  the  subsidiary  equations  (A),  we  find  they  take  the  form 

dx  dy      _  du^  _  du.2  _  d  .  log  X 

u.2x-  1  ~  1  -u.2y  ~  x-ry  ~   0  0 

As  two  solutions  of  the  equation  determining  X  are  sufficient,  we  take  these 
in  the  form 

X=  constant  =1, 


which  are  the  simplest  derivable  from  the  foregoing  set.     When  we  substitute 
these  in  turn  in 

8^2  _     .  9A\     8X      „   oX      „  oX 
^  ??<!  0Mj      9.r    "*  l  ??<!        29?<2' 

we  find  for  the  respective  values 


so  that          j-  ,  2  !•  ,  are  two  sets  of  integrating  factors  ;  and  so,  taking 


-  A'j  d.v  -  }\  dy)  +  p  (du.z  -  X.,  dx  -  Y.2  dy)  =  d<f>, 
for  the  two  cases  we  have 


Only  two  integrals  of  the  subsidiary  system  (A)  have  been  obtained  ;  two 
others  (which,  with  the  two  Xt  =  l,  ^  =  1  and  X2  =  M2,  /i.2=w,,  make  up  a 
complete  system  of  independent  integrals  for  X  and  of  independent  derived 
integrals  for  p)  are 


with  the  derived  values 
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Now  the  investigation  in  §  24  shews  that,  if  Xj,  /*,;  X2,  /z2;  X',  p  be  seta  of 
integrating  factors,  then 


are  solutions  when  they  are  independent  of  one  another  and  are  not  mere 
constants.     When  //  =  /i3,  X'  =  X3,  these  quantities  become 


respectively,  so  that  v^  +  u^-xy  is  the  only  solution  thence  derivable;  and 
when  ft  =  /i4  ,  X'  =  X4  ,  they  become 

?<1w2  —  x—y,  0 

respectively,  so  that  u^u^-x-y  is  the  only  solution  thence  derivable.  But, 
since  %1+«2  —  xy  and  u^uz-x-y  are  functionally  independent  of  one  another, 
it  follows  from  the  general  theory  that 

—  xy=a, 


constitute  a  solution  of  the  system  of  two  equations. 

38.  There  is  also  another  method  of  obtaining  the  integrals, 
which  is  founded  on  the  results  of  the  general  investigation 
proving  the  sufficiency  of  the  necessary  conditions.  The  integrals 
are  considered  as  the  common  solutions  of  simultaneous  partial 
differential  equations*  ;  and  it  is  easy  to  see  that  the  process  of 
successive  integration  is  only  a  modification  of  the  generalisation 
(§  32)  of  Euler's  method. 

Every  solution  fy  of  the  system  of  n  equations 

in 

dus=  2  Ug^dxt  ..........................  (I) 

t=\ 

for  the  values  s  =  1,  2,  ...,  n,  has  been  shewn  (§  22)  to  satisfy  the 
m  partial  differential  equations 

*,*-!*+!  irjj*-o  ....................  (ii) 

dxt     ,=1         dus 
for  the  values  t=1,  2,  ...,  m. 

The  Jacobian  conditions 

(Ar,A,)=0 

for  the  coexistence   of  the   system    (II)   and   the   possession   of 
common  solutions  are 

*  Boole,  Phil.  Trans.  1862,  pp.  437—454  :  Mayer,  §  12  of  the  memoir  cited  in 
§  34  above. 

5—2 
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«  / 

*"    I 
=1  V 


JVJ 

But  the  coefficient  of  every  term  ~  vanishes,  on  account  of  the 

3ws 

equations  (2)  of  condition  (§  26)  among  the  coefficients,  which  are 
assumed  to  be  satisfied  ;  and  therefore  the  Jacobian  conditions 
are  all  satisfied.  Hence  the  system  (II)  is  of  the  type,  which  is 
often  called  a  complete  system. 

We  now  proceed  to  prove  that  the  system  (II)  has,  on  these 
suppositions,  n  independent  integrals,  where  n  is  the  total  number 
of  variables  in  the  system  less  the  number  of  equations  in  the 
system. 

Taking  then  the  first  equation  of  (II),  viz. 


the  system  of  equations  subsidiary  to  the  derivation  of  the  most 
general  solution  is 

dx±  _  dxz  _  _  dxm  _  dii!  _  du.2  _  _  dun 

~~ 


Let  the  necessary  n  +  m  —  1  integrals  of  this  system  be 


Then  every  solution  of  Aj<£  =  0  is  expressible  in  terms  of  these 
quantities;  and  in  order  to  have  the  simultaneous  solutions  of  (II), 
it  is  sufficient  to  find  what  functional  combinations  of  them  will 
satisfy  the  remaining  equations  A.,</>  =  0,  .  .  .  ,  Aw</>  =  0. 

Now  if 

$=/(>2>  ......  ,  xm,  £,  ......  ,  fn) 

satisfy  A,</>  =  0,  we  have 


where   Vr>t,  the  same  function  as  before  (§  28),  is  a  function  of 
*2»  •••>  xm,  fi,  ..-,  f»  only.     This  new  system  (II)'  is  a  complete 
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system  on  account  of  the  conditions  satisfied  by  the  coefficients 
Vr>t  ;  and  the  simultaneous  solutions  of  (II)'  are  solutions  of  (II). 

We  thus  have,  instead  of  the  complete  system  of  m  linear 
equations  involving  m  +  n  variables,  a  new  complete  system  of 
in  —  I  linear  equations  involving  m  +  n  —  1  variables  ;  and  all  the 
solutions  of  the  second  system  are  solutions  of  the  first,  and 
conversely. 

The  new  system  is  treated  in  the  same  way  and  is  replaced 
by  another  complete  system  of  m  —  2  linear  equations  involving 
m  +  n  —  2  variables:  and  all  the  solutions  of  the  latter  are  solutions 
of  the  former  and  therefore  also  of  (II),  and  conversely. 

Proceeding  in  this  way  we  find  that  all  the  solutions  of  (II) 
are  solutions  of  a  system  of  one  equation  involving  n  +  1  variables. 
But  it  is  known  that  such  an  equation  has  n  independent  solutions 
and  that  every  solution  can  be  expressed  in  terms  of  those  n 
solutions;  hence  the  system  (II)  has  n  independent  solutions  and 
every  common  solution  can  be  expressed  in  terms  of  them. 

39.  In  order,  however,  to  render  the  method  appropriate  to 
the  solution  of  (I),  it  is  necessary  to  prove  the  following  proposition, 
which  is  the  converse  of  that  at  the  beginning  of  §  22. 

A  set  of  n  independent  solutions  of  (II)  constitutes  a  system  of 
integral  equations  equivalent  to  (I). 

Let  </>!,  <f>.2,  ...,  0»  be  the  n  independent  solutions  of  (II);  then 
the  equations 


Z  d<f>r 

give  2  ^- 

t=\  oxt 


for  r  =  1,  2,  ...,  n.     But  by  the  equations  (II)  we  have 

d<f>r       »  a</>r  TT 

o  —  =i—    £t  5  —  U  s,  t  > 

VXt  s  =  lVUg 

so  that,  substituting,  we  have 


f=,lOM»  #=1 

This  is  a  system  of  n  equations,  for  r  =  1,  2,  ...  ,  «.     The  system  L 


70  PARTIAL   DIFFERENTIAL   EQUATIONS  [39. 

linear  and  homogeneous  in  the  n  quantities 

in 

diig—  2  Us,t.dxt\ 
t=i 

and  the  determinant  of  the  coefficients  of  those  quantities  is 


which  does  not  vanish,  because  the  quantities  </>  are  independent  of 
one  another.     It  follows  therefore  that 

m 

diis—  S  US;tdxt  =  0 

t=i 

for  s  —  1,  2,  ...,  n  ;  this  is  the  system  (I)  and  it  holds  in  virtue  of 
the  equations  <£,.  =  a,..     The  proposition  is  therefore  proved. 

Hence  to  obtain  an  integral  equivalent  of  (I)  it  is  sufficient  to 
obtain  any  n  independent  common  'integrals  of  the  system  (II). 

Ex.    To  solve  the  equations 

(1  -\-Jty)  du  =  (v  +  Zx+A-y)  cLc  +  (2y  +  .v*  -  xu)  dy  -j 
(\+xy)dv  =  (y-vy-  2.ry  )  cLv  +  (.v  -u-  2y2)  dy  J  ' 
the  necessary  conditions  for  the  integration  of  which  are  satisfied. 

If  </>  (x,  y,  u,  v)   be   a   solution,  the  partial  equations  which  determine 
are 


The  equations  subsidiary  to  the  integration  of  the  first  of  these  are 

dx    _dy  _        du  dv 

~  ~~~ 


three  independent  integrals  of  which  are 

.'/> 
p  =  v+y(u-.v), 


and  therefore  we  have  $=/(y»  P>  &)• 

When  this  is  substituted  in  the  second  equation,  we  have 
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or  after  reduction 


The  equations  subsidiary  to  the  integration  of  this  equation  are 

dy  _  dp  _  do 
T=  0  =  2y' 

two  independent  integrals  of  which  are 


and  therefore  /  (y,  p,  a-)  =  \fs  (p,  o-  -  y2), 

where,  for  the  most  general  solution,  >//•  is  an  arbitrary  function. 

Evidently  all  solutions  are  determinable  by  means  of  the  two  independent 
solutions  p,  o-  -  y-  ;  hence  the  integral  equivalent  of  the  original  equations  is 


40.     The  result  proved  in  §  39  as  to  the  simultaneous  equi- 
valence of  the  systems  (I)  and  (II)  may  be  obtained  as  follows. 

Any  solution  of  the  system  (II)  satisfies  the  equation 
ft  A!<£  +  ft2  A2$  +  ......  +  /imAw<p  =  0, 

where  the  coefficients  p  are  an  arbitrary  set  of  independent 
functions  of  the  variables.  Now  a  solution  of  this  equation  is 
a  solution  of  the  subsidiary  set 

_  dxt  _  dus 

......  ~  ii   ~  ......  ~  »*  ~  ......  ' 

^  2  mU* 

t=i 

and  therefore  every  solution  of  the  system  (II)  is  a  solution  of 
these  subsidiary  equations,  whatever  be  the  values  of  the  quan- 
tities fji.  They  become,  after  elimination  of  the  /A'S,  the  system 

m 

dus=  2  Ugtdxt, 
t=i 

that  is,  the  system  (I)  ;  and  therefore  by  the  ordinary  theory  of 
partial  differential  equations*  every  solution  of  the  system  (II)  is 
a  solution  of  the  system  (I). 

On  account  of  this  equivalence  and  of  the  fact  that  the 

*  Treatise,  §§  187,  189. 
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differential  equations  of  the  kind  just  considered,  viz.,  homogeneous 
and  linear  in  the  differential  coefficients,  arise  in  some  of  the 
methods  (e.g.  in  Clebsch's)  of  dealing  with  Pfaff's  problem*,  it  is 
convenient  to  discuss  in  this  connection  some  of  their  properties. 
The  number  of  independent  solutions  of  such  a  system  has  already 
been  investigated  in  §  37  ;  and  one  method  of  derivation  of  the 
solutions  has  been  obtained,  founded  on  that  investigation.  But 
because  the  systems  of  equations  (I)  and  (II)  are  equivalent,  it  is 
natural  to  expect  that  Mayer's  method  for  the  ordinary  equations 
can  be  extended  to  the  integration  of  the  partial  equations  ;  the 
extension  is  easily  made  as  follows. 

•11.     The  system  of  partial  differential  equations  being 


we  leave  the  variables  u  untransformed  and  transform  the  variables 
x  by  the  substitutions  of  §  34,  viz. 


where  J\,  ...,fm  are  m  independent  functions  of  the  new  m 
independent  variables  y1}  ...,  ym  ,  and  6  is  a  constant.  Then  we 
have 

d<j>  _       cty  dxs 


r=l  r 

and  for  values  2,  3,  .  .  .  ,  m  of  q 

*  Another  important  set  of  such  equations,  similar  in  form  to  those  here 
discussed  and  complete  as  a  system,  is  the  set  of  equations  charact«ristic  of  the 
concomitants  of  quantics.  See,  for  example,  a  memoir  on  "Systems  of  Ternariants 
that  are  algebraically  complete,"  Ainer.  Joum.  of  Math.,  vol.  xii.  (1889),  pp.  1  —  60, 
115  —  161;  the  ternariants  are  determined  by  such  a  set  of  equations,  eight  in 
number,  and  it  is  there  shewn  (§  18)  by  considerations  entirely  different  from 
those  occurring  in  this  chapter  that  there  is  a  number  of  functionally  independent 
solutions  which  is  easily  seen  to  agree  with  the  number  determined  in  §  38  of  the 
text. 


41.]  PARTIAL   DIFFERENTIAL   EQUATIONS  73 


F    <>- 

r=l       "awr' 

so  that  for  all  values  1,  2,  ...,  ??i  of  £  we  have 

V^=^+2  Fr(M=0  ........  (II)'. 

9y«     r=i       9wr 

The  systems  (II)  and  (II)'  are  equivalent  to  one  another  :  and,  a.s 
in  §  34,  the  conditions  of  coexistence  of  the  equations  in  (II)'  arc 
satisfied,  so  that  (II)'  is  a  complete  system. 

To  integrate  (II)',  so  as  to  obtain  the  n  independent  solutions 
in  its  integral  system,  it  is  sufficient  to  obtain  the  n  independent 
integrals  of  the  equivalent  system  of  n  ordinary  equations 

ui 
dur—  2  Yrftdys. 

s=l 

It  has  already,  in  §  34,  been  seen  that  for  this  purpose  it  is 
sufficient  to  take  the  system  of  equations 

dur=  Yndy,, 

and  to  obtain  n  independent  solutions  of  them  in  the  form 
&>(«!>  ......  ,  «n,  2/i,  ......  ,  y,«)  =  constant, 

the  quantities  y.it...,ym  being  supposed  invariable.  Then  -the 
system  of  independent  integrals  of  the  set  of  ordinary  differential 
equations  is 


which  are  therefore  n  independent  solutions  of  the  system  (II). 
The  solution-system  of  (II)  can  be  obtained  by  eliminating 
the  variables  y  and  replacing  them  in  terms  of  the  variables  x  \ 
and  if,  in  the  above  equations,  any  right-hand  side  take  the 
form  ^(Cl,  ...,  crt,  «!,...,  am),  then  the  corresponding  integral  of 
(II)  is 
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Further,  the  equations 

dur      1 
Y    =  dVi 

1  n 

(with  y.j,  ...,  ytll  invariable),  which  lead  to  the  construction  of  the 
functions  <f>p,  are  the  equations  subsidiary  to  the  derivation  of  the 
most  general  integral  of  the  equation  in  (II)'  given  by  t=l. 

Hence  we  have  the  theorem  :  — 

To  obtain  a  set  of  n  independent  solutions  of  the  complete 
system  of  equations 

l+jXiH^1'2-  .......  '"> 

we  transform  the  variables  x  by  the  substitutions 


and  construct  the  equation 

81+ 

o        i 
dyi 

The  equations  subsidiary  to  this,  viz., 


Y         -o 

•*•  n  o       —  u* 

dur 


,        du^  dun 

<*yi  =  Tr  =  ......  =  Y~ 

J  n  •*  m 

(with  y.2>  ...,ym  invariable},  are  to  be  integrated;  they  lead  to  n 
equations  of  the  form 

$P(UI,  ......  ,  MH  ,y\,  ......  •  ym)  =  constant. 

Then  the  system  of  solutions  required  is  obtained  from  the  n 
equations 

#P(-MI,  .....  ,  un,ylty3,  ......  ,  yB»)  =  ^,(c1>  ......  ,  cHt  0,y2,  ......  ,  ym) 

by  replacing  the  variables  y  by  their  values  in  terms  of  the  original 
variables  x  ;  and  if  any  function  ^>p(clt  ...,  cn,  6,  y.,,  ...,ym)  be 
a  pure  constant  typfa,  ...,  cft,  a1?  ...,  aw),  then  the  corresponding 
solution  is 

typ(Ui,  ......  ,  Un,  «?„  ......  ,  Xm]  =^(C!,  ......  ,  Cn,  «i,  ......  ,  Om). 

As  before,  the  forms  of  the  functions  ft  are  at  our  disposal, 
subject  to  the  limitations  of  independence.  The  simplest  substitu- 
tions appear  to  be 
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then  the  quantities  Yn  occurring  in  the  subsidiary  equations  are 

m 

Yn=Un+$  Urtyt. 

(  =  2 

Ex.     To  solve  the  system  of  equations 

p3  (#4  -  .r5)  +  pl  (x.a  -  x0)  +pt  (x6  -  jet)  =  0\ 
Pi  (#4  ~  -»6)  +Pi  (*s  ~  #1)  +P-2  (*i  ~  -14)  =  0  I 

P-0  0*4  -  -ro)  +Pl  0'5  ~  #s)  +Pt  (*S  -  -*4)  =  ° 


which,  as  may  easily  be  verified,  are  a  complete  system. 
We  take,  to  harmonise  with  the  preceding  notation, 


then  Xf7n  =  (#5-0.3) 

Xf712  =  (#5-#i) 

Xf713  =  (X-0  -#.,) 

X6r14  =  (#5-a;3) 
where  X  is  #4  -  .r5.     Now 


so  that  Fu  +    F21  =  -  (1  +y2  +y3  +y4), 

^4  ^11  +^5^21=  - 
The  subsidiary  equations  being 


1  11         Z  21 

with  y2,  y3,  y4  invariable,  we  have  one  integral  given  by 

d  (% 


and  therefore 

MI  +  "2  +yi  (1  +#2  +#3+^4)  =  constant 
=e1+Cg+a1 
From  this  we  have 


and  therefore 
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Hence  one  integral  of  the  system  is 

Z\  =  Xl  +  -V-2  +  -13  +  'l  4  +  'ro  +  •*  6  • 

Again,  we  have 

.    =xidu1+x6dut=  _ 
.r4Fn+^5r21 

the  integral  of  which  is  easily  seen  to  be 

(«4  -  "i  y*)  3/i  +^1^4  +  (y-i  ui  +^"2)  (&  -  «i)  +  «2  wi  +  %  "2  =  constant 

=  a4aj  +  a^Cj  +  a3c2 

on  taking  yl  =  av  ;  hence  an  integral  of  the  original  system  is 

.v6J.-3  +  .v^i.2  +  j:iu1  =  aial  +  a^cl  +  a3c.,, 
or  is  Z.2  =  x-i  JL'I  +  ,r.2  .v3  +  ,?;3  x6  . 

Now  there  are  only  two  independent  integrals  of  the  original  system,  and 
two  such  have  been  obtained  in  Z^  and  Z».  Hence  the  most  general  solution 
possible  of  the  original  set  of  simultaneous  equations  is 


where  <J>  is  any  arbitrary  function. 

42.  The  class  of  equations  just  considered,  homogeneous  and 
linear  in  the  partial  differential  coefficients  and  free  from  explicit 
occurrence  of  the  dependent  variable,  arise  in  Clebsch's  method  in 
the  reduction  of  a  differential  expression  to  its  normal  form,  and 
in  Jacobi's  method  for  the  integration  of  any  partial  differential 
equation  of  the  first  order.  In  each  of  these  cases,  what  is  wanted 
is  not  so  much  the  complete  system  of  solutions  as  a  single 
solution. 

Now  when  any  quantity  Up,  where 

Up  =  $p(u^  ...,  un,ylt  ...,yi«)-0j,(c,,  ...,Cn,  0,  #,,  -..,//,„)=  0, 

is  substituted  in  the  transformed  differential  equations,  they  may 
be  satisfied  either  identically,  or  in  virtue  of  Up  =  0,  or  in  virtue 
of  Up  =  0  combined  with  the  other  solutions  in  the  integral-system. 
If  then  Up  =  0  be  the  only  integral  of  the  system  which  has  been 
obtained,  it  cannot  in  the  latter  circumstances  be  regarded  (when 
taken  alone)  as  an  integral  of  the  differential  equations;  it  does 
not  in  fact  satisfy  them,  when  it  is  the  only  integral  known. 

To  meet  this  limited  necessity  of  only  a  single  integral.  Mayer 
(1.  c.  §  5)  gives  a  method  of  obtaining,  by  a  process  of  differential 
derivation,  at  least  one  solution  of  the  original  system  of  partial 
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equations  from  any  integral  of  the  subsidiary  system.     Take  any 
integral  of  the  subsidiary  system,  say 

</>(«i>  ......  ,  un,  Vi>  ......  ,  ym}  =  constant  ; 

then  it  has  been  proved  that 


satisfies  the  system  of  equations  (II)'  of  §  41 


Of  these,  V,Z7=  0  is  satisfied  identically  on  account  of  the  mode  of 
derivation.  The  remainder  may  be  satisfied  identically;  or  in 
virtue  of  U  =  Q,  in  which  case  U  is  the  required  solution  of  the 
system  of  equations;  or  they  may  be  satisfied  only  in  virtue  of 
other  equations  which,  with  U=(),  constitute  an  integral  system. 

In  the  last  case  let  a  new  equivalent  equation 

d=  ZT'iK,  ......  ,  MB,  ylt  .......  yMt  0,  c2,  ......  ,  cn) 

be  derived  from  U  =  0  by  solving  algebraically  for  C]  .  Then  we 
still  have 

V.ZTi-0 

satisfied  identically;  and  the  other  equations  are,  for  t  =  2,  ...,  m, 


which  are  to  be  satisfied  in  virtue  of  the  (at  present)  unknown 
equations  in  the  integral  system.  Since  all  the  equations  V,  Ul  =  0 
are  thus  not  identical  and  since  they  do  not  involve  c,,  so  that 
they  cannot  be  satisfied  in  virtue  of  d  =  Ulf  we  shall  be  able  to 
deduce  from  them  the  values  of  some  of  the  constants  c,  say  of 
GZ,  •••,  Ch,  in  terms  of  u  and  y  and  the  remaining  constants  c;  let 
them  be 


for  i  =  2,  .  .  .  ,  h.  Since  these  equations  are  the  equivalents  of 
some  of  the  integral  equations,  they  satisfy  the  set  (II)'  of 
differential  equations.  These  are  treated  in  the  same  manner 
as  the  equation  c^=  Ul\  and  so  we  proceed  either  until  we  obtain 
a  common  solution  of  the  equations  or  until  we  can  express,  from 
the  non-identically  satisfied  equations,  the  values  of  all  the 
quantities  c  in  terms  of  y,  u,  6  alone.  These,  when  taken  in  the 
aggregate,  constitute  an  integral  system. 
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But,  further,  when  any  one  of  them,  say 

cr=Ur(ult ,  un,  yi, ,  2/m>  0), 

is  substituted  in  the  equations  (II)',  then  all  the  equations 
Vf?7r  =  0  are  satisfied  identically;  for  none  of  the  constants  c 
enter  into  an  equation  Vf  Ur  =  0,  so  that  no  one  of  the  n  equations 
(each  of  which  involves  one  of  those  constants)  can  be  useful  in 
making  Vt  Ur  vanish.  Hence  each  of  the  members  of  the  system 
Ul,  ...,  Unm  the  obtained  form  is,  by  itself,  a  solution  of  all  the 
differential  equations. 

It  thus  follows  that  from  any  integral  of  the  subsidiary  system 
at  least  one  solution  of  the  partial  equations  can  be  derived :  and 
its  explicit  form,  as  a  solution  of  the  original  system  (II)  of 
equations,  is  immediately  given  by  a  transformation  to  the  original 
variables  through  the  equations  of  substitution. 

Moreover  when  the  value  6  is  assigned  to  yl  in  the  function  Ur, 
it  becomes  simply  ur,  because  the  values  of  the  variables  wlt  ...,  un 
for  this  value  of  yl  are  to  be  given  by  the  equations  as  d,  ...,  cn 
respectively.  The  integrals,  in  the  form  just  indicated  in  the 
proof  of  Mayer's  theorem,  are  a  system  called  principal  integrals*  ; 
and  the  values  of  si\,  ...,#,„  for  yl  =  9  are  c^,  ...,«,„.  Hence 
it  follows  that  there  exists  for  the  system  (II)  of  differential 
equations  a  set  Ult  ...,  Un  of  principal  integrals,  such  that  for 
properly  chosen  constant  values  a1;  ...,  a,,,  of  xlf...,aem  they 
assume  the  values  ^<1 ,  . . . ,  wn-f-. 

43.  When  Clebsch's  first  method  (Chap,  vni.)  is  applied  to  the  redxiction 
of  an  unconditioned  linear  differential  expression  in  2w  variables,  the  de- 
termination of  each  successive  element  of  the  normal  form — or,  what  is  the 
same  thing,  of  each  integral  of  the  Pfaffian  equation — enables  the  number 
of  variables  in  the  original  expression  to  be  diminished  by  unity.  Thus  when 
p  integrals  have  been  obtained,  there  are  2n— p  variables  left:  and  since  n-p 
integrals  remain  to  be  found  (that  is,  the  expression  modified  by  the  integrals 
so  as  to  contain  2?i-/z  variables  has  a  normal  form  containing  only  n-p. 


*  Natani,  Crelle,  t.  Iviii.  p.  302. 

+  See  Lie,  "  Theorie  des  Pfaff'schen  Problems,"  Arch.  f.  Math,  og  Nat.,  t.  ii. 
(1877),  pp.  338—379  ;  §  34. 

It  may  be  remarked  that  the  only  limitation  on  the  choice  of  the  constant 
values  of  x  is  that  they  Rhall  not  lead  to  indeterminate  or  infinite  values  of 
functions  which  occur. 
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differential  elements)  it  follows  (§§  122  —  124)  that  the  (fi  +  1)*  integral 
satisfies 

1  +(£»-/»)  -2  (»-/*) 

(  =  /*  +  !)  differential  equations  of  the  kind  just  considered;  and  these 
equations  involve  the  1n-\t  variables.  Hence  (§  38)  the  nnnilicr  <if  integrals 
which  they  possess  and  which  are  independent  of  one  another  is 


that  is,  is  2»-2fi  —  1.  Now  what  is  needed  on  the  adoption  of  Mayer's 
method  of  integration  is  a  single  solution  of  the  associated  .subsidiary  system 
of  ordinary  linear  equations  which  are  2?i  —  2/z  —  1  in  numl>er  ;  so  that,  for  the 
determination  of  the  (/i  +  l)th  integral  of  the  Pfaffian  equation,  Mayer's 
method  requires  only  one  solution  of  a  system  of  2«-2/z-  1  ordinary  linear 
equations  of  the  first  order.  When  we  take  ^  =  0,  1,  ...,n-l,  being  the 
values  which  give  all  the  integrals,  it  follows  that  by  Mayer's  method  the 
Pfaffian  problem  is  completely  solved  by  the  determination  of  a  single 
integral  of  each  one  of  a  system  of 

2w-l,  2M-3,  ......  ,  3,  1 

ordinary  differential  equations  of  the  first  order. 

Similar  considerations,  to  determine  the  number  of  integrations  necessary 
and  sufficient,  apply  when  Jacobi's  method  of  integration  of  a  partial  diffe- 
rential equation  of  the  first  order  is  used. 


CHAPTEE  III. 

HISTORICAL  SUMMARY  OF  METHODS  OF  TREATING 
PFAFF'S  PROBLEM. 

44.  THE  total  equations  hitherto  considered  are  such  as  may 
be  derived  from  a  single  integral  equation  ;  and  their  coefficients 
satisfy  a  certain  number  of  conditions,  which  are  both  necessary 
and  sufficient  to  ensure  the  possibility  of  that  derivation.     But 
an  equation   among   the  small  variations  of  the  variables  may 
subsist   though   only  some,  or   even   none,  of  the  conditions   of 
derivation  from  a  single  equation  are  satisfied ;   and  a  question 
arises  as  to  the  form  of  the  integral  equivalent  of  such  an  equa- 
tion, if  there  be  an  integral  equivalent. 

45.  Euler,  who  regarded  each  differential  equation  as  neces- 
sarily derived  from  an  integral  equation,  declared*  that,  unless  the 
conditions  be  satisfied,  the  equation  is  absurd  and  has  no  signi- 
ficance.   Mongef  however  pointed  out  that  the  absurdity  lies,  not 
in  the  supposition  that  the  equation  can  have  significance,  but 
in  the  inference  that  the  integral  equivalent  consists  of  a  single 
equation.     And  he  illustrated  his  statement  by  the  remark  that 
the  total  differential  equation  in  three  variables,  if  the  condition 
be  satisfied,  belongs  to  a  surface,  but  that,  if  the  condition  be  not 
satisfied,  it  represents  some  property  of  a  tortuous  curve  J  though 
the  curve  itself  requires  two  integral  equations  for  its  full  expres- 

"  Inst.  Calc.  Int.,  Vol.  iii.,  Part  1,  §  1,  c.  1  (2nd  edition),  p.  5. 

t  Mem.  de  VAcad.  Royale  des  Sciences  (1784),  p.  535. 

J  The  property  represented  by  the  equation  is,  when  the  condition  is  not 
satisfied,  one  common  to  a  family  of  tortuous  curves  defined  by  two  integral 
equations;  but,  when  the  condition  is  satisfied,  the  family  of  tortuous  curves  is 
constituted  by  all  the  curves  which  can  be  drawn  on  some  surface,  and  the 
differential  equation  which  represents  the  property  can  be  regarded  as  belonging 
to  the  surface. 


45.]  PFAFF'S  MEMOIR  81 

sion;  and  the  differential  equation  is  satisfied  by  means  of  the 
two  integral  equations.  And  Monge  inferred  that  an  integral 
equivalent  of  a  total  differential  equation  in  any  number  of 
variables  can  be  constituted  by  a  system  of  equations,  the  number 
in  the  system  being  never  greater,  and  sometimes  less,  than  the 
number  of  variables  diminished  by  unity. 

46.  In  this  condition  the  theory  of  these  equations  remained 
until  1815  when  Pfaff  presented  to  the  Academy  of  Berlin  his 
classical  memoir*  in  which  he  gave  the  result  that  an  integral 
equivalent  of  a  total  differential  equation,  containing  2n  or  2n  —  1 
variables,  can  always  be  constituted  by  a  system  of  integral 
equations,  the  number  in  the  system  being  not  greater  than  n. 
It  is  on  account  of  the  importance  of  the  results  first  announced 
in  this  memoir  that  the  problem  of  determining  the  integral 
equivalent  of  an  unconditioned  total  differential  equation  is 
associated  with  the  name  of  Pfaff. 

So  far  as  concerns  the  equation  in  an  odd  number  of  variables 
Pfaff  merely  stated  the  above  result  relative  to  the  number  of 
equations  in  the  integral  system,  which  was  apparently  inferred 
as  a  generalisation  from  a  few  individual  instances ;  Gauss -f- 
merely  repeated  Pfaff's  statement ;  the  lacuna  was  first  supplied 
by  JacobiJ  who  gave  a  proof  of  the  statement.  Some  improve- 
ments and  amplifications  are  due  to  Gauss  and  Jacobi§ ;  and  the 
details  of  the  process  have  been  rendered  much  easier  by  investi- 
gations of  Cayley  relative  to  skew  determinants j|;  in  them  certain 
functions  occur  which  had  already  occurred  in  Pfaff's  investiga- 
tions and  the  functions  are  therefore  called  Pfaffians. 

The  method  introduced  by  Pfaff  for  the  construction  of  the 
integral  system  depends  upon  the  gradual  reduction  of  the  number 
of  differential  elements  in  the  equation ;  and  each  reduction  of 
this  number  by  one  unit  is  effected  by  means  of  the  solution  of 
systems  of  ordinary  simultaneous  equations. 

*  "  Methodus  generalis  aequationes  differentiarum  partialium  nee  non  acqna- 
tiones  differentiates  vulgares,  utrasque  primi  ordinis,  inter  quotcunque  variubilos 
complete  integrandi."  Abh.  d.  K.-P.  Akad.  d.  Wins,  zu  Berlin  (1814-5), 
pp.  76—136. 

t  Gott.  gel.  Anz.  (1815),  pp.  1025—1038 ;  Ges.  Werke,  t.  iii.,  pp.  231—241. 

J  Crelle,  t.  ii.  (1827),  pp.  347—357 ;  Ges.  Werke,  t.  iv.,  pp.  17—29. 

§  In  this  connection  (and  also  in  connection  with  Chapter  IV.)  a  memoir  by 
Mayer,  Math.  Ann.,  t.  xvii.  (1880),  pp.  523—530  may  be  consulted. 

||  For  references,  see  Scott's  Theory  of  Determinants. 
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There  are  thus  a  number  of  systems  of  subsidiary  equations 
to  be  integrated  when  Pfaff's  original  method  is  used.  Among 
the  improvements  due  to  Jacobi  already  referred  to,  the  most 
important  and  essential  improvement  is  connected  with  these 
integrations.  He  shewed*  that  the  introduction  of  "initial  values" 
of  the  variables — afterwards  used  by  Lie  (Chap.  X.)  with  great 
effect  in  the  theory  of  the  Pfaffiau  problem — renders  it  possible 
to  take  the  integrals  of  the  first  subsidiary  system  in  a  form, 
which  leads  immediately  to  the  transformation  of  the  equation : 
but  this  simplification  was  effected  by  him  only  for  the  uncon- 
ditioned equation  in  an  even  number  of  variables.  And  in  the 
particular  case  when  the  Pfaffian  expression  occurs  in  connection 
with  the  integration  of  a  partial  differential  equation  of  the  first 
order,  he  shewed  that  the  integration  of  the  first  subsidiary 
system  is  sufficient  for  the  reduction  of  the  Pfaffian  expression 
to  its  normal  form  and  is  therefore  sufficient  for  the  integration 
of  the  original  partial  differential  equation. 

47.  No  substantial  additions^  to  the  development  of  the  theory 
were  made  until  the  publication  in  1861  and  1862  of  the  memoirs 
of  Natani*  and  Clebsch§  and  of  what  is  practically  the  second 
edition  of  Grassmann's  Ausdehnungslehre||.  It  may  be  inferred 


*  Crelle,  t.  xvii.  (1837),  pp.  97—162;  Ges.  Werke,  t.  iv.,  pp.  57—127. 

t  Mention  should  however  be  made  of  a  memoir  by  Frisian!,  "  SuW  integrazione 
delle  equazioni  dijferenziali  ordinarie  di  primo  ordine  e  lineari  fra  un  numero 
qualunque  di  variabili,"  published  in  1847  as  an  appendix  to  the  Effemeridi 
Astronomiche  di  Milano  for  the  year  1818.  In  that  memoir  he  gives  an  account 
of  the  theory  as  it  was  known  at  that  date,  unfortunately  without  a  single 
reference  to  other  writers.  He  indicates  the  Gaussian  transformation  (§  68  post) 
to  the  reduced  form  of  a  Pfaffian  expression  :  he  solves  the  subsidiary  equations 
obtained  in  the  form,  given  in  §  55  (post),  so  as  to  have  them  in  the  form  simplest 
for  integration  ;  he  discusses  the  possibility  of  having  the  Pfaffian  equation  satisfied 
by  equations  fewer  than  the  canonical  number,  when  relations  among  the  coefficients 
of  the  differential  elements  exist ;  and  he  applies  the  theory  to  the  integration  of 
the  partial  differential  equation  of  the  first  order. 

X  Crelle,  t.  Iviii.,  pp.  301—328,  dated  January,  1860. 

§  Crelle,  t.  lx.,  pp.  193—251,  t.  Ixi.,  pp.  146—179,  dated  September,  1860. 

||  "Die  Ausdehnungslehre,  vollstiinding  und  in  stronger  Form  bearbeitet" 
von  Hermann  Grassmann ;  Berlin,  1862. 

The  date  of  the  completion  of  the  sections  relating  to  the  present  subject  can 
only  be  inferred  as  previous  to  August  1861,  the  date  of  the  preface,  and  as 
subsequent  to  1844,  because  he  implies  in  that  preface  that  the  additions  (which 
include  these  sections)  were  the  work  of  the  intervening  seventeen  years.  His 
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from  a  statement  of  Jacobi'a*  that  he  was  iu  1845  in  possession 
of  some  such  additions ;  but  as  his  statement  is  hereafter  (§  08) 
shewn  to  be  a  mere  deduction  from  Pfaff's  general  result,  no  sure 
inference  in  this  respect  can  be  framed.  Certainly,  subsequently 
to  this  isolated  passage  in  a  memoir  dealing  with  another  subject, 
he  published  nothing  which  bears  directly  upon  the  theory  of 
Pfaff's  problem ;  and,  after  his  death,  nothing  was  found  among 
his  manuscript  papers  relating  to  it. 

48.     Grassmann's  method  is  more  difficult  of  comprehension  + 
on  account  of  the  unfamiliar  character  of  the  analysis  used ;  tlu>  • 
following  are  the  main  features  of  his  theory. 

He  first  expresses  the  differential  equation  in  m  variables  in 
a  form  Xdx  =  0  where  the  extensive  variable  x  involves  m  units. 
He  proves  that,  if  the  equivalent  integral  system  contain  n  equa- 
tions of  the  form  u  =  c,  then 

Xdx  =  S  Udu ; 

and  he  expresses  the  conditions,  necessary  and  sufficient,  for  the 
existence  of  these  n  integrals — conditions  which  lead  to  the 
inference  that  2?i  —  1  must  be  less  than  m J. 

In  the  case  when  m  is  equal  to  2w,  so  that  the  equation  is 
unconditioned,  the  first  step  is,  as  usual,  the  construction  of  a 

investigations  on  the  Pfaffian  equation  were  probably  among  the  latest  finished, 
because  he  requires  some  of  the  later  developments  of  his  analysis  for  the  con- 
sideration of  that  equation — developments,  indeed,  which  from  their  position 
(§§  504 — 510)  appear  to  have  been  specially  made  for  this  purpose. 

In  the  historical  summary  in  the  text  I  have  given  first  an  abstract  of 
Grassmann's  results — not  because  it  is  clear  that  he  completed  his  investigations 
earlier  than  Natani  or  than  Clebsch,  but  because  they  naturally  come  in  this 
position  in  the  gradual  development  of  the  theory.  It  is  perhaps  superfluous  to 
remark  that  the  substance  and  the  form  of  the  results  of  Grassmann,  Natani  and 
Clebsch,  taken  in  conjunction  with  the  dates  of  publication,  are  sufficient  to  prove 
the  complete  independence  of  their  investigations. 

*  Crelle,  t.  xxix. ,  p.  253. 

t  See  note  at  beginning  of  Chapter  V. 

J  It  is  assumed  implicitly  that,  if  the  coefficients  of  an  equation  satisfy  no 
characteristic  condition,  then  the  number  of  variables  is  even  ;  so  that  Grassnmnn 
practically  considers  only  the  even  classes  of  unconditioned  equations.  Of  conrw>, 
from  the  point  of  view  of  the  general  theory  of  the  Pfafflan  equation,  thin  is  a 
defect ;  but  it  is  explicable  by  the  fact  that  with  him,  as  with  I'faff,  the  equation 
has  its  origin  in  the  partial  differential  equation  of  the  first  order,  in  which  case 
the  number  of  variables  is  even.  (See  Chapter  VII.) 

6—2 
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subsidiary  equation  the  integral  of  which  makes  the  transition 
to  a  new  form  Ada  =  0  possible ;  in  this  form  a  is  a  new 
extensive  variable  involving  only  2n  —  1  units.  Then  by  assum- 
ing one  integral,  exactly  in  the  same  manner  as  earlier  writers 
above  referred  to  had  already  done,  he  passes  to  an  unconditioned 
equation  in  2?i  —  2  variables.  The  former  process  is  now  repeated  : 
and  so  the  n  integrals  are  gradually  obtained. 

In  the  case  when  m  is  greater  than  2;?,  he  shews  that  the  set 
of  m  subsidiary  equations — the  "  numerical "  equivalent  of  his 
single  extensive  equation — contains  only  2w  independent  equations. 
By  the  justifiable  assumption  that  m  —  2n  of  the  numerical 
variables  are  constant,  he  obtains  a  transforming  relation  which, 
applied  to  Xdx  =  Q,  changes  it  into  an  equation  Ada  =  0,  where 
the  extensive  variable  contains  only  m  —  1  units  and  for  which, 
if  m  —  1  >  2?i,  the  conditions  that  the  integral  system  is  composed 
of  n  equations  are  satisfied.  This  process  is  again  applied  and 
continued  until  finally  he  arrives  at  an  unconditioned  equation, 
the  extensive  variable  of  which  involves  only  2n  units.  To  this 
equation  the  earlier  method  applies ;  and  the  system  of  n  integrals 
is  thus  gradually  obtained. 

The  limitation  of  the  method  to  equations  in  an  even  number 
of  variables,  if  they  be  unconditioned,  has  already  been  referred 
to  in  the  preceding  note ;  and  a  practical  weakness — the  integra- 
tion of  the  subsidiary  system — will  be  referred  to  hereafter  (p.  137). 
One  distinct  advance  contributed  by  the  method  is  the  indication 
of  a  process  for  an  equation,  the  coefficients  of  which  satisfy  condi- 
tions reducing  the  number  of  integrals  below  that  required  by  the 
most  general  equation  in  the  same  number  of  variables ;  another 
is  the  expression  of  the  conditions  which  are  necessary  and  suffi- 
cient for  this  purpose.  He  does  not,  however,  prove  that  his 
conditions  are  independent  of  one  another ;  and  he  does  not  see 
that  the  satisfaction  of  some  accidental  conditions,  viz.,  those  of 

the  vanishing  of  the  interrupted  product     (    ,    j     ,  would  modify 

the  reduced  form.  This  last  possibility  was  only  effected  by  later 
writers,  Clebsch  and  Lie  for  instance,  who  discussed  unconditioned 
equations  in  an  odd  number  of  variables. 

It  is,  further,  only  proper  that  attention  should  be  drawn  to 
the  remarkable  formal  conciseness  of  his  results. 
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49.  Natani  and  Clebsch  adopt,  for  the  solution  of  the  problem, 
methods  which,  though  different  in  detail,  have  their  characteristic 
idea  common ;  and  on  this  basis  a  comparison  of  the  methods 
has  been  made  by  Hamburger*.  The  fundamental  idea  of  each 
method  is  the  gradual  reduction  of  the  number  of  differential 
elements  in  the  equation,  not  as  in  Pfaff's  method  by  successive 
transformations,  but  by  means  of  the  successive  members  of 
the  integral  system  equivalent  to  the  differential  equation ;  and 
the  number  of  subsidiary  equations,  which  have  to  be  solved, 
is  considerably  less  than  in  Pfaff's  process.  Thus  a  differential 
equation  in  2n  variables,  having  ?i  equations  in  its  equivalent 
integral  system,  is  reduced  by  means  of  one  of  those  integrals 
(considered  as  simultaneous  with  it)  to  a  differential  equation  in 
2/i  —  l  variables,  having  only  n  —  1  equations  in  its  equivalent 
integral  system.  The  new  differential  equation  is  similarly  re- 
duced, by  means  of  one  of  the  integrals  in  its  equivalent  system, 
to  a  differential  equation  in  2n  —  2  variables,  having  only  n  —  2 
equations  in  its  integral  system.  And  so  on  in  order,  until  a 
differential  equation  in  n  +  1  variables  is  obtained,  having  a  single 
integral  as  its  equivalent ;  it  is  therefore  of  the  kind  already 
considered  (Chap.  I.). 

Of  the  methods  due  to  these  two  contributors  to  the  theory, 
that  which  has  been  proposed  by  Natani  is  the  simpler,  and  it  is 
the  more  direct  for  the  construction  of  a  particular  integral  system ; 
it  has  moreover  the  advantage  of  being  unhampered  by  the 
accidental  difficulties  which  arise  when  superfluous  conditions  are 
satisfied.  But  it  is  characterised  by  a  not  quite  complete  generali- 
sation. This  deficiency  has  been  partly  supplied  by  the  methods 
of  Clebsch,  who  shews  how  to  obtain,  from  any  special  integral 
system— such  as  Natani's  for  example — the  most  general  integral 
system.  Clebsch  has  given  two  methods.  His  first  method  is 
similar  in  scope  to  Natani's  but  it  is  not  so  effective  for  equations 
in  an  odd  number  of  variables,  (in  fact,  he  nowhere  gives  an 
adequate  discussion  of  this  class)  and  the  process  remains  one  of 
gradual  reduction.  His  second  method,  which  is  comparatively 
simple  in  its  results  and  is  powerful,  is  unfortunately  limited  in 
his  investigations  to  unconditioned  equations  in  an  even  number 

*  GrunerCs  Archiv,  t.  Ix.  (1877),  pp.  185—214. 
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of  variables.  In  both  of  Clebsch's  methods  the  results  are  founded, 
after  long  and  laborious  analysis,  upon  systems  of  simultaneous 
partial  differential  equations. 

Thus  the  salient  feature  of  Natani's  method  is  the  effective 
determination  of  some  system  of  integral  equations  corresponding 
to  the  differential  equation ;  the  salient  feature  of  Clebsch's  method 
is  the  a  posteriori  generalisation  of  such  a  system  and,  for  an 
unconditioned  equation  in  an  even  number  of  variables,  the  a 
priori  determination  of  such  a  general  system. 

Both  Clebsch  and  Natani  in  their  respective  ways  have  con- 
sidered the  effect  of  the  knowledge  of  one  or  more  integrals  of  the 
differential  equation  upon  the  form  of  the  remaining  integrals ;  in 
this  regard  Clebsch's  results  are  the  more  explicit,  as  his  method 
is  better  suited  to  its  determination. 

Among  the  chief  desiderata  of  this  part  of  the  theory  are 
extensions  of  Clebsch's  second  (and  general)  method,  first,  to  con- 
ditioned equations  in  an  even  number  of  variables  and  second  to 
equations,  whether  conditioned  or  not,  in  an  odd  number  of 
variables. 

50.  These  desiderata  were  indirectly  and  partially  supplied 
by  Lie,  who  worked  from  a  different  stand-point*.  He  made  the 
theory  of  tangential  transformations "f*  the  basis  of  his  investiga- 
tions, especially  in  regard  to  the  transformation  of  the  differential 
expression.  He  established  the  persistence  of  character  of  the 
normal  form,  an  invariantive  property  which  had  been  assumed  by 
Clebsch ;  arid  the  equations  which  give  the  relation  of  two  equiva- 
lent normal  forms  are  obtained  and  agree  with  those  which 
Clebsch  gave.  The  criteria  which  determine  the  number  of 
functions  in,  and  therefore  the  character  of,  the  normal  form  are 
found ;  and,  when  these  are  once  known  for  any  expression,  then 
Lie's  method  reduces  the  expression  to  an  equivalent  uncon- 
ditioned expression  with  a  similar  normal  form.  This  reduction  is 
made  by  a  number  of  substitutions  of  the  type  originally  used  by 
Cauchy  (1819),  and  afterwards  by  Hamilton,  Jacobi,  and  Mayer. 

*  His  papers  were  published  at  various  times  in  1873  and  1874 ;  the  most 
convenient  summary  of  the  results  is  his  memoir  "Theorie  des  Pfaff'schen 
Problems,"  Arch,  for  Math,  og  Nat.,  t.  ii.  (1877),  pp.  338—379. 

t  Of  this  theory  Mayer  gave  an  independent  establishment ;  see  Chapter  IX. 
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The  first  element  of  the  normal  form  of  the  new  unconditioned 
expression  is  determined  by  a  partial  differential  equation ;  and 
this  element  is  then  used  to  modify  the  expression  into  one  in 
fewer  variables.  The  normal  form  is  gradually  built  up  by  a  series 
of  alternate  determinations  of  a  new  element  and  reductions  of 
expressions,  made  conditioned  by  the  use  of  this  element,  into 
unconditioned  expressions.  When  the  normal  form  of  the  uncon- 
ditioned expression,  equivalent  to  the  original,  has  been  obtained, 
the  transition  to  the  normal  form  of  the  latter  is  a  matter  of 
definite  re-substitution ;  and  the  integral  system  of  the  given 
equation  is  then  inferred  from  a  theorem  indicated  first,  I  think, 
by  Grassmann  in  its  usual  form. 

Lie's  results  constitute  a  distinct  addition  to  the  theory.  The 
whole  of  his  investigation  is  not,  it  could  hardly  be  expected  to 
be,  novel;  but  in  his  exposition  there  lies  a  great  interest  in 
the  application  and  combination  of  ideas  which  occur  in  other 
associations. 

51.  About  the  time  of  publication  of  the  memoir  by  Lie  just 
referred  to,  Frobenius  had  [Sept.  1876]  completed  his  memoir* 
dealing  with  Pfaff's  problem.  He  discusses  the  theory  of  the 
normal  form  rather  than  the  integration  of  the  equation;  and  the 
analysis  is  more  algebraical  than  differential.  He  obtains  the 
bilinear  covariant  associated  with  the  Pfaflfian  expression :  and 
then  changes  the  Pfaffian  and  the  differential  covariant  into 
homogeneous  algebraical  forms  subject  to  linear  transformations. 
The  persistence  of  a  certain  invariantive  integer  associated  with 
a  pair  of  characteristic  determinants  is  shewn  to  be  necessary  and 
sufficient  for  the  transformation  of  one  Pfaffian  into  another ;  the 
equations  of  substitution  being  connected  with  the  normal  form. 
He  thus  indirectly  arrives  at  the  normal  form;  its  character  is 
uniquely  determined  by  the  value  of  the  invaiiantive  integer.  A 
concise  statement  of  the  principal  results  is  given  in  §  1G& 

The  novel  interest  of  the  method  lies  chiefly  in  the  connection 
of  the  number  of  the  terms  in  the  normal  form  with  the  critical 
algebraical  conditions,  which  lead  to  Clebsch's  differential  equa- 
tions. 

*  "  Ueber  das  Pfaff'sche  Problem,"  Crclle,  t.  Ixxxii.  (1877),  pp.  230—315. 
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52.  The  work  which  M.  Darboux  was  carrying  on  at  this  time 
[1877]  has  relations  with  both  that  of  Lie  and  that  of  Frobenius. 
His  method  of  simultaneous  sets  of  variations  of  the  independent 
variables  is  substantially  the  same  as  that  of  Frobenius  who 
considers  two  sets  of  cogredient  variables ;  and  these  simul- 
taneous variations  are  used  to  establish  part  of  Lie's  theory  of 
tangential  transformations.  But  all  his  results  relate  to  the 
theory  of  equivalent  forms  of  the  equation  and  not  to  its  integral 
system;  his  memoir*  was  not  published  until  1882  and  then  all 
his  results  had  been  anticipated ;  and  therefore  I  have  given 
merely  a  short  statement  of  those  of  his  propositions  which  deal 
with  the  equation. 

*  "Sur  le  probleme  de  Pfaff,"  Darb.  Bull,  2mc  Ser.  t.  vi.  (1882),  pp.  11—36 
49—68. 


CHAPTER   IV. 

PFAFF'S  METHOD  OF  REDUCTION,  COMPLETED  AS  BY  GAUSS 
AND  JACOBI. 

53.  THE  most  general  form  of  the  total  differential  equation 
of  the  first  order  and  the  first  degree  in  p  variables  is 

H  =  X^dxl  +  X2dx,  +  ...+  Xpdxp  =  0 (1), 

where  X1}  X.2,  ...,  Xp  are  functions  of  the  variables  or,,  a:.,,  . ..,  xv\ 
and,  as  the  class  of  equations  ft  =  0,  which  can  be  satisfied  by 
means  of  a  single  integral  equation  has  already  been  discussed,  it 
will  be  assumed  that  the  equations  of  relation  among  the  quan- 
tities X,  which  imply  the  derivation  of  the  differential  equation 
from  a  single  integral  equation,  are  not  all  satisfied.  If  there  be 
an  integral  equivalent,  that  is,  some  set  of  relations  free  from 
differential  elements,  in  virtue  of  which  the  equation  ft  =  0  can  be 
satisfied,  the  first  step  in  the  investigation  of  that  equivalent  will 
naturally  be  the  reduction  of  the  differential  equation  to  the 
explicitly  simplest  form  which  it  can  assume.  We  proceed  to 
prove  that  it  can  be  transformed  in  all  cases  so  as  to  involve  not 
more  than  \p  or  ^  (p  +  1)  differential  elements,  according  as  p  is 
even  or  odd. 

54.  Let  p  —  1  functions  u1}  u,,  ...,  iip-i  of  the  variables  be 
introduced,  with  at  present  only  the  single  assumption  that  there 
is  no  functional  relation  among  them ;  it  follows  from'  this  inde- 
pendence that  all  but  one  of  the  original  variables,  say  xp,  cun 
be   expressed   in   terms   of  that   one   and  of  «,,  «2,  ...,  Up-\,  by 
equations 

Xr  =  Xru1}  lt«,  ..-,   U-l,  Xp) (2) 


1  ir  -tr    VU>i  -,,•    Cii-2  -*r          *'«*'» — 1 

where  1  r  =  Aj  ^ h  ^ ,  _ — h  . . .  +  A „_!  ^ - 

3ttr          9wr  9wr 

for  r  =  1,  2,  ...,/>  —  1,  and 
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for  r  =  1,  2,  . . . ,  p  -  1.    Now  let  fl  be  transformed  by  means  of  the 
relations  (2);  it  takes  the  form 

+  Y.2du.2  +  ...  +  Yp^dity^  +  Ypdxp, 


(3). 


The  forms  of  the  functions  u  are  at  our  disposal  and  can,  in 
general,  be  used  to  satisfy  p  —  1  independent  conditions,  provided 
the  conditions  are  not  inconsistent  with  one  another;  and,  on 
account  of  the  assumption  made  as  to  the  forms  of  the  functions  u, 
the  same  principle  applies  to  the  p  —  1  functions  in  (2). 

As  a  first  condition  then  let  the  functions  be  so  chosen  that 
the  coefficient  of  dxp  in  the  transformed  value  of  ft  vanishes  ;  this 
requires 

a^+    a^+^>+       8^_1+       0  ........ 

dxp         tiXp  cxp 

As  the  remaining  p  —  2  conditions,  let  the  forms  of  the  functions 
xr  in  (2)  be  so  chosen  that  the  ratios  Yr:  Ft  for  the  values 
2,  3,  ...,  p  —  1  of  r  (being  p  —  2  in  number)  are  independent  of  xp. 
If  this  be  the  case,  the  quantity  xp  can  occur  in  Y1}  F2,  ...,  Yp_1 
only  by  occurrence  in  a  factor  M  common  to  all  the  quantities 
Y,  so  that  we  may  have 

Yr  =  MUr  ..............................  (5), 

where  Ur  involves  only  «,,  u»,  ...,  up_1  at  the  utmost  and  does  not 
involve  xp,  while  xp  if  it  occur  at  all  in  Yr  must  do  so  only  in  the 
factor  M.  Since  Ur  is  independent  of  xp,  we  have 


and  therefore  the  quantities  Yr  which  occur  in  (3)  are  such  that 
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for  the  values  1,  2,  3,  ...,  p-l.  And  then  the  system  of  p 
equations  (4)  and  (6)  is  to  be  satisfied  by  means  of  the  p  -  I 
functions,  which  occur  in  (2),  and  the  quantity  p.  Unless  the 
system  of  equations  be  either  inconsistent  or  subject  to  identical 
relations,  they  are  sufficient  for  the  determination  of  the  functions 
and  the  quantity  /JL,  which,  when  determined,  transform  the  differ- 
ential equation  to 

H  =  M  ( U.du,  +  U.2du.2  +  . . .  +  U^diip-!)  =  0, 

where  U,,  U«,  ...,  Z/p_,  are  functions  of  it,,  u.,,  ...,  up_l  alone.  Wo 
proceed  therefore  to  the  consideration  of  the  equations  (4)  and  (G). 

55.     In  Yr>  which  by  (3)  is  given  as 

X    -— : l  4-  X      -2  4-         4-  A'  ?'~' 

•**•  1  ^\         ~  -^  2  *\          I     •  •  •     I    -*•*•  it — 1     ~\  i 

our          our  9«r 

the  original  variables  xl}  x.,,  ...,  xp^  wherever  they  occur  in  the 
quantities  X  are  to  be  replaced  by  their  values  as  functions  of 
t*i,  u.2,  ...,  Up-!,  xp;  so  that  Yr  (which,  in  its  first  form,  is  an 
explicit  function  of  xlt  x2,  ...,  Xp-1}  xp  and  the  p  —  1  derivatives 
with  respect  to  ur)  is  now  to  be  regarded  as  involving  those  p  —  1 
derivatives  and  xp  explicitly,  and  the  quantities  ul)  u.,,  ...,  Up_lt  xp 
implicitly  through  theii-  introduction  instead  of  #lf  x.,,  ....  x^. 

Taking  now  any  one  of  the  quantities  Y  we  may  write 
Y=X  —  '   v ^ 


where  the  (unexpressed)  subscript  index  of  Y  is  the  same  as  that 
of  u.  Taking  the  derivative  of  both  sides  with  regard  to  JCP  and 
remembering  that,  in  consequence  of  the  above  explanation,  xp 
occurs  in  X  explicitly  (on  account  of  its  original  occurrence)  and 
implicitly  (on  account  of  its  introduction  through  the  substitutions 
for  #1,  #2,  ...,  a-p-i),  we  have 


,=idu  V^i  dxp      dx2  dxp 
But  by  equation  (4)  we  have 
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and  therefore,  again  remembering  that  u  occurs  implicitly  in  X  on 
account  of  its  introduction  through  the  substitutions  for  x1}  x.2,  ..., 


_  dXp  9#i     dXp  9#2  ,    dX 


p 
9  it 


"_^     CX^  I  O^\.  £  (jX-±        C/^A.  £  CX'Q  u^\  £    (jXy} j  \ 

+  Xt  =-^-  +  X2^-jp-  +  ...  +Xf 

OUdXp  H«tH«! 


L/  tv  l/tt/p  l/  tv  L/ wp  ly  ttl/t//« 

Substituting  from  this  equation  for  the  last  group  of  terms,  which 

.    dY 
group  occurs  in  — ,  we  nave 

dxp     s=i  t=i  du  dxp  dxt       s=i  dxp  du 

s=i  dxs  du       t=i  s=i  dxp  du  dxs 

When  the  first  and  last  summations  are  combined  then 
9  Y  _  P^,1  p^1        dxs  d-xt     v~^        dxg 

where  as>t  is  defined  as  before  by  the  equation 

dXs     dXt 


Us  t  =  o  d 

OOCt          OX 


or  finally 

dxp      s=\  du  ^  t=i 

But  by  (G)          ^—  =  /A  I 


vp 

s=l 

.    1  «r-*         -**-         \}Xo  m 

SO 


p-1  "f^rf          p  —  \(  P  —  1   /  r)r.  \^    7\v 

V"    V    v    *  V  i      V    I  C     *  1      ^    * 

that         /i  a  A,,  ^-  =  i  ^a.«  +  z  [a»,t5—   f  5-  • 
,=i       dw      ,=1  (    '        t=i\      dxpj)  du 

This  equation  holds  when  u  =  u^,  u.2,  ...,  Up-^  so  that  it  represents 
a  system  of  equations  which  are  linearly  homogeneous  in  certain 
quantities  of  the  type 
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the  equations  being 


for  r  =  1,  2,  ...,  p  —  l.  Now  the  determinant  of  the  coefficients  of 
the  quantities  <*)  is  not  zero  ;  for,  by  hypothesis,  the  functions  in 
(2)  are  independent  of  one  another  and  therefore 

dpi,  #2,  ......  ,  afr-i) 


3  (MI,  «2, 

does  not  vanish.  The  system  of  equations  therefore  can  only  be 
satisfied  by  making  each  of  the  quantities  B  zero  ;  and  therefore 
we  have 


and 

9#i  9a?2  ,  9^3  . 

+      '     +      3+ 


the  last  equation  being  obtained  from  (4)  and  the  first  p  -  1  equa- 
tions in  (8),  because 


since  all  the  terms  of  the  second  degree  in  the  first  derivative  of 
a?,,  a;,  ....  a-p-i  with  respect  to  xp  disappear;  and,  because  aM=-«,,., 
this  equation  is  the  same  as  the  last  of  (8).  The  whole  system  of 
equations  may  be  made  more  regular  in  form  ;  for  by  substituting 


they  become 
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«i2  2/2  +  «i3  2/3  +  . . .  +  a^>p_l  y^ 


3>p_l 


a-3tp  yp  = 


56.  This  system  of  equations  is  a  system  of  p  algebraical 
equations  involving  p  quantities  in  the  first  degree ;  and,  unless 
the  equations  are  inconsistent  or  are  subject  to  identical  relations, 
they  will  determine  these  quantities  ylf  y.2,  ...,  yp.  Let  the  deter- 
minant of  the  coefficients  on  the  left-hand  side  be  denoted  by  A, 
so  that 

(ii); 


0     CL         CL 

n 

CL*1  ,           0,     d  03  ,  .  .  . 

.  .  a  o« 

.  0 

then  the  solution  of  the  equations  (10)  is  of  the  form 


(12), 


where  Vr  is  the  value  of  the  determinant  obtained  by  replacing 
the  column  al>r,  «2jr,  a3if>...  by  Xlt  X«,  X3,  ...  ;  and  r  has  the  values 
1,2,  3,...,  p.  ' 

57.  So  far  as  regards  the  effectiveness  of  the  result,  there  are 
three  alternatives  to  be  considered. 

First,  if  A  do  not  vanish,  the  values  of  ylt  y»,  ...,  yp  in 
equations  (12)  are  unique  and  determinate.  The  system  (10) 
is  then  a  consistent  system  and  its  members  are  independent  of 
one  another. 

Second,  if  A  vanish  and  also  all  the  quantities  Vr  vanish, 
the  values  of  ylt  y«,  ...,  yp  in  equations  (12)  are  (in  their  present 
form)  indeterminate.  The  members  of  the  system  (10)  may  then 
be  not  independent  of  one  another. 

Third,  if  A  vanish  and  if  some  of  the  quantities  Vr  do 
not  vanish,  the  values  of  the  correspouding  quantities  yr  are 
infinite  and  those  of  the  remainder  are  indeterminate  ;  if  yl  be 
infinite,  so  that  /*  is  zero,  it  may  happen  that  the  values  of 
yrjy\  are  finite  and  determinate.  The  system  (10)  may  or  may 
not  be  a  consistent  system. 
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The  primary  discrimination  among  the  altcrtmtivcH  i»  thus 
made  by  the  value  of  A. 

58.  Now  the  determinant  A  defined  by  (11)  has  its  con- 
stituents such  that  atig  =  —  agtt  and  nt>t  =0;   hence  it  is  a  skew 
symmetrical  determinant*. 

If  p  be  an  even  integer,  the  determinant  A  is  a  perfect  square, 
which  may  vanish  on  account  of  the  forms  of  Xlt  X«,  ...,  Xpt  but 
will  not  necessarily  do  so. 

If  p  be  an  odd  integer,  the  determinant  A  is  evanescent- 
whatever  be  the  quantities  Xly  X.,,  ...,  Xp. 

59.  Taking  the  former  of  these  two  cases,  let  p  be  an  even 
integer  ;  and  suppose  in  the  first  place  that  A  does  not  vanish. 

Let  A  =  P/  =  P-  ...........................  (13); 

then  P  is  a  Pfaffian  of  order  p  and  is  determined  by  the  laws 
Pp=[l,2,  3,  ...,p] 

,s  +  2,  ...,p,2,  ...,  .9-1], 


P2  =  a,2. 
If  Ag    be  the  minor  of  ag>t  in  A,  then 


where  Pitk  is,  for  i<k,  the   Pfaflfian   obtained   from  P  by  the 
omission  from  its  symbol  [1,  2,  ...,p]  of  the  integers  i  and  k. 

Also,  if  s  <  r  —  1,  then 
P»,r=[l,  2,  ...,8-1,8  +  1,  ...,r-l,r  +  l,  ...,p] 

=  (-l)s-1[5+l,  s  +  2,  ...,r-l,r  +  l,  ...,;>,  1,2,  ...,*-!]: 

if  s  =  r  —  1,  then 

P,-i,r  =  [l,  2,  ...,r-2,r  +  l,  ...,p] 

=  (_  1)1-4  [r  +  1,  r  +  2,  t-<>^  1,  ....r-2]; 
if  s  =  r  +  1,  then 

P  P 

*  r+i,r  —       •*  r,r+i 

=  _(_l)r-i[r+2,  r  +  3,  ...,p,  1,  ....  r-1] 

*  Scott's  Determinants,    Chap,   vi.,    §§  4-16,    where   the    properties  of   such 
determinants  and  their  minors  are  proved. 
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(by  the  preceding  case) 

=  (-iy[r  +  2,r  +  3,  ...,#1,  ...,r-l]; 
and,  if  s  >  r  +  1,  then 
P          -  P 

-1  ft,  r  —       •*•  r,s 


so  that  in  all  cases  when  p  is  even 


where  a,b,...,k  are  the  integers  1,  2,  ...,  p  (with  s  and  r  omitted) 
taken  in  their  cyclical  order  beginning  with  that  integer  next 
after  s  which  remains. 

Hence  equations  (12)  become 


=  I  XsAg 


=  I  (-!)•+"  PJT.Pfir> 

s=l 

and  therefore 

(-l)«Pyr=  I  (-IJ-'X.P.,, 


where,  for  every  term  under  the  sign  of  summation  on  the  right- 
hand  side,  the  integers  s,  s+1,  s  +  2,  ...,  s  —  l  are  the  integers 
1,  2,  .  .  .  ,  r  —  1,  r  +  1,  .  .  .  ,  jj  in  their  cyclical  order  and,  in  particular, 
the  coefficient  of  Xr^  is  [r  +  1,  .  .  .  ,  p,  1,  .  .  .  ,  r  —  2]  and  the  coefficient 
of  Xr  is  zero. 

Thus,  for  p  =  4>,  the  equations  are 

[1  234]  y,  =  +  X,  [34]  +  X3  [42]  +  X,  [23] 

-  [1234]  y,  =  X,  [34]  +  X3  [41]  +  X,  [13] 


-  [1234]  y4  =  X,  [23]  +  X,  [31]  +  X,  [12] 
where  [Im]  =  aim  , 

[1  234]  =  r/12  ffM  +  cr13  a42  +  ffu  a.,.,  ; 
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and,  for  p  =  6,  the  equations  are 

[1  23456]  yi  =  +  [3456]  X2  +  [4562]  X,  +  [5623]  A",  +  [623-1]  .V.  +  [2345]  A'0 

[123456]  y.2  =  [3456]  Xl  +[4561]  ^  +  [5013]  A'4  +  [6134]  .V,  +[1345]  .V6 

[1  23456]  y3  =  [2456]  Xl  +  [4561  ]  A'2  +  [561  2]  A'4  +  [61  24]  A',  +  [1  245]  A'fl 

[123456]  ?/4  =  [2356]  Xl  +  [3561]  A"2  +  [561  2]  X3  +  [61  23]  A'.  +  [1  235]  ,\'a 

[1  23456]  y5  =  [2346]  ^  +  [3461]  T2+[4612]  AT3+[6123]  A'4  +[1234]  A'" 

[123456]y0  =  [2345]  Ar1  +  [3451]  A'2  +  [4512]  A'3  +  [5123]  A'4  +  [1234]  A', 


It  may  be  remarked  that  all  the  quantities  Wr  in  equations 
(14)  cannot  vanish;  for  otherwise,  the  determinant  of  the  coeffi- 
cients of  the  non-vanishing  quantities  X  in  W  must  vanish, 
but  the  determinant  is  equal  to  PP~-  (as  is  easily  proved)  and 
therefore,  on  the  present  hypothesis,  not  zero. 

And  similarly  all  but  one  of  these  quantities  Wr  cannot  vanish. 
For  forming  the  function 

XW-XsWz  +  XsW,-  ......  -XPWP, 

it  vanishes  identically  and  therefore,  if  all  the  quantities  Wr  save 
one,  say  Wlt  vanish,  then  X^W^  vanishes  or,  since  Xl  is  not  zero, 
Wl  also  vanishes  ;  so  that  all  the  functions  W  would  then  vanish 
which,  on  the  hypothesis  of  a  non-vanishing  A,  has  just  been 
proved  impossible. 

60.  It  follows  then  that,  when  p  is  an  even  integer  and  A 
does  not  vanish,  the  equations  (14)  constitute  a  determinate 
solution  of  the  equations  (10).  The  quantities  y  are 

_  1  _  1  da, 

yp-^,      Vr-p^' 

so  that  by  (14) 

!^_/      ly-iJTr  1        ,      1}P-1W1,-_W1, 

nd^-  P'     n~(          P~     P 

and  therefore 

dXr_  ,       iyWr 

dxp~(     L)    Wp' 

Hence,  to  obtain  the  functions  xr  of  §  54,  we  have  the  p  -  1 
ordinary  differential  equations 

dxl  _  dx%  _  dx3  _          _  dxp-i  _  dxp 
W,~-W,~W3~          =WPZ~-WP" 
equations  which  are  called  the  subsidiary  Pfaffian  system. 
F.  7 
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At  least  two  of  the  quantities  W  do  not  vanish,  one  of  which 
may  be  supposed  to  be  Wp*;  so  that  the  equations  of  the 
subsidiary  system  determine  xlt  x.2,  ...,  xp_^  as  functions  of  xp, 
the  functions  involving  arbitrary  constants.  Thus  we  might 
have  the  integrals  of  (15)  in  the  form 


where  /,,  L2,  ...,  Tp-i  are  independent  functions  of  a?lf  #,.  •••,  %P, 
and  where  Oj,  cr2,  ...,  ap^  are  arbitrary  independent  quantities, 
constant  so  far  as  variations  of  xp  are  concerned. 

Now  the  equations  of  substitution  in  §  54  imply  that 
#j,  #o,  ...,  #p_a  are  to  be  functions  of  w1}  u»,  ...,  up_l  as  well  as 
of  xp  ;  while  the  integral  equations  just  obtained  involve  only 
one,  viz.  xp,  of  these  variables.  The  reason  is  that  the  subsidiary 
equations  which  give  xlt  x»,  ...,  xp_1  do  not  involve  any  variations 
of  these  quantities  dependent  upon  the  variations  of  ult  M2,  ...,up_l. 
Thus  the  variables  u  stand  in  the  same  relation  to  the  equations 
as  the  quantities  a  ;  and  therefore  the  subsidiary  system  will  still 
be  satisfied,  if  Oj,  a2,  ...,  Op-i  be  replaced  by  p  —  1  independent 
functions  of  MJ,  u2,  ...,  up^l)  for  example,  by  ult  w2,  ...,  up_l. 

When,  then,  the  equations  thus  obtained  are  used  as  giving 
substitutions  for  xl}  x2,  ...,  xp_l}  the  element  dxp  is  removed  from 
the  differential  equation  ;  and  when  we  divide  out  by  the  factor 
M,  that  is,  by  expj(—  P  -¥•  Wp}  dxp,  the  variable  xp  is  also  removed. 
The  differential  equation  then  takes  the  form 


up_l  =  0, 
where  UJt  U«,  ...,  Up^l  are  functions  of  ?/j,  «.,,  ...,  vp^  alone. 

Hence  we  can  enunciate  the  theorem  :  — 
When  the  coefficients  of  the  total  differential  equation 

x^n  =  0 


*  The  subsidiary  system  is  symmetrical  in  all  the  variables  of  the  original 
equation  ;  so  that,  if  Wp  were  found  to  vanish  and  Wq  did  not  vanish,  the  desired 
reduction  of  the  differential  equation  would  be  effected  by  the  removal  of  xq  and 
dxq,  instead  of  xv  and  dxp,  from  explicit  occurrence. 
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are  functions  of  xlt  x2,  ...,  x.m,  such  that  the  determinant  A,  with 
constituents 

aij=  o~ !   -    ~j-  (i,  .7  =  1,  2,  ...,  2»), 

does  not  vanish,  then  the  differential  equation  can  be  transformed 
into 


fl,  =  U^u,  +  U.du,  + 


where  Ult  U*,  ...,  U^^  are  functions  of  ?«,,  ?<.,,  ...,  «.,„_,  alone,  by 
substitutions 


The   quantities   I1}  72,  ...,  /2n-i   are  functions  of  the  variables 
xlt  a?2,  ...,  a?2n_i,  iPon,  determined  so  that 

>  -»2n—  i  = 


are  2n  —  1  independent  integrals  of  the  subsidiary  Pfaffiian  system 
(15)  associated  with  the  original  equation  H  =  0,  viz.,  of 

* 

^     '' 


F~     _W      W     ......      W           _W' 
1  "  2         "  3  rr  2n—  i  ''  sn 

relation  between  the  quantities  fl  and  na  is 
H  =  fl,  e^  /(-  P  --  F2n) 


where  P,  the  square  root  of  A,  is  the  Pfaffian  constructed  from  the 
coefficients  X1}  X2,  ...,  X2n. 

And  a  similar  reduction  by  one  unit  of  the  number  of  differential 
elements  in  the  differential  equation  can  be  made  by  means  of 
substitutions 

f\  —  III    y2  =  -*2>    ......  >    JSn-l  —  •*  2H-1  » 

where  Il}  I»,  ...,  I?n-i  are  the  same  as  before  and  /,,  /._.  .....  /CT_i 

are  2n  —  l  independent  (but  othei-wise  arbitrary}  functions  of 

Ui,  U.2) 


Before  passing  to  the  next  case,  it  may  be  remarked  that  a 
very  simple  symbolical  form  (due  to  Cayley)  may  be  given  to  the 
subsidiary  Pfaffian  system.  Replacing  Xm  by  a»>m  for  each  of  the 
indices  m,  we  have 

7-2 
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s=l 

=  [0,  1,  2,  ...,;>], 

where  in  the  series  0,  1,  2,  ...,  p  the  integer  r  is  omitted;  and 
therefore 

The  subsidiary  system  (15)  now,  on  the  omission  of  a  factor  —  1, 
takes  the  form 


[2,  3,  4,  ...,  p,  0]      [3,  4,  ...,  p,  0,  1]      [4,  5,  ...,  p,  0, 1,  2] 


in  the  general  case  ;    and,  in  particular  for  p  =  4,  the  equations 
have  the  form 

dxl  dx.2  dx3  dx4 


[2340]     [340]     [4012]     [0123]  ' 

61.     Next,  let  p  still  be  an  even  integer,  but  suppose  now  that 
A  does  vanish  ;  so  that 


A=       o1)S[s  + 

s=2 

with  other  equivalent  summations  according  to  the  general  laws 
in  §  59. 

Two  cases  require  discussion  (i)  that  in  which  all  the  Pfaffians 
of  order  p  —  2,  composed  of  the  quantities  0,-j,  do  not  vanish, 
(ii)  that  in  which  they  all  do  vanish. 

02.  For  the  former,  it  is  necessary  that  at  least  two  of  the 
quantities  Wr  on  the  right-hand  side  of  (14)  do  not  vanish  ;  for 
every  Pfaffian  of  order  p  —  2  occurs  twice  in  the  system  of  T^s 
in  complementary  positions,  that  is,  if  it  occur  as  the  coefficient  of 
Xi  in  Wj  then  (save  as  to  sign)  it  occurs  as  the  coefficient  of  Xj  in 
Wi.  Suppose  that  Wp  is  one  of  the  non-  vanishing  Ws  ;  if  it  were 
zero,  the  only  difference  would  be  that  we  should  attempt  to 
eliminate  from  explicit  occurrence  in  ft  some  other  variable  with 
the  same  index  as  one  of  the  non-vanishing  Ws. 
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lu  ft  let  Xr  be  increased  by  an  arbitrary  variable  t|iuuitity  X, ; 
the  quantities  a^  are  unaltered  unless  i  or  j  is  r  and  then 


so  that 


because  A  is  zero.  Since  \.  is  an  arbitrary  quantity,  A'  can  only 
vanish,  if  the  coefficients  of  the  derivatives  of  \r  all  vanish,  being 
those  Pfaffians  of  order  p  —  2  which  occur  in  Wr.  Two  at  least  of 
the  quantities  W  in  (14)  do  not  vanish,  being  Wp  and  at  least  one 
other  which  may  be  taken  as  Wr. 

We  thus  have  a  new  system  of  equations  similar  to  (14)  of  the 
form 


and  they  give 

r  V  W  ' 

0&n\          /        i\«    "_n     /          i     .)  M_l) 

' 


I  WP 

»-     '   P' 

Now    let    us   pass    to    the    former   equations  by  making   the 
arbitrary  quantity  X  zero  ;    the  p  -  1   equations  giving  the  new 

values  of  \^\    come  to  be   the  same  as  (15),  which   therefore 

\oxpl 

are  still  valid  under  the  present  circumstances.  But  the  modified 
form  of  P'  is  P  the  value  of  which  is  zero,  and  Wp  comes  to  l*« 
Wp  and  is  not  zero;  hence  the  modified  form  of  /*',  being  Un- 
original fj,,  is  zero  and  therefore  (§  54) 


so  that  M  is  independent  of  xp.     Considering  then  the  origin  •• 
in  §  54,  it  follows  that  M  is  either  a  constant  or  a  fn> 
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Hence  we  infer  :  — 

The  theorem  of  §  60  is  still  true  when  the  determinant  A  vanishes 
and  the  equations  (15)  are  a  subsidiary  system  valid  for  the  desired 
reduction,  provided  at  least  two  of  the  quantities  W  do  not  vanish; 
and  the  effect  of  the  vanishing  of  A  is  to  transform  fi  into  fli  without 

.  the  necessity  for  the  removal  of  any  integral  factor  involving  xp, 

for  such  a  factor  cannot  then  occur. 

If  some  of  the  quantities  Wn  in  the  subsidiary  equations 
vanish,  only  formal  mention  need  be  made  of  the  evident  result  — 
that  the  corresponding  variables  in  O  need  not  be  transformed  : 
for  in  such  a  case  an  integral  of  the  subsidiary  system  is  given  by 

Un  =  Xn. 

Ex.  1.     The  equation 

Q.  —  xt  dxl  +  x3  dxz  +  x  j  dx3  +  x±  dx±  =  0 

given  by  Monge  (1.  c.  §  45,  p.  533  ;  an  integral  equivalent  of  which  is  formed 
by  him  in  three  equations)  falls  under  this  head  ;  for  A  is  zero  and  the 
subsidiary  system  is 

d.i\  _  dx.2  _  dx3  _       dx4 

4  4  4  1  "^     2  ""     3 

Integrals  of  this  system  are 


and  then  Q  —  $  (2z<2  -  u^  du^  -  \  (uv  +  u.2)  du., 

Ex.  2.     Similarly  for  the  equation 

Q  =  0  =  {(a,1!  +  a)  s  +  xf}  dxl  +  {(a,%2  +  a)  s  +  x./}  dx.^  +  {(x3  +  a)  s  +  x/}  dx3 

+  {(xt  +  a)s+  x?}  d.i\  , 

in  which  a  is  a  constant  and  s  denotes  x1+x^+x3+xi  ;  it  will  be  found  that 
A  vanishes,  that  the  subsidiary  system  has  three  integrals  which  may  be 

taken 

ul=xl  +x%  +x3  +xtJ 

U.;  =  Xf  +  X./  +  X£  +  X?, 

«3=#l3  +  -r23  +  a?33  +  -r43> 

and  that  O  =  ^  uv  du.z  +  ai^  du^  +  J  du3  . 

Ex.  3.  It  may  occur  that  A  vanishes  through  having  some  row  of  it« 
constituents  all  zero;  for  instance,  a12,  a13,  ...,  aliP  may  all  vanish.  These 
give  the  relations 
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Hence  there  exists  a  function  u  such  that 


where  vr  is  independent  of  xl  but  may  be  a  function  of  x.,,  j,-3,  ...,  .r|p  ;  and 
then 


the  desired  reduction  being  thus  effected  and  the  multiplier  J/  being  unity. 

63.  For  the  second  case,  in  which  all  the  Pfaffians  of  order 
p  —  2  vanish  as  well  as  A,  there  must  exist  some  lower  limit 
of  order  at  which  the  Pfaffians  do  not  all  vanish  ;  for  it  is  assumed 
that  the  quantities  ag>t  do  not  all  vanish.  Let  this  order  be  in, 
and  suppose  that  [1,  2,  ...,  m],  [2,  3,  ...,  m  +  1],  and  others  of 
this  order  do  not  vanish  ;  but  that  all  the  Pfaffians  of  the  system 
of  orders  m  +  2  and  higher  (even)  integers  vanish. 

The  result  of  §  62  may  be  applied.  Let  m  +  1  new  variables 
u-2,  u3,  ...,  um+2  be  introduced,  which  are  functions  of  xlt  xt  .....  xv, 
such  that  when  we  substitute  for  x»,  ...,  #m+2  in  H,  the  term  in  iLi\ 
is  absent  ;  then  we  have 

r=p 

fl  =  M(Un,du,  +  U3du3  +...+  Um+3dum+3)  +  2  Y4xr, 

TO  +  3 

and  the  quantity  M  is  independent  of  x^  It  will  now  be  shewn 
that  Yr  ,  (r  =  m  +  3,  .  .  .  ,  p),  is  explicitly  independent  of  #,  ,  so  that  it 
is  a  function  of  i/2,  •••>  um+2,  xm+3,  ...,  xp  only. 

By  comparing  the  two  expressions  for  H  we  have 

TO  +  2         2~. 


for  the  values  m  +  3,  .  .  .  ,  p  of  r;  hence 

dYr  =  dXr 


2  das,  fdX,     dX,  dx,  ^  +  8A     cx*+ 

»=2  9^r  \9#i      9^a  9^i  9a-wfJ   80;, 

w»+2  3s  r 

,      •?   y     °  x* 
T      *i  -Ag  o  —  o  —  • 
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But  since  dx^  is  absent  from  the  second  expression  for  H,  we 
have 

-  ™ 


Taking  now  the  complete  derivative  of  both  sides  with  regard 

3F 
to  xr  and  subtracting  from  the  value  of  -=— -  the  right-hand  side  of 

the  derived  equation,  it  is  easy  to  find  (after  an  arrangement  of 
terms  similar  to  that  in  §  55)  the  equation 

OIr_                          OX.2  v%m+2 

3~  —  ar,l  +ar,2o       "I- -T  «T,«l+2      3 


But,  by  §§  60,  62,  the  values  of  the  functions  x.2,  ...,  xm+2  are 
determined  by  equations  of  the  form 

where  the  quantities  W  are  of  the  form 

m+2 

*=i 

defined  as  in  §  59 ;  and,  as  in  the  other  cases,  Wl  does  not  vanish, 
while  the  quantity  p  for  the  present  case  does  vanish. 

Now  a  reference  to  the  equations  for  the  particular  case,  which 
are  the  same  as  (8)  in  the  general  case  save  that,  as  just  remarked, 
fji,  vanishes,  shews  that  the  coefficient  of  each  of  the  terms 

dx  dYr 

^— -  (s  =  2,  . . . ,  in  +  2)  in  _  -  vanishes,  so  that 

/-)/yt        v  '  /"1'T1 

\JvUy  L/«4/J 

v  -*  T .  V&2    .  .  ^^IW-l-2 

^^    —  «rl  -T  «r2  ^^,    T +  Wr,7n+2  ~^—~  ' 


When  in  the  right-hand  side  we  substitute  for  the  various  terms 

fjf*         {j£F 

^  2  ,      3  ,  .  .  .  ,  their  values  in  terms  of  the  quantities  W,  it  is  easily 

OXi      OXi 

proved  by  the  properties  of  Pfaffians  that 


,=2 
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But  the  coefficients  of  Xa  on  the  right-hand  side  an-  all  of 
them  Pfaffians  of  order  m  +  2,  which  vanish  by  our  initial  liyp»- 

?t  V 

thesis;  hence,  as  W1  does  not  vanish,  we  have         =0    or  the 

a*, 

coefficients  Yr  are  explicitly  independent  of  the  variable  ar,  when 
the  substitutions  are  effected. 

Hence  when  all  the  Pfaffians  of  the  system  of  order  higher  than 
m  vanish,  it  is  sufficient  to  use  equations  for  m+  2  variables  similar 
to  those  of  §  62  and  so  to  transform  the  Jirst  m  +  2  terms  of  the 
differential  expression  into  m  + 1  terms  by  the  introduction  of  new 
variables  determined  from  those  equations;  when  the  transformation 
by  means  of  these  variables  is  effected  throughout  the  expression  ft, 
all  the  coefficients  are  explicitly  independent  of  the  variable,  the 
differential  element  of  which  has  been  removed  from  explicit  occur- 
rence*. 

64.  All  the  alternatives,  in  the  case  when  p  is  an  even 
integer,  have  now  been  discussed,  with  the  following  general 
result : — 

"A  differential  expression  ft  containing  an  even  number  of 
"  differential  elements  can  always  be  transformed  into  another, 
"  which  contains  the  next  smaller  odd  number  of  differential 
"elements;  the  new  variables  which  are  necessary  for  this  trans- 
"  formation  are  determined  as  in  SS  GO,  02,  C3  according  to  the 

t)t/  '  ' 

"  properties  of  the  coefficients  in  ft ;  and  the  new  coefficients  are 
"such  that,  except  in  the  form  of  a  (possible)  common  factor, 
"they  involve  only  the  (smaller  number  of)  new  variables." 

This  transformation,  by  which  the  even  number  of  differential 
elements  is  reduced  by  unity,  may  be  called  the  even  reduction ; 
and  it  is  to  be  borne  in  mind  that,  by  this  even  reduction,  the 
number  of  variables,  which  occur  in  the  new  coefficients  (save 
in  the  common  factor),  is  also  reduced  by  unity. 

Also,  this  even  reduction  is  not  unique.  For  the  purpose  of 
the  transformation  certain  new  variables  are  introduced,  bring 
derived  from  the  integration  of  certain  differential  equations. 

*  The  effect  of  the  vanishing  of  A  and  its  minors  npon  the  form  of  the  normal 
reduced  equivalent  of  O  will  be  discussed  later  (§§  117  et  so.).,  §§  1H  ct  so.].) : 
object  of  the  present  chapter  is  to  prove  the  possibility  of  the  reduction  on  the  I 
of  Pfaff's  original  memoir. 
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Though  all  solutions  of  these  differential  equations  are  func- 
tionally equivalent  to  one  another,  the  forms  may  be  different; 
and  thus  we  may  have  different  sets  of  new  variables  introduced, 
each  set  leading  to  an  even  reduction,  with  some  kind  of  functional 
relation  among  the  sets. 

65.  In  the  case  in  which  p  is  an  odd  integer,  A  vanishes  iden- 
tically whatever  be  the  values  of  the  quantities  X;  so  that  the 
process  adopted  in  §  61,  whereby  a  temporarily  non-evanescent 
determinant  was  formed,  is  no  longer  effective. 

Now,  in  general,  the  first  minors  of  A  do  not  vanish,  so  that 
the  values  of  the  quantities  yr  are  infinite.  Instead  of  taking  these 
infinite  values,  which  are  subsidiary  to  the  determination  of  the 

wT 

values  of  ~  ,  we  return  to  the  equations  (4)  and  (8),  retaining  all 

OXp 

but  the  last  of  (8)  which  is  (4)  transformed  after  multiplication 
by  ft.  If  fi  be  not  zero,  the  last  of  (8)  may  be  retained  ;  if  ^  be 
zero,  we  use  (4)  in  place  of  that  last  equation. 

Taking  these  cases  in  order  we  have  first,  from  the  full  set  (8), 
the  relation 

p,  2  XrArip  =  0, 

r=l 

where  Ar>p  is  the  minor  of  arip  in  A;  and  therefore  since  //,  is  not 
zero 


or  substituting  for  Aftp  its  value*,  we  have 

2zr[r+l,  r+2,  ...,r-l]  =  0. 

r=l 

Secondly,  if  /j,  be  zero,  we  solve  the  first  p  —  1  equations  of  (8)  and 

(\nr* 

substitute  the  values  of  _-  -  thence  derived  in  (4)  ;  and  multiply  - 

oxp 

ing  up  by  [1,  2,  3,  .  ..,  p  —  1],  which  is  not  in  general  zero,  we 
come  to  the  condition  obtained  in  the  earlier  case. 

*  Scott's  Determinants,  §  14  ;  and  §  59  preceding. 
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It   therefore    follows   that,   in    order   to  have  the   subsidiary 
equations  a  consistent  system,  the  condition 


r=l 

must  be  satisfied. 

66.  If  this  condition  be  satisfied,  the  system  contains  only 
p  —  1  independent  equations  at  the  utmost  ;  and  they  are  not 
sufficient  to  determine  p,  and  the  p  —  1  derivatives  with  regard 
to  xp. 

To  transform  fl  =  0  into  an  equation,  so  that  it  may  contain 
one  variable  fewer  and  be  without  the  differential  element  of  that 
variable,  we  proceed  as  in  §  63.  Neglecting  for  the  moment  the 
variation  of  xly  we  transform 

X2dx2  +  X3dx3  +  ......  +  Xpdxp 

in  to  M  (  C/2  du.,  +  U3du3  +  ......  +  Up-l 

by  equations 


=  a,p+ 


.* 


Then  if 

ft  =  Xldx1  +  X2da;.,+ +  Xpdxp 

=  M  ( U2du»  +U3du3  + +  Up-i  dup-})  +  K,  rfx, , 

when  we  resume  consideration  of  the  variation  of  xl ,  we  have 


y    Y      i      V  -    i      V          3     I  -4-    Y 

and  also 


'    ''    //  \Jw'n 

From  the  former  we  have,  as  in  §  63, 


,-=2 


-        t- 
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and  from  the  latter 


[66. 


dXp     i>-ldXpdxi     P-i 

=   0 h     2,     0       5 h     24  Af 

02a          ,-=2    P^i   CWi        t=2 


s~2  dx 


dX 


Subtracting  corresponding  sides  of  the  latter  from  the  former 
equation,  it  follows  that 


The  coefficient  of,.—  on  the  right-hand  side  is  ^Xs\  let 


so  that 


*p 


ox,- 


dxr 


2XK 


Substituting  from  the  subsidiary  equations,  used  above  in  the 
preliminary  transformation,  for  -— ,  ...,      p-1 ,  we  have 


@,         0,2,         0,3, 

L'2,         0,      Oa, 

a3,,       0, 


. ,     alp    =  0. 
,     &»p 
•  >     Qqp 


lp-2,     Oja, 


0 


But  the  condition  expressed  at  the  end  of  §  65,  supposed  to  be 
satisfied  in  the  present  case,  may  be  written 


.],  Ojo,  ttj3, 

-2,  0,         O-a, 

1  "Y,,     a»,       0, 


.  ,          Uryj 

, ,       Oap 
1  >       Ct-jp 


i»>        dps  >       ^J>3  > 

Hence  @  =  /iZ, ;  and  therefore 


-0. 


which  is  the  requisite  condition  that,  if  xp  occur  at  all  in  Y1}  it 
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occurs  only  in  a  factor  M  ;  and  therefore  ft  i.s  transformed  to 
M  (  U,du,  +  ......  +  Ult_,  fhij^  +  Z,  dx,\ 

where    Y1  =  MZl   and   Z}   is   explicitly  independent   of  .r}>.     The 
differential  expression  is  thus  transformed  in  the  required  nmnncr. 

Ex.     Let  j»  =  3  and  suppose  the  condition  satisfied,  viz. 


the  known  condition  of  integrability  of  the  equation 
A\  dx^  +  X.,  dr.,  +  Xj  d,r3  —  0. 
The  equations  in  their  most  general  form  taken  so  as  to  remove  .?-.,  are 


If  we  take  p.  =  0  so  that  the  third  equation  is  satisfied  in  virtue  of  the  first 
two,  the  new  variables  are  obtained  by  integrating  the  equations 


and  this,  in  effect,  is  Bertrand's  method  (§  16). 

If,  however,  we  do  not  take  p.  zero,  we  may  omit  the  first  of  the  throe 
equations  (for  only  two  of  them  are  independent)  and  use  the  .second  to 
determine  p.  ;  there  is  then  left  only  a  single  equation 


to  be  satisfied.  We  may  then  assign  any  condition,  not  inconsistent  with 
this  equation,  for  the  determination  of  .7-j  and  .7-.,.  Thus  as  a  condition  wo 
may  require  that  XY  shall  be  unchanged  ;  then  the  original  variable  .r,  mi«l 
the  new  variable,  which  is  obtained  from  the  integration  of 


will  be  the  new  variables  leading  to  the  required  transformation.     This  JH,  in 
effect,  the  ordinary  (Euler's)  method  of  integration  of  the  equation. 

As  a  special  instance,  consider  the  equation 

0  =  (cx2  -  bxs)  dxl  +  (OP3  -  or,)  d.r.,  +  (i.r,  -  fl.r,)  ft.r3  -  0. 
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We  havea12  =  2c,  033=2^  a31  =  2&;  the  subsidiary  equations  are  (omitting  a 
factor  £),  in  the  first  method, 

a         b         c   ' 
so  that  new  variables  are 

,rt     x.2  #9     #3 

=  a~~b>  ^b'c' 

and  it  is  easily  shewn  that 

Q  =  abc  (vdu  —  iidr), 
so  that  M  =  dbc  and  /*  =  0. 

Proceeding  by  the  second  method  and  keeping  A\  unchanged  we  have,  as 
the  equation  determining  the  new  variable, 

.  dx2     .,  .  \_r» 

so  that  we  take  .r,  and  u  =  — - — : 

Qrg     QP 

as  the  new  variables.     It  is  easily  shewn  that 


so  that  M=  -  (ax3  -  cjc^ja  and  /i  (  =  -~  ^  \  is  not  zero. 

67.  If  the  condition  of  §  65  for  the  coexistence  of  the  deter- 
mining equations  be  not  satisfied,  then  the  system  of  those 
equations  is  not  consistent  and  therefore  the  transformation, 
which  is  to  be  determined  by  them,  is  not  possible.  Hence  the 
most  general  equation,  which  contains  an  odd  number  of  differ- 
ential elements,  cannot  be  subjected  to  a  complete  even  reduction, 
that  is,  the  number  of  differential  elements  cannot  be  reduced  by 
one  unit  so  as  to  leave  the  coefficients  of  those  elements  functions 
of  the  (reduced  number  of)  new  variables,  save  as  to  a  common 
factor. 

But  though  this  reduction  be  not  possible,  another  transforma- 
tion may  be  effected.  Let  the  first  2n  —  2  terms  of 

£1  =  Xl  dxl  +  X»dx<i  + 


be  denoted  by  <I>,  which  contains  an  even  number  of  differential 
elements,  and  may  contain  all  the  variables.  Let  an  even 
reduction  be  applied  to  O  on  the  supposition  that  ffon-i  does 
not  change,  so  that  the  only  variables  which  are  transformed 
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are  xlt  sc»,  ...,  x^.»;  then  4>  comes  to  be  of  the  form  Jlf,<I>',  where 
<!>'  denotes 

Uidiit  -f  U2du2+  ......  +  ^sn-sdMsB-s. 

Of  the  quantities  which  occur  in  <£',  the  variables  ult  ?/,  .....  Um-» 
are  functions  of  a?,,  #2,  •••»  #2*1-2  and  of  any  non-varying  quan- 
tities  that  may  occur  in  Xlt  X»,  ...,  Xm-»,  i.e.  of  #.}„_,  also  in 
general  ;  the  coefficients  Ul,  U.2,  ...,  U»n_3  are  explicit  functions  of 
MX,  M2>  ...,  Wo/i-s  and  of  any  non-varying  quantities  that  may  occur 
in  Xlt  X»,  ...,  Xzn-2,  i-e.  of  fl72n_!  also  in  general.  And  Jlf,  is,  in 
general,  a  function  of  all  the  variables  in  H. 

Removing  now  the  supposition  of  non-  variability  of  ar3n-n 
introduced  for  the  purpose  of  changing  the  form  of  <&,  and  taking 
the  complete  variation  of  that  changed  form,  we  have 

H  =  M1 
where 


Let  this  be  denoted  by 


The  transformation  thus  effected  is  an  incomplete  even  re- 
duction, being  applied  to  4>  only  ;  in  view  of  the  fact  that  ft, 
the  quantity  to  be  transformed,  contains  an  odd  number  of 
variables  the  transformation  may  be  called  the  odd  reduction. 
It  is  a  reduction  which  diminishes  the  number  of  differential 
elements  by  unity;  but,  unlike  the  even  reduction,  it  does  not 
in  general  leave  the  new  coefficients,  save  as  to  a  factor,  in  the 
form  of  explicit  functions  of  the  new  variables  alone. 

Since  the  even  reduction  can  always  be  applied  to  a  quantity 
with  an  even  number  of  differential  elements  such  as  <J>,  it  follows 
that  a  quantity  H  with  an  odd  number  of  differential  elements 
can  always  be  subjected  to  an  odd  reduction. 

And,  as  before,  an  odd  reduction  is  not  unique. 

Ex.     To  form  the  odd  reduction  of 

Q  =  #5  C&T!  +  #!  dx.2  +  .r2  dxz  +  .r3dr4  +  .r4  dx.a  . 

Taking  the  first  four  terms  and  constructing  the  subsidiary  equations  of  § 
for  the  incomplete  even  reduction,  we  find  them  to  be 
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d.v. 


Taking  0  =  log.r3,  these  become 

dxl_          0        dr.,_  rf.r4 

~d6~Xl  +  e>       ~d6~  ~X'°'        dd 

and  therefore  new  variables  (§  60)  are  given  by 


4 

Passing  now  to  the  complete  variations,  so  as  to  obtain  the  odd  reduction,  it 
is  easy  to  shew  that 

Q  =  .r3  (x-a  du-i  +  «j  du2  +  du3)  +  J'6  d.r-  , 

where  X'5  =  ii3-u.:,d+$.ra(6-l)2  +  %e0  (I  -  2^0  -  20  -  F). 

This  verifies  the  general  proposition  for  the  particular  case  ;  we  have 


G8.  We  are  now  in  a  position  to  reduce  the  number  of  terms 
in  any  given  differential  expression  to  a  general  minimum.  In 
particular  cases  the  number  of  terms  in  the  finally  reduced  form 
may  be  smaller  than  that  expected  from  the  number  in  this 
general  minimum  ;  the  possibility  of  such  a  result  depends  upon 
the  satisfaction  of  certain  conditions,  the  consideration  of  which 
will  be  deferred  for  the  present. 

First,  taking  the  case  in  which  the  expression  fl  to  be  re- 
duced contains  an  odd  number  2n  —  1  of  differential  elements,  say 


we  apply  to  H  an  odd  reduction  so  that 

n  =  j/1n1  +  z/2n_1^2n_1. 

Now  ftj  contains  an  odd  number  of  differential  elements 
?*,,  ?/„,  ...,  ?/in_3,  and  their  coefficients  are  functions  of  these 
variables  and  (possibly)  of  #on_,  ;  hence  applying  to  Oj  an  odd 
reduction  we  have 

flj  =M3fl«+  U'sn-adWyo^i  +  Ysn-idXw-!, 

where  fl,  =  F,  di\  +  F2rfw«  4-  ......  +  V<M-*dvsn-s* 
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77'         _  TT          -M    (V      ^  L  V         ^n 

U  2n-3  —  ^2/»-3      -tHg    I  r  i  o  ---  h  .  .  .  +   K  2,,_.  7T— 

\        0"-.>H-3  dM- 


and 


The  variables  v1}  v2,  ...,  v2tt_5  of  O2  are  functions  of  «,,W2,  ..., 
possibly  of  w2n_3and  possibly  of  .r,,,.,,  in  case  the  latter  occur  in  the 
coefficients  Ult  Ua,  ...,  U»n-4;  and  the  coefficients  F,,  Fs,  ...,  F,.,,^ 
of  n._,  are  functions  of  vlt  v.2,  ...,  V2n_5,  possibly  of  «2,,_3  and  possibly 


Ex.     Thus  the  modification  of  Qt  in  the  last  Example  is 

Q1  =  uldv  +  du3  -  w,  log  ?<t  t/.r5  , 
where  v  =  it2+.v^\ogu1  ;  and  so 

Q  =x3uldv  +.T3du3  +  (  A''r>  -  .r3 


Appl}dng  now  an  odd  reduction  to  flo,  which  contains  an  odd 
number  of  differential  elements,  and  bearing  in  mind  the  variables 
that  occur  in  H2,  we  obtain  a  result  the  most  general  form  of 
which  is 


where  H3  contains  only  2n  —  7  differential  elements.  Proceeding 
in  this  way,  we  shall  ultimately  reach  a  quantity  fi,,_,  which 
contains  only  a  single  differential  element,  say  of  the  form  Pdpl  ; 
and  the  value  of  fln_2,  which  unreduced  contains  three  differential 
elements,  will  be  of  the  form 


+  R'5dr5  +...  +  T^dx^  , 

when  all  the  variations  are  taken  into  account.  Substituting 
then  for  all  the  quantities  flr  in  turn,  we  evidently  have  a  result 
of  the  form 

H  =  P^dpi  +  Q3dq3  +  R5drs  +  .  .  .  +  Fjn-i^^-i  ; 

for  each  unreduced  H  has  two  differential  elements  fewer  than  the 
n  earlier  in  the  succession,  one  of  them  having  been  removed  by 
reduction  and  the  other  having  been  set  aside  in  order  to  apply 
the  incomplete  even  reduction. 

The   reduced   form   of    H   evidently   contains   n    differential 
elements,  that  is,  %(p  +  l),  where  p  is  the  odd   number   which 
F. 
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occurred  in  the  original  form  of  the  expression  ;  and  the  variables 
and  the  coefficients  are,  all  of  them,  functions  of  the  original 
variables. 

Secondly,  take  the  case  in  which  the  expression  ft  to  be  reduced 
contains  an  even  number  2n  of  differential  elements,  say 

ft  =  Y.dy,  +  ysdy»  + ...  +  Y^dy^  +  Y»ndym\ 
we  apply  to  ft  an  even  reduction,  so  that 

ft  =  M  (Xldxl  +  X.dx,  +  ...+  Xanr.j.  rf.r^j)  =  Ml', 

where  ft'  contains  only  2n  —  1  differential  elements  and  the 
coefficients  in  ft'  are  functions  of  the  variables  xl,  x.2,  ...,  #»,_!. 
Thus  ft'  is  an  expression  of  the  type  considered  in  the  former 
case ;  carrying  out  the  full  reduction  on  ft'  as  there  indicated,  we 
have  a  reduced  form  containing  \  {(2vi—  1)  +  1},  that  is,  n  differ- 
ential elements,  and  so 

ft  =  M(Pldpl  +  Q3dqs+  ...  +  W2n_ldx,n_l) 
=  P\dp1+Q'3dq3  + +  F'M_i  fci-i  • 

The  reduced  form  of  ft  contains  n,  that  is,  \  p  differential  elements, 
where  p  is  the  even  number  of  differential  elements  which 
occurred  in  the  original  form  of  the  expression. 

It  is  to  be  noticed  that,  in  the  case  when  p  is  even,  no  one  of 
the  differential  elements  in  the  reduced  form  is  the  same  as  any 
one.  in  the  original  form — always  supposing  ft  to  be  the  most 
general  expression  possible — so  that  then  P',  pl}  Q'3,  q3,  ...,  W'^^ 
and  #2,1-1  are  together  p  functions  of  y1}  y.2)  ... ,  yp;  and  one  of  the 
variables  in  the  reduced  form  is  an  integral  of  the  first  subsidiary 
system.  But,  in  the  case  when  p  is  odd,  one  of  the  differential 
elements  in  the  reduced  form  is  the  same  as  one  in  the  original 
form,  so  that  then  P1}  pl}  Q3,  q3,  ...  and  W»n-i  are  together  ^> 
functions  of  xly  x»,  ...,  xp. 

We  have  now  proved  the  possibility  of  reducing  an  expression 
containing  p  differential  elements  to  one  containing  either  \p  or 
\  (p  +  l)  differential  elements.  Other  and  less  laborious  methods 
of  effecting  the  reduction  will  be  given,  on  the  assumption  of 
this  now  proved  possibility;  and  they  will  take  account  of  the 
fact,  that  the  reduced  form  is  not  unique  owing  to  the  want  of 
uniqueness  in  the  successive  steps  of  the  reduction  as  effected  by 
the  foregoing  method. 
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Ex.     As  a  simple  illustration  of  the  general  result  we  may  <l.  <lu.  ,-  & 
theorem  stated  l>y  Jacobi*  relative  to  the  equation 

Q  =  A\  d.i\  +  A"2  d.v.2  +  A'3  clr3  +  ,Y4  dvt  =  0. 
The  application  to  Q  of  an  oven  reduction  gives 


where  l\,  £72,  Z73  are  functions  of  ?<,,  «2,  «3  alone  and  J/  may  l>e  a  function  of 
.rn  ,r2,  .r3,  .r4,  while  ult  u.,,  u3  are  determined  from  the  integration  of  the 
equations  (§  60) 

of.?!  rf.r2          e£r3          d.r4 

[2340]  ~  [3401]  ~  [401  2]  =  [01  23]  ' 

which,  being  three  ordinary  equations  of  the  first  degree,  require  throe  inte- 
grals in  order  to  be  satisfied,  these  three  being  taken  (§  GO)  to  be  «,,  «.,,  ?/n. 

When  an  odd  reduction  is  applied  to  Q',  one  of  the  variables,  say  w.,,  \n 
left  unchanged  and  we  have  a  result  of  the  form 


Hence  the  equation  Q  =  0  can  be  replaced  by 


If  now  we  make  u3  a  constant,  this  equation  comes  to  IHJ  ATiit>  =  0,  i.e. 
dv=0,  and  so  an  integral  equivalent  of  the  equation  is  given  by  a  single 
equation.  Now  the  relation  ii3  =  constant  is  one  of  the  integrals  of  the 
subsidiary  system  ;  and  thus  it  follows  that,  when  one  of  the  integrals  of  the 
subsidiary  system  of  the  equation 


4  =  0 

is  used  to  diminish  by  unity  the  number  of  differential  elements  and  the  mt»<1>cr 
of  variables,  the  resulting  equation  in  only  three  differential  elements  can  be 
represented  by  a  single  equation  as  its  integral  equivalent  and  therefore  it* 
coefficients  are  mcli  as  to  satisfy  the  condition  of  integrability. 

This  is  the  theorem  referred  to.  As  a  special  instance,  we  may  take 
Ex.  1,  §  62.  One  of  the  integrals  of  the  subsidiary  system  being 

MjSStfj-tfj, 

we  take  x^  —  .r.2  +  a, 

where  a  is  a  constant  ;  when  this  is  used  to  transform  the  equation,  the  new 

form  is 

#2c£r2  +  #3d.v.2  +  (.r2  +  a)  d.v3  +  .r4  r/.r4  =  0, 

which  is  evidently  integrable. 

It  may  be  added  that  the  process  thus  indicated  is  one  of  the  ni<«1 
effective  processes  for  obtaining  an  integral  equivalent  of  an  unconditioned 
Pfaffian  in  four  variables. 

*  Crelle,  t.  xxix.,  p.  253;  see  also  Cayley,  Crelle,  t.  Ivii.,  pp.  273    277. 
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69.  When  the  differential  expression  fl  has  been  reduced  to 
the  smallest  number  of  terms,  an  integral  equivalent  of  the  equation 
O  =  0  is  easily  obtained. 

(i)  In  the  case  of  an  even  number  of  original  variables,  the 
final  form  of  the  differential  equation  is 

U^du^  +  U*du«  + +  Undun  =  0, 

where  the  quantities  U,  u  are  functions  of  the  original  variables, 
among  which  no  identical  relation  subsists. 

Then  an  integral  equivalent,  corresponding  to  the  complete 
integral  in  partial  differential  equations  of  the  first  order,  is 
given  by 


where  aly  a.,,  ...,  an  are  constants;  and,  in  virtue  of  these  n 
equations,  the  equation  H  =  0  is  satisfied. 

Another  integral  equivalent,  corresponding  to  the  general 
integral  in  partial  differential  equations  of  the  first  order,  is 
given  by 

<f>(uly  u.2y  ...,  un)  =  Q  \ 

Uj.  duj,      U2  9u2  ~~  ~  Un  dun  ) 

where  <j>  is  any  arbitrary  function ;  again,  the  integral  consists  of 
n  equations,  i.e.,  of  as  many  equations  as  there  are  differential 
elements  in  the  reduced  form.  And  if,  instead  of  taking  only  a 
single  arbitrary  functional  relation  <f>  =  0,  we  (less  generally)  take 
k  such  relations,  say 

then  there  are  other  n  —  k  equations  to  be  associated  with  these, 
being  the  n  —  k  equations  which  are  the  independent  relations  of 
the  set 

9^! '    du» '  ' '  dun 

9z/! '    9w2 '  '  9w,, 

)M,  '    9w2 '  '  9wn 

#1,     U.t  ,  Un 

17  „  J  '«-'     7» 
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(ii)     In  the  case  of  an  odd  number  of  original  variables,  the 
final  form  of  the  differential  equation  has  been  proved  to  be 

U^dx  +  U9du-a  +  ......  +  Undun  =  0, 

where   the   quantities    U  and   u   are   functions   of    the   original 
variables  one  of  which  is  x. 

Then  an  integral  equivalent,  corresponding  to  the  complete 
integral,  would  be  given  by  taking 


u3  = 


and  (as  it  would  not  then  be  possible  to  integrate  U^dx  +  U«du^  =  0) 
by  taking 

<£  (x,  w.,)  =  0 
with  the  relation 

_1  <ty     _!    8£ 

T/l  dx  ~  U,  du,  ' 

where  <£>  is  arbitrary.     And  another  integral  equivalent  (really  a 
more  general  case  of  the  latter)  is  given  by 


where  </>  is  arbitrary. 

It  is,  however,  not  necessary  here  to  discuss  the  forms  of 
solution,  as  the  discussion  will  be  an  essential  part  of  Clebsch's 
theory. 

Ex.     Reduce  to  its  canonical  form,  and  so  integrate  the  equation 
x^x3dxl  +  (x^  +  x3xt  +  x%x3)  dx% 

+  (#!  x2  +  xzx3  +  xz  A-4)  dx3  +  x2  j-j  (ir4  =  0. 

(Tanner.) 

70.  In  the  case  of  an  even  number  of  original  variables 
the  following  simplification,  due  to  Jacobi*,  is  worthy  of  notice. 
Each  of  the  elements  in  the  reduced  form  is  an  integral  of  u 

*  See  the  memoir  "  Ueber  die  Eeduction  der  Integration  der  particllen  I>ifK> 
rentialgleichungen  erster  Ordnung  zwischen  irgend  einer  Zahl  Variabcln 
Integration  eines  einzigen  Systemes  gewohnlicher  Di£ferentialgleichunKer 
t.  xvii.  (1837),  pp.  97-162,  especially  §  12,  pp.  150-162  ;   or  in  U 
Works,  vol.  iv.,  pp.  57—127,  especially  pp.  120—127. 
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subsidiary  system  such  as  (10)  ;  and  so  for  each  of  the  stages 
there  is  the  implication  that  a  subsidiary  system  is  to  be  formed. 
The  proper  choice  of  the  integrals  of  the  successive  subsidiary 
systems  can  be  made  effective  to  avoid  the  successive  transforma- 
tions of  the  differential  expression  :  the  essential  idea  being  the 
introduction  of  what  are  called  "initial  values  "  of  the  variables 
suggested  first  by  Cauchy  and  afterwards  by  Hamilton,  to  whom 
Jacobi  attributes  it*. 

Since  the  number  of  variables  in  the  original  Pfaffian 
expression  is  even,  the  subsidiary  system  of  §  60  has  2n  —  1 
integrals  :  let  these  be 

ur  (xl  ,  ......  ,  #;>H_i  ,  #2,1)  =  constant  =  ar  , 

forr=l,  2,  ...,  2?i  —  1.  The  right-hand  side  being  constant,  its 
value  will  not  be  affected,  if  we  assign  to  any  variable  a  particular 
value,  say  cm  to  xm.  This  assignation  is  a  limitation  on  the 
variations  ;  since  there  are  2n  —  1  equations  in  2n  variables, 
one  of  which  is  (temporarily)  determinate,  the  others  will  also 
be  determinate  and  so  we  take  c»  (for  i  =  1,  2,  ...,  2/i  —  1)  as  the 
simultaneous  values  of  X{.  Hence  we  have  first 


2  >   ......  j  C-2n—  i  >  C-M)  =  QT 

for  r  =  1,  .  .  .  ,  2?i  —  1  ;  so  that  Ci  ,  .  .  .  ,  c2n-i  are  functions  of  Oj,  .  .  .  ,  a-m-i  , 
and  so  are  constants  which,  when  the  values  of  a1}  ...,  a,..,,-!  in  the 
forms  w(^,  ...,  #2n)  are  substituted,  lead  to  functions  of  the 
variables  and  constitute  integral  equations.  These  2/i  —  1  integral 
equations  of  the  subsidiary  system  may  be  taken  in  the  form 


for  i  =  l,  .  .  .  ,  2/i  —  l,  where  t?t-  reduces  to  #<  when  x»n  =  c.^f.     And 
secondly,  we  have  the  2n  —  1  equations 


so  that  solving  for  xl  ,  ...,  Xy^  we  have 

•£«  =  J  x  \Ci  )  •••  )  Can—  i  >  C«n  ,  &»n) 
=  Js  \vi>  •  •  •  >  V2M_i  ,  C2rt,  £2,1). 

When  these  values  are  substituted  in  the  expression  fl,  we  find  a 

*  See  note  to  §  109,  post. 

t  These  are  '  principal  integrals  '  of  the  system. 
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result  of  the  form 


2/1-1 


In  this  form  we  have  B  =  Q,  because  the  quantities  r,  an; 
integrals  of  the  subsidiary  system  chosen  so  as  to  lejid  to  the 
evanescence  of  the  differential  clement  dx.M\  and  the  variable 
x.>n  occurs  explicitly  only,  if  at  all,  in  X  Hence 

2n  2»-l 

2  Xidan  =  n  =  \   2    ddvi. 

t=i  t=i 

Now  the  right-hand  side  is,  except  possibly  in  the  factor  X, 
independent  of  x.m;  and  therefore,  except  in  that  factor,  will  not 
be  altered  by  the  assignation  to  x2ll  of  any  special  value,  say  csn. 
The  consequent  values  of  vl  ,  .  .  .  ,  V-M-I  are  the  degenerate  forms  of 
those  variables  for  the  special  value  of  o.:>n,  being  ./•,,  ...,  #..„_, 
respectively  ;  and  therefore 

2»—  1  2n-l 

2   [Xt]         dxi  =  [tl]         =[X]  2   [Ct]     dx> 


say.  This  being  an  identity,  the  coefficients  of  the  differential 
variations  are  equal  to  one  another  on  the  two  sides  of  this 
equation,  so  that 

X 


a  result  which  gives  the  form  of  <7t-,  and  is  equivalent  to  the 
result  which  would  be  obtained  by  substitution.  Since  it  is  valid 
for  all  variables,  we  change  the  variables  a-f  into  v,  •;  and  then 
[<?»]»=*  becomes  C{.  Let  X'  become  X",  which  thus  is  the  value 
of  X  when  for  xly  ...,  #,,„_!,  a?2ll  we  substitute  vlt  ...,  t'srt_,,  c,,,  ; 
and  let  Ff  denote  the  consequent  form  of  [-Y,-]^,-^,  so  that 
we  maA;e  these  same  substitutions  in  X;  we  denote  tlie  result  by 

Thus 

\"f~1  —  V. 

A.    t/i—    r,, 

2»-l 

and  therefore  H  =  X    2    C,-  rfy, 


=  ivt, 

X     i  =  i 

where    7f  is   derived   from   Xt   merely   by   the   substitution    of 
V1}  ...,  v.M_ly  CM  for  *•„  ...,  ^n_j,  a-i(l  respectively. 
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It  thus  appears  that  when  the  integrals  of  the  subsidiary 
Pfaffian  system  are  taken  in  the  form  of  "principal"  integrals, 
the  transformed  expression  of  O  (save  as  to  a  factor  which  is 
negligible  from  the  point  of  view  of  the  integral  equivalent 
of  O)  is  derivable  from  the  original  form  of  fl  merely  by  a 
literal  change. 

In  obtaining  the  integral  equivalent,  we  take  one  of  these  new 
variables  v  as  an  integral  (§§  68,  69),  say 


after  which  the  differential  equation  becomes 

2»-2 

2    V'idv^O, 
1=1 

where  V'iis  the  value  of  Vt  with  0?,^  substituted  in  it  for  vsn^lt 
that  is,  is  the  value  of  Xi  with  vlt  ...,  v.2n-»,  O-M-I,  cm  substituted  in 
it  for  xli  ...,  x.2n_.2,  #2,1-1,  x»n  respectively,  a.2>l_i  and  c2,i  being 
reckoned  constants. 

The  characteristic  form  of  the  new  (reduced)  equation  is  the 
same  as  that  of  the  original  equation  ;  and  the  new  coefficients 
are  derived  by  merely  literal  changes  from  the  original  coefficients, 
so  that  much  of  the  analysis  leading  to  the  equations,  subsidiary 
to  transformation,  will  after  the  same  literal  changes  be  useful  for 
the  succeeding  system  of  subsidiary  equations. 

Ex.     Shew  that,  if  ur  =  ar  (r—l,  2,  ...,  ?i)  be  n  integral  equations  satisfying 


and  if  n  new  integral  equations  be  formed,  first  by  solving  for  xlt  x2,  ...,  xn  in 
terms  of  o;n  +  1,  ...,  x.^,  ai}  ...,  an,  say 

xr  ~Jr  (•*-»  +  1  >  ......  >  ^Zn  »  al  >  ......  »  an)> 

and  next  by  constructing 


then  the  2;i  -  1  equations,  resulting  from  the  elimination  of  X  among  the  last 
n  equations  and  the  original  n  equations,  are  equations  containing  2/1-1 
arbitrary  constants,  viz.  alt  ...,  aB,  l>l/bn,  ...,  b^_1/bn  and  are  the  complete 
integral  of  the  Pfaffian  system  subsidiary  to  the  even  reduction  of  the 
differential  equation. 

(Jacobi.) 


CHAPTER    V. 

GRASSMANN'S  METHOD*. 

71.     THE  variables  x1}  ... ,  xm  of  the  Pfaffian  equation 
Xldxl  +  X.2dx2  + +  Xmdxm  =  0 

are  independent,  and  the  coefficients  X  are  functions  of  the 
variables  x.  To  apply  the  processes  of  the  Ausdehnungslehre  to 
this  equation,  we  consider  a  region  (Hauptgebiet)  of  m  simple* 
units  say  el,  ...,  em;  and  from  them  and  the  variables  we  con- 
struct an  extensive  magnitude  a;  in  the  form 

&  —  •*'l»l  T  OCnpz  ~r~ T"  •Em&m  > 

a  magnitude  of  ordinal  (Stufenzahl)  unity.     We  take  the  comple- 

*  Grassmann's  method  of  dealing  with  Pfaff's  equation  is  to  bo  found  in 
§§  500—527  of  the  1862  edition  of  the  Ausdehnungslehre. 

The  present  chapter  has  been  included  only  after  very  considerable  hesitation, 
which  arose  not  from  any  doubt  about  the  substantial  character  of  the  contribution 
to  the  theory  of  the  Pfaffian  equation  effected  by  Grassmann,  but  from  a  feeling 
that  it  is  not  possible  to  give  an  intelligible  account  of  his  method  without  either 
assuming,  what  is  probably  not  common  at  present,  some  adequate  knowledge  of 
the  analytical  method  of  the  Ausdehnungslehre  or  giving  some  adequate  explana- 
tion of  the  method.  The  latter  would  require  more  space  than  could  fairly  be 
granted  in  the  present  treatise ;  and  so  it  happens  that  what  is  to  bo  found  in  tho 
present  chapter  is  little  more  than  a  translation  of  the  above-quoted  sections.  In 
order  to  be  understood,  it  must  be  read  on  the  basis  of  an  acquaintance  with 
Grassmann's  analytical  method. 

The  reason  for  the  inclusion  of  the  chapter,  in  spite  of  the  foregoing  very 
serious  objection,  is  the  necessity  of  rendering  justice  to  Gra*«mann  in  an 
acknowledgement  of  the  definite  results  and,  in  some  details,  of  tho  definite 
novelties  (§  48)  obtained  by  his  analysis.  So  far  as  concerns  the  present  question, 
his  results  are  always  remarkably  concise  in  form,  as  may  be  soon  by  a  comparison 
with  the  expression  of  the  same  results  in  other  methods;  their  difficulty  lies,  |>:irtly 
in  their  interpretation,  partly  in  the  proofs  which  are  not  always  clearly  explained. 
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mentaries  of  the  units  e,  denoting  them  by  E^  ,  ..,  ,  Em  ;  and  con- 
struct another  extensive  magnitude  X  in  the  form 

X  =  X1E1  +  X<,E.2  +  ......  +  XmEm, 

a  magnitude  of  ordinal  ra  —  1.     Then  we  have 

Xdx  =  (X^  +  ......  +  XmEm)  (dd&L  +  ......  +  emdxm) 

=  (-  I)'"-1  (X.dx,  +  X*dx.2  +  ......  +  Xmdxm) 

a  numerical  quantity  (Zahlgrosse).  Hence  the  original  differential 
equation  can  be  replaced  by 

Xdx  =  0, 

in  which  x  is  an  extensive  magnitude  and  X  can  be  expressed  as 
a  function  of  x,  but  Xdx  is  a  numerical  quantity. 

This  result  includes  the  partial  differential  equation  of  the  first  order  as 
a  special  case.  The  result  can  be  extended  to  partial  differential  equations 
of  order  higher  than  the  first  or,  what  is  the  same  thing,  to  systems  of 
simultaneous  Pfaffians;  and  Grassmann  shews  that  a  whole  system  can  be 
replaced  by  a  single  equation 

Xdx  =  Q, 

where  x  is  an  extensive  magnitude,  X  is  a  function  of  x  and  Xdx  is  also  an 
extensive  magnitude. 

72.  Other  investigations  (§  69)  connected  with  the  Pfaffian 
equation  shew  that  its  integral  equivalent  is  composed  of  a  set  of 
simultaneous  equations,  assumed  to  be  the  smallest  number,  in 
virtue  of  which  the  differential  equation  in  the  ordinary  form 
can  be  satisfied.  Let  then 

Wl   =:  GI  ,      Un  ^  C-2)     ......    >      Wjl  ==   Cil 

be  such  a  system  of  equations  in  numerical  quantities,  in  virtue  of 
which  the  differential  equation  is  satisfied  :  then  there  must  exist 
quantities  U  such  that 

Xdx  =  Uidii^  +  U^du*  +  ......  +  Undun. 

For  since  the  foregoing  system  of  integral  equations  is  the  smallest 
number,  in  virtue  of  which 


is  satisfied,  it  follows  that 

du,!  =  0,  du,,  =  0,  ......  ,  du-n  =  0 

is  the  smallest  number  of  exact  equations,  in  virtue  of  which  the 
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differential  equation  subsists.  Since  all  thu  equations  an-  lim-ar 
in  the  differential  elements  of  the  variables,  the  original  equation 
can  be  only  a  linear  combination  of  the  n  exact  equations,  tut  that 
we  must  have  quantities  U  such  that 

Xdx  =  U^dii^  +  U,du»  + +  UHdun. 

All  the  elements  du  must  occur:  otherwise  the  equation  would 
be  satisfied  by  the  vanishing  of  those  which  do  occur,  that  is,  by 
an  integral  system  containing  fewer  members*. 

73.     We   have,  by  the  definition  of  a  differential   coefficient 
with  respect  to  an  extensive  magnitude, 


du  ,        , 
--  dx  =  du, 


and  therefore 


so  that  we  may  take 

Y  —  V  77.  — 

~  •          l  rlr  ' 
i=l          U& 

and  X  is  an  expression  with  a  single  gap  (Liicke).     Hence 
dX     »  dUidut  ,  4  JT  d-tii 

—j—  =  2,   -j—  -j  --  h  2t  U  i  -j—;  , 

das     i=i  dx  dx     i=i      oaf 
an  expression  with  a  double  gap;  and  some  of  the  parts  ot   it, 

viz.  each  quantity  -7-7,  ,  have  the  two  gaps  interchangeable. 
ct&~ 

When  we  proceed  to  form  the  interrupted  (lUckenhaltig)  pro- 
duct represented  by 


7  Y" 

we  may  omit  from  the  ^-  those  parts  which   havu   two  into 
changeable  gaps,  because  they  lead  to  vanishing  quantities. 


dx  dx 


_  ^  I"      dui  dUj  duj  d  Uk  dnk      1 
~-       f  dx  dx  dx   dx   dx  '"]' 


*  For  the  more  general  form  of  the  integral  system  in  virtue  of  wbich  2 
vanishes,  see  §  142,  note. 
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where  the  number  of  different  indices  i,j,k,  ...  is  n+I,  and  the 
bracket  implies  the  usual  law  of  interrupted  multiplication.  Now 
since  there  are  only  n  quantities  u  and  there  are  n  +  1  indices,  it 

follows  that  two  of  the  quantities  -=-  in  any  of  the  combinatory 

CLX 

products  are  the  same  and  therefore  each  such  product  is  zero. 
Hence  every  term  of  the  sum  vanishes  ;  and  therefore 


ifXdx  be  expressible  as  in  the  last  paragraph. 
If  the  same  process  be  applied,  so  as  to  form 


we   cannot   in  general  assert  that  it  will  vanish :   nor,  if  it  be 
applied  so  as  to  form 


can  we  in  general  assert  that  it  will  vanish*;  but,  if  it  be  applied 
so  as  to  form 


it  is  easij  to  see  tliat  tlie  explosion  must  vanish. 

74.     The  two  equations,  symbolical  in  the  interrupted  products, 
just  obtained,  viz. 


can  be  replaced  by  numerical  equations. 

Let  us  first  consider  the  former.     Since  X  has  a  single  gap 

j  -y 

and  -j-;-  a  double  gap,  we  have 


where  a,  j3,  ...,  i,  0  are  any  2>&  +  1  of  the  integers  in  the  series 
1,  ...,  m. 

*  The  expression  will  vanish,  if  the  quantities  U  and  u  be  not  independent  of 
one  another ;  see  references  in  note  to  §  63. 
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First,  if  m  ^  2n,  then  at  least  some  one  of  the  quantities  e  ran 
be  expressed  linearly  in  terms  of  the  remaining  OUCH  by  means  of  a 
relation,  the  coefficients  of  which  arc  numerical;  hence  tht>  product 
is  necessarily  zero,  and  so  there  is  no  condition  to  be  inferred. 

Secondly,  let  m  =  2?i  +  1;  then  there  is  only  one  equation 

= 


Now,  except  as  to  a  power  (—  I)"1"1,  we  have 

Xea  =  Xa  , 
and  therefore 

dX  d  d 


The    foregoing  expression,  being  an   interrupted   product,   is 
thus  equal  to 

2  (+  Y  ^          dX:]  -  0 

*•<  1  i  -A  o  o         ......  "i  —        —  « 

V  OXy  OXO    J 

except  as  to  a  dropped  numerical  factor  equal  to  (2n  +  l)!,  the 
summation  extending  to  all  derangements  of  the  indices  from  the 
sequence  1,  2,  ...,  2??  +  1,  and  a  positive  or  a  negative  sign  being 
associated  with  a  term  according  as  it  arises  from  an  even  or  from 
an  odd  derangement  of  the  sequence.  If  the  derangements  be 
taken  in  pairs,  such  that  in  each  pair  the  derangements  are  one 
odd  and  the  other  even  and  are  the  same  except  for  the  two 
deranged  indices,  then  in  such  a  case  we  can  combine  in  pairs. 
For  instance,  if  we  have  one  term 


y 

0 

we  shall  have  another  term 


which  two  added  together  give 

dXs 


Proceeding  in  this  way  we  shall  have 

2  ±  (Xaaf}yaS(  ......  fl,0)  =  0 

which,  with  the  now  limited  derangements,  coincides   with   the 
Jacobian  condition  (§  65). 
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Thirdly,  if  m  >  2n  +  1,  we  have  the  equation 


subsisting  for  every  selection  of  2n  +  1  integers  a,  ft,  ...,  t,  6  from 
the  set  1,  ...,  m;  and  every  such  symbolical  equation  leads  to  a 
numerical  equation 

2±(Xaa0y  ......  alfl)  =  0. 

Thus  the  number  of  numerical  equations  of  this  form  is  the 
same  as  the  number  of  selections  of  2n  +  1  integers  from  the 
system  1,  ...,  m;  but  they  are  not  all  independent,  and  it  is 
sufficient  to  retain  only  those  which  have  some  specified  index, 
say  1,  common  and  which  therefore  are  in  number  equal  to  the 
number  of  selections  of  2n  integers  from  the  series  2,  ...,  m. 

The  second  equation  of  §  73 


LUJ 

may  be  treated  in  the  same  way  :  it  leads  to 
dX\»» 


for  every  selection  of  2n  +  2  integers  from  the  series  1,  ...,  m. 
If  m  be  less  than  2n  +  2,  the  product  is  necessarily  zero. 

If  ??i  be  equal  to  2n  +  2,  then  as  before  we  are  led  to  the 
numerical  condition 

2  ±[«12  ......  Osn+i,  s»+S]  =  0 

with  the  same  laws  of  summation. 

If  m  be  greater  than  2n  +  2,  then  there  is  for  every  selection 
as  above  indicated  a  numerical  equation  of  the  form  given  for  the 
case  m  =  2n  +  2. 

These  conditions  are  not  independent  of  the  former,  of  which 
important  property  Grassmann  gives  two  proofs.  It  is  not 
necessary  to  repeat  them  here  and  it  may  be  sufficient  to  point 
out  that  his  first  proof  is,  after  the  translation  of  his  analysis  into 
numerical  forms,  equivalent  to  a  proof  of  the  identity 
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where  on  the  right-hand  side  1  is  omitted  from  the  scries 
i  +  l,  i  +  2,  ...,  i—l:  the  establishment  of  the  identity  is  a 
justification  of  the  statement. 

Ex.     If  the  Pfaffian  equation 


can  be  satisfied  by  a  single  equation  u  =  c,  so  that  it  takes  the  form 

2  Xidxi=Udu  =  Q. 

i-i 

then  the  conditions  for  this  are  the  aggregate  contained  in  the  syrnliolical 
equation 


which,  when  numerically  interpreted  as  above,  are  the  aggregate 
for  every  three  indices  a,  /3,  y. 

75.     When  the  conditions  necessary  that  the  equation 

Xdx  =  0 

should  have  an  integral  system  of  n  equations  have  been  obtained, 
the  next  process  is  the  transformation  of  the  numerical  quantity 
Xdx;  and,  as  in  other  methods  which  treat  the  Pfaffian  equation, 
the  transformation  is  gradual. 

The  extensive  variable  x,  constructed  from  m  units,  is  to  be 
expressed  as  a  function  of  another  extensive  variable  a,  constructed 
from  only  m  —  I  units,  and  of  a  numerical  variable  t ;  and  the 
transformation  is  to  be  determined  so  that,  when  substitution 
takes  place  for  x  in  the  equation,  the  expression  Xd.v  is  to  be 
independent  of  dt  and,  save  possibly  as  to  a  numerical  factor  N, 
independent  of  t.  If  then  we  take 

dx  =  dax  +  dtx, 
we  are  to  have 

Xdtx  =  0 1 

dt±xdax  =  ol' 

Writing 

dtN 
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the  second  equation  gives 

\Xdax  =  dt  (Xdax)  =  dtXdax  +  Xdtdax. 
Also  by  the  first  equation  we  have 

0  =  da  (Xdtx)  =  daXdtx  +  Xdttdtx, 
and  t  is  numerical  so  that 


hence  by  subtraction  we  have 

\Xdax  =  dtXdax  —  daXdtx 

dX  .     7         dX 

=  —  =—  dtx  dax  —   T- 
ax  ax 


or 


—  \Xdax  =    ~j—  dax  dtx    , 


the  right-hand  side  now  being  an  interrupted  product,  in  which 

_J  T7" 

'      has  a  doable  gap. 

\JuX 

Then  we  have  the  proposition : — 

If  c  denote  any  quantity  of  the  same  species  as  x  and  dax  and 
if,  for  every  such  quantity  c,  the  equation 

*  v        [dX  i    1 

—  \Xc  =    -v-  cdtx 

\dx        J 

be  satisfied,  then 

XdfX  =  0  and  dt  -r>  Xdax  =  0, 
where  — *^  =  \  which  is  supposed  to  be  different  from  zero. 

First,  since  the  equation 

—  \Xc  =    -r-  cdtx 

Ida         J 

is  satisfied  for  every  quantity  c  of  the  species  indicated  and  since 
dtx  is  such  a  quantity,  we  have 

—  \Xdtx  =       -  dtx  dtx 
\_dx  J 

=  0. 
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Also  X  is  numerical  and  different  from  zero  :  hence 


which  proves  the  first  of  the  equations.     From  it  we  have 
0  =  daXdtx  +  Xdadtx 


—j—    at       Xdadtx. 
ax 

Again  in  the  equation,  which  is  satisfied  for  the  quantities  c, 
substitute  for  c  a  quantity  dax  which  is  of  the  implied  sj>eeies  ; 
thus  we  obtain 


—  \Xdax  =    -j-  daxdtx 


dX  ,     7        dX  j    j 
=  -T-  daxdtx  —  -j—  dtxdax, 

which,  when  subtracted  from  the  result  just  obtained,  leads  to 

j  y 

\Xdax  =  Xdadtx  +  -j- 

=  Xdadtx  +  dtXdax 
=  Xdtdax  +  dtXdax 
=  dt  (Xdax) 
and  hence 


proving  the  second  of  the  equations.     In  fact  the  whole  proof  is 
little  more  than  a  reversal  of  the  earlier  investigation. 

Since 

Xdx  =  Xdax  -f  Xdtx 

=  Xdax, 
we  have 


and  therefore,  as  N  is  numerical,  also 


«, 

an  equation  which  involves  neither  t  nor  dt  and  is  therefore 
transformed  form  of  Xdx  =  0. 

9 
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It  thus  appears  that  the  satisfaction  of  the  characteristic  equa- 
tion 


is  sufficient  to  lead  to  the  required  transformation. 

76.     We  now  proceed  to  find  a  value  of  dtx,  such  that  the 
characteristic  equation 

^    r** 

—  \X  c  =    -s- 


is  satisfied  for  all  quantities  c  of  the  same  species  as  x,  that  is,  is 
linearly  constructible  from  the  units  which  enter  into  x.  The 
method  adopted  for  this  purpose  is  to  find  d^x  for  one  particular 
quantity  c  of  the  appropriate  species  and  to  shew  that  the  inferred 
value  of  dfX  allows  the  equation  to  be  satisfied  for  all  such  quan- 
tities. 

In  the  first  place  we  assume  that  the  equations 


are  not  both  satisfied,  for  these  are  the  conditions  that  the  original 
Pfaffian  equation  Xdx  =  0  should  be  satisfied  by  n  —  1  integrals  ; 
hence  m  >  2n  —  1.  Also  the  set  of  equations 


would,  if  satisfied,  be  a  consequence  of  the  set 


and  therefore  it  will  be  assumed  that 

[*©"> 

as  is  justifiable. 


77.     First,  let  m  =  2n  ;   and  in  the  meanwhile   assume   that 

X\n~]    A 

does  not  vanish. 


[fdX\n~] 

[\dasj  _ 
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As  in  §  71,  let  Er  denote  the  complementary  of  er  so  chiMM>ti 
that  [erEr]  =  1 ;  evidently  Er  is  the  product  of  2n  -  1  units,  and 
may  be  taken  (-  l)r-ler+l  ...  e^pi ...  er^. 

j  y 

Since  -r-  is  an  expression  with  a  double  gap,  the  quantity 


is  linear  in  the  units  e  and  is  therefore  of  the  same  species  as 
x\  hence  it  may  be  substituted  in  the  equation,  which  thus 
becomes 


.  v  r/<m»->    i    raz  r/cHr\»->  „  i  , 

-  \X        -T-  ^r      =       j~          J-  ^r     rf|«     • 

|_Vc^c/         rj      \_dx  \_\dx) 

KdX\n~l 
J      Er 
dx  / 

a  quantity  which  is  linear  in  the  units,  it  follows  that 

dxv1-1  „  "i 

T-         #r 

^/       J 


-, 

X 

is  a  numerical  magnitude,  and  that  it  can  be  expressed  in  the 
form 


Similarly  the  right-hand  side  is  a  numerical  quantity  which  can 
be  expressed  in  the  form 


r/dZV 
[(dx) 

and  therefore  the  equation  is 


KJV-xn          2n  ~| 

|^)  ^rS«4A  . 
etey       i=i 

Now,  when  i  is  different  from  r,  we  have  [^A]  =  0  ;  and  also 


thus  we  have 


0—2 
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The  coefficient  of  \  on  the  left-hand  side  being  numerical  and 
involving  2n  —  1  indices,  it  will  (when  interpreted  numerically)  be 
an  algebraical  sum  divided  by  (2?i—  1)  !.  Similarly  the  coefficient 
of  dtxr  on  the  right-hand  side  will  (when  interpreted  numerically) 
be  an  algebraical  sum  divided  by  2?i  !.  Hence  taking 


JJ  LUJ 

we  have 


and  therefore 

•in 


=  -£-  %  e-\ X  (-^}"~l E~\ 

L         ^         '         J 

which  gives  a  value  for  dtX. 

78.  It  is  now  necessary  to  prove  that  this  value  of  dfX  will 
permit  the  equation  in  c  to  be  satisfied,  whatever  quantity  of  the 
appropriate  species  be  substituted  for  c. 

7  ~y- 

Since  X  has  a  single  gap  and  -r—  has  a  double  gap,  the  in- 

CLOG 

terrupted  product     X  ( -r-  j         has  2?i  —  1  gaps,  while  there  are 

|_       \UiX  j        J 

2n  units  e',  hence  it  is  a  numerical  quantity,  when  its  gaps  are 
occupied  by  any  set  of  all  the  units  save  one.     Since  there  is  thus 

r     /ri  y\  w— i~i 

one  unit  left,  we  may  associate  with    X  (  -=-  J         a  factor  unity  and 

assign  a  gap  to   this  factor  without   altering  the  signification ; 
and  so 
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~f  2  z 

2w  a=1 

since  Xea  is  numerical.     Hence,  substituting  this  in  the  value  (I) 
of  dtfc,  we  have 

\dX         I         /*    2»          rrfZ         /<mn-i 
-,-  e^   =-  5-  2  Ze.   -j-  er  [q-j-       #„] 

|_a#  2?i  a=1         |_ete       •   \a#/ 

IL    2w          f/^JV1        "1 

r*      v     v       \  /i1-"-  \          TI 

=  -T    2  Xea       ,        er^a    . 
2n  a=i         |_\cw;/ 

Now  when  a  is  different  from  r,  we  have  [er#0]  =  0,  and  when  a 
is  r,  we  have  [erEr]  =  1  ;  hence 


on  substituting  the  value  of  /*.     This  holds  for  every  index  r  ;  and 
since  every  quantity  c  of  the  assigned  species  is  of  the  form 


2n 

c  =  2  eryr 

r=l 


where  the  ys,  are  numerical,  we  have 


or  the  value  of  dtx  is  consistent  with  the  satisfaction  of  the 
equation,  and  is  therefore  sufficient  to  lead  to  the  required  trans- 
formation of  Xdx. 

The  equations  (1),  being  numerical  equations,  can  be  put  iuto  tho  fol- 
lowing form.     We  have 

(-\?-i  Er  =  e&  ......  er_jer  +  1  ......  e»; 

and  therefore  as  in  §  74 


with  the  same  derangements  of  the  indices  occurring  in  the  summation,  tl 
index  r  being  omitted.     For  example,  let  n  =  3  ;  then 

-  ±  (X, 
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+  X6 

and  so  on.     And  the  subsidiary  equations  (1)  take  the  form 
dx\  dx^  dx^ 


which,  after  the  above  expansions,  are  easily  seen  to  agree  with  the  first 
subsidiary  Pfaffian  system  as  obtained  by  ordinary  analysis. 

79.     It  was  assumed  in  what  precedes  that     f   ,  -  J       does  not 
vanish.     Taking  now  the  alternative  supposition  that 


we  have  any  of  the  subsidiary  equations  of  §  77  in  the  earlier  form 

.   [  v  fdXY'1  j,~\      [fdX\n~\, 
\\Xl-j-       Er\  =  \(-r-       dtxr 
L     \dxj          J       \\dxj  ] 

=  0, 

and  the  coefficient  of  X  does  not  vanish  ;  hence  \  itself  vanishes 
and  so  N  is  independent  of  L  Therefore,  if  the  transformation  be 
possible,  it  is  to  be  expected  to  be  such  as  to  leave  the  new  form 
of  Xdx  free,  not  merely  from  dt,  but  also  from  t. 

Now,  just  as  in  the  corresponding  case  in  the  reduction  of 
§§  61  —  63  with  an  even  number  of  original  variables,  the  subsidiary 
equations  (and  consequently  the  equation  which  gives  dtx)  are 
valid,  though  obtained  on  a  supposition  which  no  longer  holds: 
that  is,  we  have  for  in  =  2n, 


v-n 

)  J 

KdX\n~\ 
-j—\      vanishes  (§  74).     The  proof  is  as 


follows. 

We  have,  for  this  value  of  dtx, 


fdx\«-'-\ 

U) 


79.]  SUBSIDIARY   EQUATIONS  13;, 

When  we  form  this  interrupted  product  as  in  §  73,  we  ahull 

have  in  it  n  + 1  factors  involving  only  n  quantities  (-.  -,  so  that 

des 

cLu 

every  term  will  contain  some  quantity  ,-  at  least  twice  and  niUHt 

CiX 

therefore  vanish;  hence  the  sum  will  vanish,  and  we  have 

Xdtx  =  0, 
the  first  of  the  essential  equations. 

Next,  we  have  from  the  value  of  dtx,  as  in  §  78, 

[dX      ,    1          p   Y     [(dX\*-] 
-j-  erdtx    =  -  r  Xer       ,          =0, 
\_dx  2,n         [\dxj 

and  therefore  for  any  quantity  c  of  the  same  species  as  a;  wo  have 

dX 


Now  dax  is  of  this  kind  and  therefore 

~dX  j     j   1 
v  -  daxdtx    =  0, 

ax 


daxdtx  —   ,    dtxda(c  =  0, 


that  is, 

and  therefore 

daX .  dtx  —  dtX .  dax  =  0 ; 

whence  by  the  addition  and  subtraction  in  the  left-hand  side  of 
the  equal  quantities  dadtx  and  dtdax  we  have 
da  (Xdtx)  -  dt  (Xdax)  =  0. 

But  we  have  proved  that 

Xdtx  =  0 ; 
hence 


so  that  Xdax  is  independent  of  t.     Moreover 
Xdx  =  Xdax  +  Xdtx 

=  Xdax, 
so  that  the  transformation  determined  by  the  equation 

(dx) 
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makes  the  new  form  of  Xdx  independent  not  merely  of  dt,  but  also, 

.    .,  ,      [fdX\n~\  .. 

in  the  case  when    I  -p  1      =  0,  of  t. 

80.     The  equation 

,        ry/czxv-n 
dtx  =  fj'[x(dx)    J 

determines  the  derivatives  d^,  ...,  dtxm,  and  fj,;  but  as  it  is 
equivalent  only  to  2w  equations,  we  may  consider  one  of  the 
quantities  left  undetermined  and  therefore  assumable  at  will. 
We  take  t  =  x2n>  the  assumption  adopted  in  other  methods  applied 
to  the  Pfaffian  equation;  which,  substituted  in  equation  (1)  of 
§  77  subsisting  for  r  =  2n,  gives 


Let 
so  that 


y  =  X 

Then 


dy  _ 


'l 

J 


When  on  the  right-hand  side  we  substitute  y  +  Xyne^  for  x, 
it  comes  to  be  a  function  of  y  and  x^. 

This  equation  on  integration  gives  the  result  first  in  the  form 


where  0  is  a  function  of  y,  x.m  and  a,  and  where  a  is  the  value 
of  y  when  x.M  is  zero,  that  is,  it  is  the  value  of  x  when  xm  is  zero  ; 
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and  so  it  involves  only  2»  -  1  of  the  units :  and  then  we  have 
a  in  the  form 

a  =  function  of  y  and  a^ 
=  function  of  x  and  xw 
after  substitution  for  y*. 

81.  Let  the  numerical  quantity  AT,  in  which  a;w  occurred  if  it 
occurred  anywhere,  be  denoted  by  N(x)  when  expressed  OH  a 
function  of  x.  We  have 

x  =  a  +  x,n  (<£  +  e^), 
and  therefore 

dax  =  da  +  x.Mda<j>. 

Now  the  transformed  equation,  which  is 
-.  Xdax  =  0, 


But  the  left-hand  side  is  independent  of  x^  and  thus  retains 
the  same  form  whatever  value  be  assigned  to  xm.  When  the 
value  zero  is  assigned  to  it,  x  becomes  a;  and  the  equation  is 

,r/  N  X(a)  da  =  Q 

N(a) 

or  removing  the  numerical  factor  -^(a)  and  writing  A  for  X(a)  we 
have  it 

Ada  =  0. 

The  quantity  a  involves  only  2n  —  1  of  the  units;  and  thus 
the  equation  has  been  transformed  and  it  involves  only  2n  —  1 
numerical  variables. 


*  This  is  a  point  of  weakness  in  Grassmann's  method  regarded  in  any 
other  than  most  purely  theoretical;  for  the  form  of  the  function  is  an  infinite 
series,  arising  from  a  reversion  of  a  Taylor's  series,  and  there  is  no  proof  that  the 
series  converges.  Even  if  the  series  converge,  the  form  of  the  integral  so  found 
is  such  as  to  render  this  stage  of  the  method  unpractical ;  and  so  it  must  remain 
until  some  other  process  is  devised  for  the  integration  of  a  differential  equation 
with  its  dependent  variable  an  extensive  quantity. 
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It  is  easy  to  see  that  the  extensive  equation 

a  =  function  of  x  and  x2n 
leads  to  2ft.  —  1  numerical  equations  of  the  form 

ai=function  of  xlt ,  #2n, 

so  that  these  2?i  —  1  equations  are  equivalent  to  a  set  of  integrals  of  the 
ordinary  subsidiary  system.  Their  form  corresponds  to  the  form  in  which 
Jacobi  (§  70)  took  the  integral  system,  viz.,  in  the  introduction  of  the 
principal  integrals,  a  correspondence  directly  intended  by  Grassmann. 

82.     We  now  take  m  >  2n;  we  have 


The  characteristic  equation  which,  if  satisfied,  makes  the  trans- 
formation of  Xdx  possible  is 

~dX        1 

CdfX      =  A,A  C, 
V 

where  c  is  of  the  same  species  as  x.     Let  c  =  e^ ,  ...,  em  in  turn, 
and  write 

0-=[^  ***]-*•*«•; 
then  the  characteristic  equation  is  replaced  by 


First  we  shall   assume   that     (  -j-  ]       does  not  vanish   and 

\\dxj  J 

therefore  also  that  X  does  not  vanish. 

Let  61  ,  .  .  .  ,  e.m>  er  be  2?i  +  1  of  the  m  units,  for  r  =  2n  +  1,  .  .  .  ,  m; 
let  E  denote  [el...emer'\  and  take  Fs  as  the  product  of  all  the  e's  in 
E  except  es,  so  that  [esFg]  =  E;  and  finally  let  a«  denote  the 
numerical  expression 


Then 
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But  we  have 


hence  the  right-hand  side  vanishes,  and  therefore 

2a8£g=0. 

Whence  it  follows  that  there  is  a  numerical  relation  between 
2w  +  1  of  the  equations  G  =  0  ;  and  by  varying  the  choice  of 
units  that  there  is  a  relation  between  every  2/i  +  1  of  those 
equations. 

It  may  happen  that  for  some  selection  of  2/t  +  1  units  some  of 
the  quantities  a  may  be  zero;  this  however  cannot  happen  for  all 

the  selections,  otherwise     (  -j—  )      would  vanish,  contrary  to  hypo- 

\_\dx  /  J 

thesis.  Hence  some  of  the  equations  must  contain  2n  +  1  terms  G  ; 
and  therefore  we  can  choose  a  set  of  2n  of  the  quantities 
G1}  ...  ,  Gm,  say  GI,  ....,  G*n,  such  that  the  remaining  m  —  2n  are 
numerically  derivable  from  that  set. 

We  thus  have  only  2n  numerical  equations,  independent  of 
one  another  and  involving  the  quantities  c?(.r,,  dfa,  ...,  dtxm  and 
\.  As  before,  we  replace  \  by  a  corresponding  quantity  jt;  the 
equations  will  be  solved  so  as  to  give  quantities  dtXi.  As  there 
are  only  2n  equations,  only  2?i  of  the  quantities  can  be  determined 
definitely;  those  associated  with  the  remainder  will  be  taken  to 
be  zero.  Let  those  so  determined  be  dtxly  ...,  rff^,;  then  a-^,^,, 
...,  scm  are  regarded  as  constants.  The  2;i  equations  are  now 
equations  in  /A  and  dtxlf  ...,  dtx.M\  when  treated  in  the  same  way 
as  the  set  in  §  80,  they  lead  to 

[v/dX\n->  " 

dt(e&  +  .  .  .  +  e.Mx,n)  =  n  I  X  (^  j     d.  .  . 

and  therefore,  as  dtxr  =  0  for  r  =  2n  +  1,  .  .  .  ,  m,  we  have 


This  equation  is  integrated  as  before  and  the  integral  involves 
an  extensive  constant  a,  which  is  the  value  of  x  when  t  (taken  to 
be  Xm)  is  zero  ;  and  substitution  leads  to  an  equation  of  the  form 

Ada—0, 
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where  A  is  the  same  function  of  a  as  X  is  of  x,  and  the  new 
quantity  a  involves  only  m—  1  units  viz.,  elt  ...,  e2n-i>  em+i,  ...,  em. 

It  was  assumed  that     (  -7—  j       is  different  from  zero.     When 
\\dscj  J 

the  alternative  holds,  viz.,  when 


so  that  X  =  0  and  therefore  N  is  independent  of  t,  then  as  in  §  79 
we  prove  that 


which  is  the  value  in  the  preceding  case,  is  still  correct  and  is 
sufficient  to  effect  the  required  transformation.  For  with  this 
value  we  have,  for  s=  1,  ...  ,  m, 

dx   ,  i        dx        /dx\n~i 


\n      i 

V  \  jr, 

J    esA; 

/          J 
=  0 

under  the  present  supposition.     As  this  is  true  for  each  of  the  m 
units,  we  have,  on  constructing  dax,  the  equation 


and  therefore 


dX  ,     ,        dX  j    j 

-j—  daxdtx  —  -J-  dtxdax  =  0. 


Also,  as  in  the  earlier  case, 

Xdtx  =  0  • 

from  which  point  the  rest  of  the  proof  is  as  before,  leading  to  the 
result  that 

Xdax  =  0 

is  independent  of  t  and  dt  and  is  expressed  by  means  of  m  —  1 
units. 

Hence  by  the  transformation  derived  from  the  integration  of  the 
equation  < 
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we  pass  from  the  equation  Xdx  =  0,  where  x  is  an  extensive  magni- 
tude involving  m  units  (m  >  2,n),  to 

Ada  =  0, 

where  a  is  an  extensive  magnitude  involving  m  —  1  -unit*  and  A  w 
the  same  function  of  a  as  X  is  of  x. 

83.     The  equation 


is  identically  satisfied  whatever  be  the  value  of  a;.  If  then  we 
replace  a;  by  a  and  X  by  A,  the  same  function  of  a  as  X  is  of  or, 
we  have 


If  now  m—1,  the  number  of  units  in  a,  be  greater  than  2w,  we 
can  use  the  foregoing  method  to  transform  Ada  =  0  into  Bdb  =  0, 
where  b  involves  (ra—  1)  —  l=m  —  2  units  and  B  is  the  same 
function  of  b  as  A  is  of  a  and  therefore  as  X  is  of  #  ;  and  we  have 


Proceeding  in  this  manner  we  can  reduce  the  equation  until 
the  extensive  variable  k  involves  only  2?i  units  :  and  it  takes  the 
form 

Kdk=Q, 

where  K  is  the  same  function  of  k  as  X  is  of  #;  and  this  reduction 
has  been  effected  under  the  supposition  that 


conditions  which  are  necessary  and  sufficient. 

Finally,  applying  to  this  equation  the  process  of  §  81  we  come 
to  an  equation  of  the  form 


where  y  involves  2n  -  1  units  only  and  Y  is  the  same  function  of 
y  as  X  is  of  x. 

84.     The  rest  of  Grassmann's  reduction  of  Xdx  =  Q  to  the 
form  I  Uldui=0  proceeds  as  in  the  Pfaffian  method.     One  of  the 

i=l 

numerical  variables  in  y  is  made  constant,  so  that  the  equatic 
Ydy  =  0  then  involves  only  2w  -  2  numerical  variables  and  there- 
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[84. 


fore  2n  —  2  units.  The  reduction  of  the  modified  Ydy  to  involve 
only  2n  -  3  units  is  effected  as  in  §  81 ;  and  then  one  of  the  new 
numerical  variables  is  made  constant,  so  that  the  equation  now 
involves  2n  —  4  numerical  variables  and  therefore  2w  —  4  units  : 
and  so  on  until  the  end.  Evidently  n  reductions  are  necessary, 
each  reduction  furnishing  a  numerical  variable  made  a  constant 
and  therefore  furnishing  an  integral,  so  that  n  integrals  are  ob- 
tained ;  and  then  the  formation  of  the  expression  2  Udu,  if  desired, 
is  only  a  matter  of  comparison  of  coefficients. 

Ex.  1.     Denoting  by  [1, ... ,  n~]zr  the  system 


d         d 

T7"                    T7" 

-A  j  j      -4-2  j 

d 

3      a 

3 

-A  j  }      -I  ,j  ,  . 

* 

where  there  are  2r  rows  and  in  the  expansion  of  a  determinant  the  Ith  factor 
of  any  term  is  to  be  taken  from  the  Ith  row,  shew  that  [1, ... ,  »]2r  —  0  is  the 
condition  that 


(Tanner.) 


should  be  reducible  to  the  form 

i 

£".r.  2.     Similarly  denoting  by  [1, ,  »]2r  +  1  the  system 

-<M  »     -^2  > >      •*» 

1.    A          A 
*i,  ^2, ,  ^ 


where  there  are  2r+l  rows  and  the  law  of  expansion  is  as  before,  shew  that 
[1, ... ,  «]2r  +  i=0  is  the  condition  that 


should  be  reducible  to  the  form 


(Tanner.)* 


*  These  results  are  to  be  found  in  Prof.  Tanner's  memoirs  "On  the  transforma- 
tion of  a  linear  differential  expression,"  Quart.  Math.  Journ.  vol.  xvi.  (1879)  pp.  45 
— 64.  Their  form  will  be  seen  to  have  a  close  resemblance  to  that  of  Grassmann's 
conditions  (§  73),  which  is  the  reason  for  placing  Prof.  Tanner's  results  in  this 
connection. 


CHAPTER    VI. 
NATANI'S  METHOD. 

85.     IN  order  to  transform  the  differential  expression  in 

Xldx1  +  X2dx.2  +  X3dx3+ +Xndxn  =  0 (I) 

so  that  it  may  contain  a  smaller  number  of  differential  elements 

Natani*  introduces  a  set  of  n  functions  of  the  variables  ?,,  £, 

tp,  MI,  MO, ...  ,  uq,  where  p  +  q  =  n,  which  in  the  first  place  satisfy 
the  single  condition  of  being  functionally  independent  of  one 
another.  Thus 

I  XmSxm  =  I  Tr&tr+  $,   Ujut, 


where  the  variations  of  the  variables  a;  are  any  whatever;  and  thr 
coefficients  T  and  U  are  given  by 

T        $    Y    dx'n      TT  -    I    X    *Xm 

J.r  =    2*    Am  x—  ,     Us  —    £4    -Am  A        . 
m=l  Otr  m=i  OU, 

When  the  variations  of  the  variables  x  are  such  as  to  have  (I) 
satisfied,  the  consequent  variations  of  t  and  u  are  subject  to  the 
relation 


r=l  *=1 

This  relation  can  be  satisfied  by  simultaneous  equations  of  two 
kinds:  (a)  those  formed  by  equating  the  differential  elements  to 
zero,  and  (/S)  those  formed  by  equating  the  coefficients  of  differen- 
tial elements  to  zero.  An  equation  of  the  kind  (a)  implies  thiit 

1  Crelle,  t.  Iviii.  (1861)  pp.  301—328;  and  Natani,  Die  hohtre  Analyrit  (18 
pp.  304—327, 


144  NATANl'S  [85. 

the  variable  with  the  vanishing  differential  element  is  unchanging  ; 
and  we  should  thence  have 

function  (xl}  x2,  ...  ,  xn)  =  constant 

as  a  relation  which  is  used  to  satisfy  (I)  and  which  is  therefore  an 
integral  of  the  differential  equation.  An  equation  of  the  kind  (/3) 
leads  to  a  partial  differential  equation  of  the  form 


where  dz  is  one  of  the  non-  vanishing  differential  elements.  And 
we  consider  included  in  (a)  any  homogeneous  relation  among  the 
new  differential  elements,  which  leads  to  an  equation 

function  (^,  t2,  ...,  tp,  u^,  ...,  uq)  =  constant  ; 

because  the  substitution  of  their  values  for  t1}  ...  ,  tp,  it^,  ...  ,  uq 
leads  to  an  integral  of  (I)  as  just  explained. 

86.  We  take  then  all  the  new  variables  with  vanishing  differ- 
ential elements  to  be  the  variables  u,  and  all  those,  the  coefficients 
of  the  differential  elements  of  which  vanish,  to  be  the  variables  t. 

From  the  first  of  the  suppositions  each  of  the  quantities  u  is 
an  integral  of  the  equation  (I). 

From  the  second  supposition  there  are  p  equations  of  the  form 

n  f\rr\ 

2Xm?g?  =  0  ...........................  (II) 

m=\  Olr 

for  r  =  1,  2,  .  .  .  ,  p.  In  the  initial  substitution  the  quantities  ^,  .  .  .  ,  tp 
were  functionally  independent  of  one  another;  the  transforma- 
tion of  the  differential  equation  has  given  no  relation  among  their 
variations  ;  and  hence  they  may  be  looked  upon  as  p  independent 
variables.  Moreover  because  the  equation  is  satisfied  whatever  be 
the  variations  of  the  variables  t,  it  follows  that  the  variables  t  may 
be  taken  to  be  quite  arbitrary  quantities  subject  to  the  single  condi- 
tion that  no  identical  functional  relations  among  ti,  ...,tp,u1,...,ug 
exist.  Since  then  we  have 

2  Xmdxm  =  Q, 

m=\ 

and  tl,L,  ...  ,tp  are  the  only  independent  variables,  we  have 

91  T^fp 

•^    Y     VJ/™  _  (\ 

•2.  .Aw  --  • 
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for  r  =  1,  2, ... ,  p,  which  is  the  system  (II);  hence  the  system  (II) 
and  the  equation  (I)  are  co-extensive*  and  therefore  »,,...,  «. 
which  are  integrals  of  (I)  are  also  integrals  of  (II). 

87.  Thus  there  will  be  ultimately  a  set  of  integral  equations 
and  a  set  of  independent  variables.  That  aggregate  of  equations 
and  independent  variables  will  be  looked  upon  as  the  most  general 
combination,  which  contains  the  greatest  number  of  independent 
variables  and  consequently  the  smallest  number  of  integral  equa- 
tions ;  for  in  that  combination  the  variations  of  the  variable 
quantities  will  be  the  least  limited.  Hence  the  most  general 
solution  of  the  equation  (I)  will  be  obtained  by  making  q  a 
minimum. 

Now,  since  we  have 

n  q 

2  XmSaem  =  2  Us8us (Ill) 

OT  =  1  *  =  1 

after  the  preceding  inferences,  it  follows  that 

Xm=i   U,—-..  ...(HP), 

s=i      oa;m 

a  system  of  equations  n  in  number;  they  may  be  regarded  as 
determining  the  (as  yet)  unknown  quantities  u  and  U,  which  arc 
2g  in  number. 

If  ?i  be  greater  than  2q,  so  that  there  are  more  equations  than 
unknown  quantities  to  be  determined,  the  elimination  of  U  and  u 
from  the  system  (IIP)  will  lead  to  relations  among  the  quantities 
X.  Such  relations  we  shall  at  present  assume  not  to  exist ;  and 
hence  2q,  which  is  to  be  a  minimum,  must  be  chosen  so  as  to  be 
not  less  than  n. 

When  n  is  even,  the  equations  (IIP)  can  be  considered  as 
determining  q  (=  ^n)  quantities  u  and  </(=£")  quantities  U;  ami 
thus  we  have,  for  the  most  general  case  of  unconditioned  coctti- 
cients, 

2»  n 

2    Xm$Xm  =    2     UfiSllg 

7H  =  1  *=1 

*  For  a  similar  result  in  the  theory  of  systems  of  exact  equations,  *rr  § 

10 
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When  n  is  odd,  we  have  (since  2g-  may  not  be  less  than  n)  the 
smallest  value  of  q  given  by 

2q  =  n  +  1. 

There  are  thus  ^  (n  +  1)  coefficients  U  and  \(n  +  1)  variables  «  to 
be  determined  from  only  n  equations;  and  so  we  may  have, 
either 

(A)  £  (n  +  1)  coefficients  U  and  ^  (n  —  1)  variables  u  deter- 

mined and  the  remaining  variable  left  undetermined  ; 
or 

(B)  |^(7i+l)  variables  u  and  £(«•—  1)  coefficients  U  deter- 

mined and  the  remaining  coefficient  left  undetermined. 
But  in  (A)  the  undetermined  variable  cannot  be  an 
absolute  constant,  for  otherwise  the  corresponding  term 
will  not  occur  and  there  will  only  be  n  —  1  quantities  U 
and  u  given  by  the  n  equations,  implying  that  there  is 
one  relation  among  the  quantities  X  :  and  in  (B)  the 
coefficient  may  not  be  taken  to  be  zero,  for  otherwise 
the  corresponding  term  will  not  occur  —  on  account  of 
the  same  unjustified  inference  as  before. 

Since  that  final  arrangement  among  the  variables  is  being 
sought  which  contains  the  smallest  number  of  integral  relations, 
we  choose  (A)  in  preference  to  (B)  as  being  slightly  more  general  : 
it  has  %(n—  1)  determined  integral  relations  and  one  which  is 
arbitrary,  while  (B)  has  \  (n  +1)  determined  integral  relations. 

Let  <£  be  the  arbitrary  variable  left  undetermined  in  (A)  ;  then 
we  have 


............  (2), 

m=l  s=l 

where  X,  C/i,  ...,  Un,  u1}  ...,  un  are  the  2n  +  1  quantities  deter- 
mined by  the  associated  2n  +  1  equations  of  the  type  (IIIa). 

88.     We   consider  first   the   case,  in   which   the   number   of 
variables  in  equation  (I)  is  originally  even  ;  we  then  have 

H=  2   Xm8xm=  20.8M,  ...............  (1), 

»«  =  !  s=l 

where  the  coefficients  U  and  the  n  new  variables  u  are  functions 
of  the  variables  xlt  ...,  ,r.M  and  independent  of  one  another.  The 
integrals  of  the  equation  11  =  0  are 

«!  =  constant,  .....................  ,  un  =  constant  ; 
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that  is,  n  of  the  new  variables  give  integrals  of  the  equations,  and 
the  remaining  n  of  the  new  variables  <„  ...,  tn  do  not  explicitly 
occur  in  the  integrals.  And  we  have  seen  that  th»-  variables  t  an 
undetermined  and  are  arbitrary,  subject  to  the  single  condition 
that  no  functional  relations  subsist  among  the  quantities  u  and  t. 

Thus  the  variables  u  are  explicitly  independent  of  the  variables 
t  and  at  the  same  time  are  integrals  of  the  equations 


for  r  =  1,  2,  ...,  n.     The  manner  in  which  this  result  exists  is  as 
follows :  From  the  equation  ns  =  constant  we  have 

2»     flug 

0  =  8us  =  2i  ^ —  oi/1),!  j 

»»=!  f^Wl 

and,  since  tl}  ...,  tn  are  the  independent  variables,  we  have- 

n    ^/v» 

so  that 


or,  since  all  the  variations  Str  are  independent  of  one  another,  we 
have 

0  =  S   — ^  ~ '" 

m=l  OXm  Otr 

for  s  =  1,  2,  . . . ,  n  and  r  =  1,  2,  . . . ,  ?i.    From  this  last  set  of  equations 
we  can  find  uniquely,  for  each  of  the  values  of  r,  expressions  for 

~t  -^, ...,  ^p  which  are  linear  in  -  nn+1 ,  ...,   !!;'";  when  these  are 
vt      vt  ot  vt 

substituted  in 

•$    v       '" 
—   ^\  ,jj  -?"    j 

JM  =  1  t** 

the   resulting   expression   vanishes   identically  whatever   be  the 
values  of  —jr-1*  •••>  ~pjF* 

Thus  M,,  ...,  ?«„  are  solutions  of  the  system  of  filiations 

*S    Y   9^._0  (*) 

mtl  ^r    " 

ld-2 
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and,  in  particular,  since  L,  t3,  ...,  tn  are  independent  of  tlt  we  have 
«!,  ...,  un,  t.2,  ...,  tn  as  solutions  of 


89.  So  far,  the  question  has  been  regarded  as  one  of  trans- 
formation of  fl  to  a  form  which  shall  contain  the  smallest  possible 
number  of  differential  elements;  in  order  to  obtain  the  integral 
equivalent  of  fl  =  0  it  is  necessary  to  have  the  explicit  forms  of 
ult  ...,  un.  These  (being  independent  of  ^,  ...,  tn)  are  unaffected 
by  particular  forms  properly  assigned  to  tlt  ...,  tn',  and  so  we 
assume,  in  conformity  with  Pfaff's  result  (§  60),  that  ti  enters  into 
fl  only  as  a  factor  V  common  to  all  the  coefficients  of  the  dif- 
ferential elements.  This  assumption,  repeated  for  successive 
reductions,  might  be  expressed  by  taking  (as  a  possible  way) 

U,  =  Va1}   U2  =  Va2, ,  Un  =  Van 

with 

F--        -1       -1         -  —  a  1 

which  are  consistent  with  all  the  inferences  which  have  been  made 
and  with  all  the  conditions  which  subsist ;  but  this  form  of 
coefficients  is  of  course  not  unique. 

Replacing  ^  by  A  we  have 

Zn  n 

2  AXm$ivm=  2  agBug   (4), 

m=l  s=I 

where  the  right-hand  side  is  independent  of  ^;  and  the  equation, 
which  has  t«,  ...,  tn,  ?/a,  ...,  un  for  solutions,  may  be  written 

2w  'rJT 

which  is  identically  satisfied  when  the  proper  values  of  x  in  terms 
of  t  and  other  variables  arc  substituted. 

Take  now  any  arbitrary  variations  of  the  variables*;  then  we 

*  In  this  idea  of  two  independent  sets  of  variations  of  the  variables  Natani 
was  anticipated  by  Binet,  who,  in  his  memoir  "Sur  la  transformation  de  Pfafif 
relative  aux  fonctions  differentielles  lineaires  contenant  un  nombre  pair  de  variables," 
Cnmptes  Rendus,  t.  xv.  (1842),  pp.  74—80,  had  applied  it  to  the  case  of  an  even  un- 
conditioned Pfaffian.  The  association  of  initial  values  of  the  variables  with  the 
equation  is  also  discussed  in  this  memoir;  and  the  transformation  to  the  form 
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have,  in  virtue  of  the  solutions  of  equation  (5), 

ajv 

U=i 
or 

A   %l  fam«Y     ,    $   A  Y  Kdasm      /*»   ,,    t)xm\  ^ 

^     a7~  v-**-m   i     •-<    ^.Amo  — —  +  I    i,    A  I  8^1  =  () 

which,  since  the  last  term  vanishes,  gives 

m=l  Oti  m=i  ()ti 

n 

But,  since  2  asBus  is  independent  of  tlt  we  have  by  (4) 
o  /  iS 

oT~  1  "*"*'  ^*~  m  ^**  in 

0*1  \w=l 


or 


Now  &»w  is  an  arbitrary  variation  of  xm,  so  that 


and  therefore  from  the  last  two  equations  we  have 

P)'71  ^^      ^ 

A        ^p      ^*^tn-    C^  "I^"  _      ^r*          ^      /    ^    TT*      \    cv 

And 

where  the  variations  Bx  are  arbitrary,  so  that  coefficients  of  &r 
must  be  equal  on  the  two  sides  of  the  resulting  equation  ;  hence 
from  the  coefficients  of  Bxs  we  have 


.    ^,        7rt        ,„  _ 

•"•    •*•    ^1      o~~    ~ 
m=i  9^    dxg 


•in 

-  Y  4.  A    v 

—  A      +  ^1       — 


(4a)  (see  §  91  post)  is  also  indicated.     Binet  however  limited  himself  to  this  n>i 
his  object  was  to  indicate  a  process  of  transformation  new  at  the  time  of  pub- 
lication of  his  mem  oil*. 
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for  A  —  tj, ;  and  therefore 

2n  £),«  2/t  3r 

Z.     ,A                ""-MI       ,     v>               *•'•*'»» 
S  =  A  2,  «„,,«---.    =h  2,  am,s  xT   (o); 

»t=l  uh          m=l  Ol\ 

and  this  holds  for  s  =  1,  2,  . . . ,  2n.     It  is  a  system  of  equations 
satisfied  in  virtue  of  the  solutions  of  equation  (5) ;  it  involves  the 

(tmXj 

In  quantities  ^  -~-^  and  thus  a  complete  integral  of  the  system  is 

Otj 

constituted  by  u1}  ...,  un,  t.2,  ...,  tn  (which  are  all  explicitly  in- 
dependent of  h)  and  the  equation 


i       j.       l  •<?   I         ctej/i  \ 
log  k=  I  2  (am,s-T  1  . 

Jm=l\  -As/ 


The  last  equation  is  unnecessary  for  our  immediate  purpose  —  the 
deduction  of  the  quantities  u;  hence  we  only  consider  the  2?i—  1 
other  integrals.  From  them  the  rejection  of  t.2)  ...,  tn  must  be 
made  :  and  this  can  be  effected  by  other  differential  equations  of 
the  type  (5). 

90.  The  2w  —  1  retained  integrals  of  the  system  (6)  will  not 
necessarily  occur  in  the  forms  u^,  ...,  un,  t»,  ...,  tn;  let  them  be 
(3i,/3.2,  ...,  /S2u-i>  so  that  all  the  quantities  u  and  t  —  and  hence  also 
all  the  coefficients  a  in  (4)  —  can  be  expressed  in  terms  of  the 
quantities  /S.  Substituting  them  in  the  right-hand  side  of  (4)  we 
have 

2n  2M-1 


»t=l  s=l 

and  therefore  the  differential  equation  (I)  is  replaced  by 

2n-l 

2Bsd!3s  =  0  ...........................  (7), 

*=i 

where  all  the  coefficients  B  are  functions  of  the  variables  /3  alone. 
It  has  thus  become  an  equation  in  an  odd  number  of  variables, 
and  therefore  (§  69)  one  of  its  integrals  is  arbitrary,  say 


This  without  any  loss  of  generality  may  be  taken  to  be  &,  for 
every  integral  of  one  system  can  be  expressed  in  terms  of  the 
integrals  of  another  equivalent  system.  Hence  we  take  &  as  an 
integral  ;  since  it  is  of  the  form 

w,j  =  fti  =  constant, 
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the  equation  (7)  is,  by  the  use  of  this  integral,  reduced  to  contain 
only  2n  —  2  variables,  that  is,  an  even  (and  a  diminished)  nnnibvr 
of  variables,  after  one  of  the  integrals  i^  of  the  original  equation 
has  been  obtained. 

The  foregoing  process  may  now  be  re-applied  ;  each  successive 
stage  diminishes  the  number  of  variables  by  two  and  provides  one 
of  the  integrals  u  of  the  original  equation.  Hence  finally  we 
shall  have,  after  n  applications,  the  set  of  integrals  M,,  ...,  nn  of 
the  equation. 

91.  The  actual  expression  for  the  transformed  value  of  H 
depends  upon  the  choice  of  the  individual  members  of  the  system 
of  integrals  of  the  equations  (G).  In  order  to  have  the  expression 
simple,  Natani  chooses  the  principal  integrals  (§  70)  for  this 
system.  Taking  any  set  of  integrals,  say  the  system  of  the 
quantities  /3,  we  have  them  in  the  form 

fir  (x1}  oc.2,  ...,  xm]  =  constant  =  ft,.  , 

the  functions  fir  being  known;  the  right-hand  side  is  unaltered,  if 
we  assign  any  particular  value  to  xl  and  the  corresponding  values 
to  xz,  ...  ,  xm.  Let  the  particular  value  of  xl  be  zero  (or,  if  this  be 
inconvenient,  a  constant)  and  let  the  values  of  the  remaining 
variables  be  x2',  ...,  #'2n;  then  we  have 

j3r(Q,  x2',x,',  ..,,  acm')  =  constant  =  £,. 

This  is  a  system  of  2n  -  1  equations  in  2»  -  1  quantities  x,  and 
the  equations  are  independent  of  one  another  ;  they  therefore  give 
these  quantities  x  as  independent  functions  of  the  ^s  and  con- 
sequently as  a  system  of  integrals  of  the  equations  (G). 

Introducing  these  quantities  x  as  integrals  into  the  equation 
(4)  and  bearing  in  mind  that  the  u's  and  the  as  are  functions  of 
them,  we  have 


2n 


where  the  coefficients  K  are  functions  of  the  variables  x    only 
The  equation  just  obtained  holds  for  all  values  of  #,,  .r 
and  therefore  for 

a-j  =  0  (or  the  constant  value),  <ra  =  %*  >  ......  >  x*»  = 
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hence,  if  A'  and  X'  be  the  values  of  A  and  X  on  the  substitution 
of  these  values,  we  have 

Zn  Zn 

2A'Xm'Sxm'  =  2KmSxm'; 

m=Z  m=2 

the  term  on  the  left-hand  side,  which  corresponds  to  m=l,  no 
longer  occurring.  Since  the  quantities  xm'  are  functionally  in- 
dependent and  the  variations  are  arbitrary,  we  have 

77"      ._     A'Y     ' 

•n-m  —  -a-  ^  m  > 

so  that,  when  x.2f  ,  ...,  x'^  are  known,  the  coefficients  in  the  trans- 
formed value  of  fl  are,  save  as  to  a  factor,  determined  by  in- 
spection; and  the  result  is 

Zn  A  '   Zn 

ft  =  2  XmSxm  =  ~  2  Xm'Sxm'    ............  (4a). 

m=l  -a-m=Z 

Now  since  #»',  ...,  x'^  is  a  system  of  integrals  of  (6),  the  first 
of  the  integrals  of  the  differential  equation  H  =  0  is,  as  in  §  90, 
given  by 

x.2  =  constant  =  GI  ; 

and  the  equation  to  be  integrated  is  now 

2n 


i=  2 


containing  only  2?i  —  2  variables. 

We  proceed  in  the  same  manner  with  (Ij).  The  system  which 
corresponds  to  (6)  is  constructed  and  integrated,  with  a  result  of 
the  form 

Vr(%3,  #/>  •-.,  «'2»)  =  constant, 

where  r  =  1,  2,  ...,  2?i  —  3;  and  introducing  the  principal  integrals 
of  the  new  system  by  taking  «3'  =  0  (or,  if  this  be  inconvenient, 
a  constant)  and  xt'  =  xt",  ...,  x'^^x''^,  the  system  of  principal 
integrals  #4",  ...,  x"^  is  given  by  the  2n  —  3  equations 

7r  (a»'i  «/,...,  tf'sn)  =  7r  (0,  Xt"  ,  .  .  .  ,  x"^), 

where  the  function  yr  is  known.  As  before,  these  lead  to  a 
transformation 

Zn  A  "  Zn 

2  Xm'8xm'  =  —*~  2  Xm"Bxm", 

»«=3  -0-2  m=4 

where  Arm"  is  derived  from  Xm'  by  substituting  x3'  =  0,  «4'  =  #/',  .  .  . 
^'a»i  =  d'sn  i-c->  from  A',,,  by  substituting  <KI  =  0,  «a  =  Cj  ,  a;3  =  0, 
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#4  =#4  ,  xs  =  uCs' ,  ...,  x.M  =  x".>n  and  so  is  given  by  inspection.  The 
first  of  the  integrals  of  H^O  (and  therefore  the  second  of  the 
integrals  of  H  =  0)  is,  as  before,  given  by 

a?4"  =  constant  =  c2 ; 
and  the  equation  to  be  integrated  is  now 

•In 


The  process  may  now  be  similarly  applied  to  fL  ;  and  so  on  in 
succession,  until  finally  we  obtain  the  system  of  n  integrals  of 
H  =  0  in  the  form 


At  each  step  the  quantity  A  can  be  obtained,  as  in  §  89,  by  a 
single  quadrature;  and  the  resulting  final  form  of  the  transforma- 
tion of  fl  is  evidently 
2»  A  '  A  '  A  "  A  'A  "A  '" 

f?     V     S  -"-I      V  'S     i    i    •"•!  •"•*       V  "2      "    i     /1'^1-'   •"»       V  '"S  .,  '"  i 

2  Aw&z-'w=  ^-X,d#,  +     .     .     A  4  6.r4   +  —  7-J-  1~  A(S   **•    "K" 

»»  =  !  •"•!  -«-l-«-2  -A^j/13 

AS  A,"  A,'"  ...An       w     (w) 

^1A243...^n  *«Hn- 

The  coefficients  ^3',  X4",  ...  are  derivable  from  Xt,  X4,  ...  by 
inspection,  when  the  values  of  the  quantities  x,  x",  x'",  ...  are 
known.  And  these  values  are  given  by  the  integration  of  tin- 
subsidiary  systems  (6)  which  are  n  in  number,  there  being  one 
such  system  for  each  reduction  of  the  number  of  variables  in  the 
quantities  H. 

It  is  hardly  necessary  to  point  out  that  the  system  (6)  is  essen- 
tially the  same  as  the  first  form  (8)  of  §  55  of  the  subsidiary 
equations  in  Pfaff's  reduction,  and  it  can  therefore  be  replaced  by 
the  equivalent  subsidiary  system  (14)  of  §  5U  resulting  from  the 
solution  of  the  equations  considered  as  a  system  linear  in  the 
derivatives  of  aclt  x.2)  ... 

92.     Considerable  simplification  arises  in  any  case  in  which  a 
number,  say  n  —p,  of  the  original  coefficients  A'  vanish*;  let  them 
be  Xn+p+li  Xn+p+a,...,  X.m,  the  remaining  non-vanishing  coefl 
cients  being  supposed  to  be  functions  of  the  variables  .r,, 

#2rt- 

*  See  also  Jacobi,  Gi>-.  Werke,  t.  iv.  \\  125. 
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When  p  integrals  have  been  obtained,  consequent  on  the  inte- 
gration of  p  of  the  subsidiary  systems,  in  the  form 
,  _          „  _  (P)  _ 

X-2  ==  GH   SC^    —  C-2  >  •  •  •  >   X       —  Cp  , 

the  equation  remaining  to  be  integrated  is 

V0>)      ,  (P)         V(P)    j  (P)  ,    v(p)     7  (p)       n 

X        dx        +  A        ax        +  .  .  .  +  A        dx       =  0. 

2p+l        2p  +  l  2p+2        2/>+2  »i+p        n+p 


For  the  original  equation  n—p  integrals  are  still  necessary  ;  bin 
these  are  given  by 


(P)  (p)  (P) 

—  G^i-Li  i    **/  —  k?)j-o  *  •  •  •  »    **? 


so  that  only  p  integrations  of  subsidiary  systems  are  necessary. 

This  is  of  especial  importance  in  the  integration  of  partial 
differential  equations  of  the  first  order  ;  for,  if  the  equation  to  be 
integrated  be 

pn=(f)  =  (j)(2,X1,...,  Xn,  pl}  ...,  pn^\ 

we  have 

dz  —  pldxl  —  ...  —  j3n_!  rfa-,1-!  —  <f>dxn 

-Q.dpi-O.dp,-...-®.  dpn^  =  0, 

so  that  ?i  —  l  of  the  coefficients  X  vanish  and  therefore  only  a 
single  integration  of  a  subsidiary  system  is  necessary*. 

Ex.  1.     As  an  example  of  Natani's  process,  consider 

Q  =  x^djel  +  x^dx.],  +  x^dx5  +  xbdx±  +  x6dx^  +  Xjdx6  =  0. 
When  we  form  the  equations  (6),  they  are 

-  ~ 


X*  =  ^  ^2  ~  dx^  x°  =  dl  (&** 

*6  =  -Jt    (dx\  -  dx^,  Xl  =  ~St(~  dj'l  +  d'rJ> 

from  which  it  follows  that  dtj^  —  0  and  that  dxl  =  d,vz  —  dx-0,  d.v.2  =  dxi  =  ds6. 
From  the  former  we  have 

tl  =  constant, 
or  A  =  constant  ; 

and,  since  A  does  not  involve  the  variables,  the  value  of  A,  viz.  A',  when 

A' 

the  principal  integrals  are  substituted  is  unaltered,  and  therefore  -r  =  l. 

A 

*  See  Chap.  vii. 
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The  other  equations  however  are  insufficient  in  tlidr  i>rm;iit  form.  Tin- 
present  example  is  an  illustration  of  §  62,  for  it  is  cowy  to  verify  Unit 

[  1 23456]  =  0, 
while  non-vanishing  Pfam'ans  of  next  lower  order  are 

[1234]  =  !,  [1236]=-!,  [1245]  =  !,  [1256]  =  !,  [1346]=-!, 

[1456]=-],  [2345]=!,  [235(5]- 1,  [3456]=!. 
The  theorem  of  §  62  therefore  applies :  we  easily  find 
TF1=Tr3=JF5  =  *1  +  .ra  +  .r;i  =  7>, 

and  the  subsidiary  equations  are 

~P~  =  ~P='P  =  ~~Q  =  ~V=  "  </' 

Five  independent  integrals  of  these  equations  are 
*3  ~  J'i  ~  constant  =  x3 
#5  —  A-J  =  constant  =  a-5' 
xi  ~  x-i  =  constant = x±  - ./:./ 
XQ  —  x.2  =  constant  =  .»•„'  -  .>:,' 
(.*! + x3  +  x^  (x.2  +  A't  +  .i'0)  =  constant  =  (.*•,,'  +  .»•,-/)  (./-./  +  .'V  -f  .'•,-,' .) 

with  the  introduction  of  Xatani's  variables :  they  determine  j:,\  .*•.,',  .r/,  .1^',  ./•„' 
as  functions  of  the  original  variables. 

Since  —r  is  unity,  we  have 
A. 

by  the  general  theory :  there  are  only  four  differential  element*  Imt  there 
are  five  variables  on  the  right-hand  side,  an  illustration  of  §  !)2.  The  first 
integral  of  £2  =  0  is  therefore  taken  in  the  form 

,);2'  =  constant = cl ; 
and  the  equation  now  to  be  integrated  is 

Though  it  is  easy  to  see  at  once  what  the  integral  system  of  this  equation 
is,  the  application  of  the  general  rule  is  of  interest.  The  equations  ((J)  of 
§  89 — or,  their  equivalent,  the  subsidiary  system  of  §  (52 — give 

/  /       ~Z.  i  ~~  _  T  i         a    ~    _)•'_,• 

'l        xb          x\  **     •'>• 

First,  we  have 

_    ,_  constant 

and  therefore,  in  accordance  with  Natani's  process, 

A.2      .r4"' 
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Three  independent  integrals  of  the  subsidiary  system,  not  involving  £/,  are 
x£  =  constant  =  x5" 

¥» 

x^s  =  constant  =  xt" 

_*«' 
x4'e  u'i'  =  constant  =  x±'e 

when  we  take  o;3'  =  0  and  denote  by  #4",  x5",  x6"  the  resulting  values  of  the 
variables  :  and  hence 

A  "        r>        -^       _  •^-•TI 
^2    =  fjL=e    xs'  =  e    K-X! 

2         *^4 

Thus 


and  therefore 


which  is  evidently  the  final  reduction  of  Q.     The  second  integral  of  fl  -  0  is 
evidently 

.i'4"  =  constant  =  c2  ; 

the  equation  then  to  be  integrated  is 

x6"dx5"  =  Q, 
the  integral  of  which  is 

x&"  =  constant  =  c3. 

The  three  integrals  of  the  original  equation  are  thus 

X2  =C1>    "^4    =C2>    ^'o    =C3> 

or,   as   is   easily   found    by  solving    the   equations   which   determine   these 
variables, 

OCn    ==  -  ~~  -    ^^  C-t 

3  +  x^x.n  —  x^n    ,.  .i^r  _ 

*  -  Co 


and  the  coefficients  which  occur  in  the  transformed  value  of  Q  are 


I    '3 


4  1  \    2  "**     G/  4  \    3   **     5/  14  6          1 

2.     Integrate 
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93.     We  now  pass  to  the  case  in  which  the  numhvr  of  vari- 
ables in  equation  (I)  is  originally  odd  ;  we  have,  by  (:>)  ..f  §  S7, 


2n+l  „ 

S  Xw&fc-Xfy+  2  #">„  .   (2) 

m=l  ,=1 


One  of  the  integrals   of  H  =  0  is   <f>  =  a-    if,  by  means  ,,f  th<- 
equations 


=   2 

TO  =  1 


we  eliminate  from  H  the  quantities  /r2n+1  and  &r,,,+1>  then  fi  takes 
the  form 

where 

A,       ==   ^\.  (>ji4.i        ?^^ 


l<m+i 


—  -^  s  —  -A.  2n 


The  expression  ®  contains  only  2n  variables,  and  therefore  the 
equation  ©  =  0  has,  by  the  preceding  investigation  (S§  ss  —  92),  a 
system  of  n  integrals  ;  and,  if  the  principal  integrals  of  the  sub- 
sidiary equations  be  introduced,  then 

A  '  A  "  A  '" 

"'" 


where  x»,  xt",  XQ",  ...  are  principal  integrals  of  subsidiary  systems 
analogous  to  (6).  The  first  of  these  systems  would  be  obtained  by 
replacing  X  in  (6)  by  V  and  eliminating  sc.m+l  from  V  by  means 
of  <f)  =  a  ;  and,  after  integration,  a  would  be  replaced  by  </>. 

We  may  however  construct  the  subsidiary  equations  directly 
in  the  manner  of  §  89.     If,  in  the  equation 


we  assume  that  the  independent  variable  enters  only  as  a  fnrt«»r 
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=  -r    common  to  the  coefficients  on  the  right-hand  side  and  we 


take  jj,  =  A\,  then 

Zn+l  n 

2     AXm&Km  =  fJ<$<f>  +   2    asSug 
m=l  «=1 

with  the  earlier  notation.  The  variables  in  the  new  equivalent 
form  are  <f>,uly  ...  ,  un,  ti,  ...  ,  tn,  among  which  there  is  no  identical 
functional  relation  ;  and  so  we  have 

2n+l  3r 

?    AY       m  —  n 

z,    -<3.Am  -~—  —  u 

m=l  ocr 

(for  r  =  1,  2,  ...  ,  ??),  since  the  variations  of  St  do  not  occur  on  the 
right-hand  side. 

The  last  equation  is  an  identity,  when  the  proper  values  for  x 
are  substituted  :  taking  any  arbitrary  variation  in  the  result,  we 
have,  for  r  =  1, 

(2n+l  3r    •) 

-—I  —  0 

_       )•  —  V, 


(m=l 

or 

2n+l^r  2n+l  ^r  2/»+l  3™ 

^  s  =5az«+-4"s  xws^+s^  2  xm^  =  o, 

m  =  l    OTI  m=l  oz;i  m=l  ^Cx 

so  that,  as  in  the  last  term  the  quantity  multiplying  BA  vanishes, 
we  have 

2n+l  3r  2n+l  £)r 

A  2  ^-nSZm  +  ^    2   XTO8^  =  0. 

m=l    <^fi  m=l  dh 

But  we  have 

2n+l 

2 

m=l 
n 

equal  to  2  a*5ws  and  therefore  explicitly  independent  of  ^  (just 

*=i 

as  in  the  hypothesis  of  §  89  with  the  values  there  adopted  for  the 
coefficients  a)  when  the  proper  substitutions  are  made  for  x: 
hence 

2n+l 


m=i 

or,  since  $  is  explicitly  independent  of  ^  ,  we  have 

Bit  3   (2w+1 

8<=       - 


- 
U=i 

TW  Sa?TO  +  A  2       r1"  &F,,, 
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Now  Sa-m  is  an  arbitrary  variation,  su  that 


and  therefore,  from  the  two  equations  which  involve-  these  equal 
quantities,  we  have 


We  have  ^—  =  1.  because  A  =  tl  :  and 


Substituting  these  and  remembering  that  the  variations  of  the 
variables  are  arbitrary,  so  that  the  coefficients  of  any  thr  suiu- 
variation  on  the  two  sides  of  the  equation  are  equal,  we  have  thr 
2w  +  1  equations 


-  Y-,   A 

—  •**•»  T  -il     —       f'«  |/»     ^,  "    i 

i    a;s  m=1  (% 

and  therefore 

9^9/z        2«4-i         ^ 

^-9^^+fiwr=1a"i's  97,  • 

an  equation  which  holds  for  5=1,  2,  ...,  2n  +  1  ;  and,  since  <£  is 
independent  of  ^  when  the  substitutions  are  made  for  .»-,  wo  have 

2n+l    ^A    a« 

2  '"  =  0    .....................  (*'). 


These  2n  +  2  equations  are  satisfied  in  the  first  instance  as  in  t  In- 
earlier  case  by 

<f>  =  a,    Ult    ......  ,    W,i,    <i,    t3,   ......  ,    ^rn 

(being  2n  integrals)  and  by  the  subsequently  deduced  value*  of  / 
and  of  fj,.     If  among  the  2n  +  2  equations  we  eliminate  f,  ami  /», 
we  have  2?i  equations  remaining  which  involve  2;i  +  1 
a?,,  ars>  ....  ^>n+,  ;  and  these  have  the  system  of  2»  intejrnils  ^.  M 


it 


n,   2, 
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94.  We  now,  as  in  §  91,  introduce  the  principal  integrals  of 
the   subsidiary  system  (8).     The  integral  <f>  =  a  is  retained ;   we 
take  oc-i  =  0  and  denote  the  remaining  principal  integrals  by  #/, 
#3',  •  ••,  ®'zn,  the  (unnecessary)  value  of  x'^+i  being  then  given  by 

<j>  (a?,,  a?,,  . . . ,  #.>n+1)  =  (/>  (0,  av,',  . . . ,  a^2B+1). 
When  these  are  substituted,  we  have 

Zn+l  Zn 

2  AXm  Sxm  =  A  (\8<f>  +  S  Vs8xs) 

m=I  s=I 

Zn 

Af  2  F;S#;. 

s  =  2 

If  we  take  $  =  a,  x.2'  =  d  (so  that  we  have  one  determined,  in 
addition  to  one  arbitrary,  integral)  then  the  equation  to  be  inte- 
grated is 

f  F/^/  =  0 

S=3 

containing  2??  —  2  variables ;  or,  if  we  merely  take  x»  =  d  as  the 
single  integral,  then  the  equation  to  be  integrated  arises  from  the 
differential  expression 

A'  I  F/&*', 

«  =  3 

which  contains  2?i  —  1  variables.  In  either  case,  the  proper  alter- 
native of  the  two  methods  for  an  even  or  an  odd  number  of 
variables  respectively  may  be  applied  and  the  solution  be  thus 
gradually  obtained ;  but  the  earlier  of  the  two  methods  would 
in  general  prove  the  easier. 

95.  The  subsidiary  equations  (8)  evidently  occur  in  a  form 
different  from  that  which  characterised  the  subsidiary  equations  in 
the  corresponding  case  of  Pfaff's  reduction,  but  the  coefficients  of 

QQC 

the  quantities  _    on  the  right-hand  side  of  (8)  are  the  same  as  in 

vt 

the  equations  (1.  c.)  in  that  reduction.  The  determinant  of  those 
coefficients  in  the  2/i  + 1  equations  (8)  vanishes,  being  a  skew 
determinant  of  odd  order;  but  the  earlier  investigation  (§  Go) 
shews  that,  if  the  equations  be  multiplied  by  the  Pfaffians 

[2,3,  ...,2w  +  l],  [3,4,  ...,2n+l,  1],  [4,  5,  ...,  2n  +  1,  1,  2],  ... 
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in  order  and  be  added  together,  the  terms  involving  the  quant  UU-H 

use 

~-  all  disappear.     Hence  we  have 

vt 


/™ 


so  that,  when  ti  is  known,  the  integration  of  this  equation  at  once 
gives  the  value  of  /x. 

We  may  now  use  any  2?i  of  the  equations  (8)  together  with 
(8a)  to  determine  the  quantities  ti ,.— .  Retaining  the  first  2;j  of 
them  and  writing 

e.  =  z._|e<j* (io), 

where  J£  has  the  value  given  in  (9),  the  equations  are 

<S)    4-  /   a  3x»n±i  _        g  OXm 

™8     I     v\  ^Sj 271+1         Of  —  tq     ^^     ^*mtS     o.       > 

(J  ti  <m  —  1  t/ vi 

v  vi  //*  —  1  » 

for  s— -1,  2,  ... ,  2 71.     Using  now  the  solution  as  given  in  §  59  we 
have 

(- 1)'"-1  [1,  2,  3,  . . . ,  2n]  t^=  Wm  +  tt  -^-+1  Am, 


where 

2n 


B8[S  +  1,   S+2,  ....    S-l], 
*=1 


in  which  for  every  term  under  the  sign  of  summation  on  the  right- 
hand  side  the  integers  s,  s+  1,  ...  ,  a-  1  are  the  integers  1,  2, 
m  —  l,m+l,...,2nin  their  cyclical  order,  and 


=  [1,  2,  3,...,  £«  +  !], 

in  which  m  does  not  occur  in  the  sequence  1,  2, 
integers.     But  we  also  have,  by  (8a), 

30  3#!     30  9^2  ,     cty    3-T?»-n  _  Q  . 

+ 


11 
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whence,  on  multiplying  by  [1,  2,  3,  ...  ,  2rt]  tly  we  have 

3r          2M+1  f  fU>  1          2n  ^Jl 

.   Ofcan+i    v     j/_  1  \m-i      ®-  A      I  -    V  f-  1  V»      ^    TF 
1          "  '  "      ~        ^        '  TO> 


Taking  first  the  part  on  the  right-hand  side,  the  terms  involving 

y\ 

«—  ,  which  occurs  in  Bs  when  we  substitute  for  Wm,  have,  as  the 

J\ 

coefficient  of  «—  ,  the  quantity 


the  numbers  s  +  1,  s+2,  ...,  s  —  1  being  the  numbers  1,  2,  ...  ,  2n 
with  the  omission  of  s  and  m,  it  being  necessary  that  s  and  wi  are 
different  integers.  In  this  double  summation  the  coefficient  of 


(-  1)*-1  [?*+  1>  j  +  2,  ...  ,j  -  1]  +  (-  ly-1  [»  +  1,  »  +  2,  ...  ,  t  - 
=  K-  i)*-1  +  (-  ly-1-*-4-1}  [j  +  1,  j  +  2,  .  .  .  ,  j  -  1]  ^  o. 

9.r. 

Hence  the  right-hand  side  of  the  equation  giving    '^-^  is 

uti 

2n  fifh     2» 

s(-ir^  s 

m=l  f'^'m  s=l 


m=l«=l 

where  in  the  symbol  of  the  Pfaffian  the  integers  s,  s+  1,  s-f  2,  ... 
are  the  integers  1,  2,  ...,  2n  (with  ??i  omitted)  taken  in  cyclical 

f)nt* 

order.     And  the  coefficient  of  ^     ~^  is 


m=l 


[m  +  1,  m  +  2,  ...,  m  -  1], 

m-l  vJCm 

where  the  integers  m,  m  +  1,  m  +  2,  ...  are  the  integers  1,  2,  ..., 
2w  +  1  taken  in  cyclical  order.     As  this  coefficient  is  symmetrical 
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in  regard  to  all  the  variables,  we  may  conveniently  introduce  n 
symbol  for  it :  let 

V=Tg[*  +  l.*  +  2 .-1]    („). 

it  will  be  noticed  that  V  is  the  denominator  of  ^  in  (9).     Then 
Vti   *ft+1  =  2    2  (-1)'" ^~  X^s+1,8  +  2,  ..  ,s-l]  ...(12'). 
96.     This  value  may  be  substituted  in  the  equations,  which 

/H/y»  C^OT 

express  ~  in  terms  of  — -j~l ,  to  find  the  values  of  the  quantities 
-^;  or  the  equations  may  be  solved  again,  taking  f     "   ;is    the 

initially  undetermined  quantity,  in  place  of     -2n+1 .    In  either  case, 

the  result  which  includes  the  values  of  all  these  coefficients  may  be 
expressed  in  the  form 

fa         2»+12n+l  gJ, 

vti        m=l    s=l  OXm 

s  +  1,  s  +  2,  ... ,  s  —  1  are  the  integers  1,  2,  ...,  2»  -f  1  (with 
s,  m,  p  omitted)  taken  in  cyclical  order  beginning  with  s  +  1  ;  the 
integers  s,  m,  p  are  to  be  different  from  one  another,  so  that  the 
values  m=p,  s  =  p  may  not  occur  on  the  right-hand  side  and  the 
terms  corresponding  to  s  =  m  do  not  occur ;  and  the  value  of  in'  i.i 
m,  when  m  <  p,  and  is  m—  I,  when  m  >  p. 

In  particular,  when  there  are  three  variables  (so  that  n  =  1 )  we 
have 

V  -  [23]  f; 

l/i*l 


1 


11—2 
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and  when  there  are  five  variables  (so  that  n  =  2)  we  have 


+  [3451]  J  X»+  [4512]  X3  +  [5123]  X4+  [1234] 


=  -  (234]       +  (134)       -  -  (124) 

J  9iC!  d.To  J  9#3 

in  which  the  symbol  (X,  /x,  v}  is  defined  by 
{\,  fji,  v]  =  {p,  v,  \]  =  {v,  \,  ft}  = 


JS 

97.     From  the  value  of  ~  as  given  in  (9)  we  have  an   im- 
mediate verification  of  Jacobi's  result  given  in  §  Go.     If 


s=l 


j% 

then  -J~  vanishes  and  therefore  p  when  expressed  in  terms  of  the 

CCj 

new  variables  is  explicitly  independent  of  ^  ;  and  in  that  case  the 
differential  equation  to  be  integrated  is,  when  transformed, 

n 

ft  d<j>  +  2  as  dus  =  0, 


*=i 


in  which  the  variables  are  <f>,  u^,  ...,  un,  t«,  ...,  tn,  which  are  2n  in 
number.  But  such  an  equation,  involving  only  2?2  variables,  has 
its  integral  equivalent  constituted  by  n  equations  —  in  the  present 
case  after  only  a  single  (§  9'2)  integration  of  subsidiary  equations  ; 
and  hence  we  infer  the  result  already  obtained  (§  66),  viz.  that 
the  equation 
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can  be  represented  by  n  integral  equations,  when  the  condition 


s=l 

is  identically  satisfied. 

98.  Natani  does  not  give  the  solutions  of  the  equations  (12) 
which  have  just  been  obtained;  it  appears  evident  from  their  not 
too  simple  form  that  the  derivation  of  the  integrals  and  thence  of 
the  principal  integrals  would,  even  for  a  specified  unarbitrary 
function  <£,  be  a  matter  of  some  difficulty.  In  actual  practice 
probably  the  simplest  method  would  be  to  reduce  the  equation 


=  2  xmdxm  =  o 

m=\ 


by  means  of  the  arbitrarily  assumed  integral  </>  =a  to  an  equation 
O'  =  0  free  from  a;2n+1  and  das.ln+l,  that  is,  to  an  equation  involving 
an  even  number  of  variables  ;  and  to  apply  to  this  reduced  equa- 
tion the  appropriate  earlier  method,  as  given  in  §§  5J),  GO. 

Thus  by  taking  the  very  special  form 

0  =  #271+1 

we  may  derive  the  former  system  (§  59)  of  subsidiary  equations  : 

for  ~  vanishes  for  m=l,  2,  ...,  2n  and  we  also  have 
dxm 

V  =  [l,2,  ...,  2n], 
which  is  the  modified  form  of  (11),  and 


where  s  +  l,  s  +  2,  ...,s-l  are  the  integers  1,  2,  ...,  2n  (with  « 
and  p  omitted)  taken  in  cyclical  order. 

99.  Hitherto  it  has  been  assumed  (§  89)  that  no  relations 
exist  among  the  coefficients  X  in  the  differential  equation,  and  the 
consequent  minimum  number  of  equations  in  the  integral  system 
has  been  indicated.     It  may  however  happen  that  some  relations 
are  satisfied  which  will  reduce  this  number  to  be  less 
general  minimum  :  to  the  consideration  of  these  relations  we  nov 
proceed. 

100.  We  take  first  the  case  of  an  even  number  of  variabl 
the  original  differential  equation. 
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The  subsidiary  equations  (6)  are,  when  the  variable  ^  is 
eliminated,  2?i  —  1  in  number  ;  and  in  the  general  case  their 
integrals  are  the  quantities  «a,  w2.  •••»  un  and  the  quantities 
t,,  t3,  ...,  tn  or  (what  is  equivalent  to  the  latter  set)  ?72/t/i,  U3IUl,  ... 
...,  UnfU-i,  being  a  system  of  2n  -  1  integrals,  the  proper  number. 
But  if  the  original  differential  equation  can  be  reduced  to  the 
form 

UiduiT.  +  U.du-2  +  ......  +  Uqduq  =  0, 

then  there  will  be  only  2q  —  1  integrals  viz.,  u1}  ...,  uq>  U»jUl,  ..., 
UqIUl.  Since  the  2/i  —  1  equations  have  only  2q  —  1  independent 
integrals,  it  follows  that  2/i  —  2q  of  the  equations  must  be  derivable 
from  the  remaining  2q  —  1  equations  ;  the  conditions  for  this 
derivation,  being  the  conditions  that  there  are  only  q  differential 
elements  in  the  transformed  expression  for  ft,  will  be  the  con- 
ditions that  ft  =  0  can  be  satisfied  by  q  (<  n)  integrals. 

Since  2;i  —  2q  of  the  2n  equations  (§  89) 


2» 


are  derivable  linearly  from  the  remainder,  we  must  have,  on  the 
supposition  that  the  first  2q  of  the  equations  are  independent, 
relations  of  the  form 


r  =  Scr>t  Xt, 
t=i 


t=\ 


where  r  has  the  values  2g+  1,  1q  +  2.  ...,  2n  and  p  has  the  values 
1,2,  ...,2n;  and  the  quantities  cf;t,  which  arc  of  the  nature  of 
indeterminate  multipliers,  must  be  eliminated  before  the  con- 
ditions can  be  obtained. 

When  these  quantities  c  are  eliminated,  the  resulting  equations 
are  of  two  kinds.     There  are  equations  of  the  form 


o  , 

a           a 

Or,     o/i. 

a, 

a21  , 

0    ,      affl  ,     .. 

/7 

do    .• 

030  ,        0   ,     . 

«.>  _ 

o 

Y             Y 

-A  .1   ,          -*1  n   . 

X, 

100.] 

where  r   has    the   values  2<y 
equations  of  the  form 

0   ,       aa  ,       « 
a.2i  ,        0  ,       a 
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,  2^  +  2,   ...,   'In ;  mid   then-  HIV 


a3l  , 

o-w  i        0  ,                  (/  ,  .,       (/.,  . 

a*,,, 

«2</,  2.     "27,3,     ,       0  ,     a,7i  r 

«*,  i  » 

er>.,  2,     a*>3,     ,     a,,,..,,,     a^  r 

where  the  possible  values  of  r  are  2</  +  l,  2q+<2,  ...,  2/t  and  thosi- 
of  s  are  2q  +  1,  2g  +  2,  .  .  .  ,  2n. 

The  former  set  (13)  are  independent  of  one  another,  and  so 
contribute  2?i  —  2q  conditions. 

The  latter  set  (14)  furnish  conditions  only  if  r  and  s  be 
different  integers,  for  when  r  =  s  the  resulting  equation  (arising 
from  a  skew  determinant  of  odd  order)  is  evanescent.  Also  the 
same  condition  is  furnished  by  r=i,  s—j  as  byr=j,  s  =  i,  on 
account  of  the  relation 


hence  the  number  of  conditions  is  the  number  of  pah's  of  different 
integers  from  the  series  2q  +  1,  2q  +  2,  ...  ,  2n,  that  is,  it  is 


Hence  the  total  number  of  independent  conditions  necessary  that 
the  equation 


2rt 


Xmdxm  =  0 


1  )  ; 


may  be  satisfied  by  q  (<  ».)  integral  equations  is 
2n  -2q  +  %  (2n  -  2q)  (2/i  -  2fy  -  1)  =  (n  - 

awrf  ^Ae  conditions  are  the  equations  (13)  for  the  values  r  =••  2</  +  1, 
2g  +  2,  ...  ,  2»  «»id  ^e  equations  (14)  /or  a//  po.saible  pairs  of  dif- 
ferent integers  from  the  series  2q  +  1,  2q  +  2,  ...  ,  2»/ur  r  f/«rf  .? 

In  particular,  if  q  =  1  so  that  the  equation  is  exact,  the  number 
of  independent  conditions  is  (»-  1)(2«  -  1),  which  agrees  with  the 
number  previously  (§  6)  obtained. 
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101.  We  now  take  the  case  of  an  odd  number  of  variables  in 
the  original  differential  equation. 

If  the  arbitrary  integral  exist,  it  evidently  from  (12)  enters 
into  the  subsidiary  equations  ;  and  then  the  simpler  plan  will 
be  to  use  the  arbitrary  integral  to  eliminate  some  one  of  the 
variables  and  the  differential  element  of  that  variable  and  thus 
to  reduce  the  equation  to  one  which  contains  the  next  lower  even 
number  of  variables.  The  conditions  that  the  new  equation  may 
be  satisfied  by  a  number  of  integral  equations  smaller  than  the 
general  minimum  (which  will  occur  if  the  old  equation  be  so 
satisfied)  may  be  obtained  from  the  preceding  investigation. 

If  the  arbitrary  integral  do  not  exist*,  then  the  subsidiary 
equations  (8)  take  the  form 


m 
Xs  =  ti    2   am>g  -~-^  .....................  (8'), 

m=i  0*1 

and  they  are  2?i  +  l  in  number;  when  ^  is  eliminated,  there  are  2n 
equations.  This  number  must  however  be  reduced  by  unity  on 
account  of  the  relation 

2»  +  l 

2    Xs[s  +  l,s+2,...,s-l]  =  Q  ............  (15), 

8  =  1 

which  is  the  necessary  condition  that  the  modified  equations  (8') 
may  coexist. 

Supposing  then  that  the  given  differential  equation  can  be 
satisfied  by  q  integral  equations,  we  have  2^  —  1  integrals  of  the 
foregoing  subsidiary  equations  in  the  forms  ult  u.2,...,  uq,  U«/171} 
...  ,  UqfU-L.  Now,  by  the  satisfaction  of  the  foregoing  single  con- 
dition, the  last  of  the  equations  (8')  can  be  derived  from  the  first 
2n  of  them  and  therefore  may  for  the  present  be  omitted  from 
consideration.  The  first  2<?  of  the  equations  (8')  will  suffice  to 
determine  ^  and  the  desired  2<?  —  1  integrals  ;  and  therefore  the 
remaining  2>t  —  2q  equations  in  (8')  must  be  derivable  from  the 
first  2q  of  them.  The  conditions  of  this  derivation  are  the  con- 
ditions that  the  differential  equation  may  be  satisfied  by  q  in- 
tegrals. 

*  Natani  gives  no  means  of  determining  whether  an  arbitrary  integral  does  or 
does  not  exist.  Subsequent  investigations  (of  Clebsch,  and  especially  of  Lie) 
render  this  determination  unnecessary,  owing  to  the  modifications  effected  in  the 
reduced  form  so  as  to  make  it  normal. 
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Mi!) 


The  analysis  is  similar  to  that  in  the  preceding  rase,  and  tin- 
result  is  that  there  are  2n  —  2q  equations  of  the  form 

0      ,  «,..    ,  «13    , ,  <Zi,*,  cc,,,    |  =  ()   (Hi), 

cfo,    ,0       ,0.03    ,  «oi27  ,  a,,if 

Y  Y  Y  V  V 

!    -A  i     ,    -A ..     ,    .A  3     , ,    A.  jg  ,    >\  r 

for  r  =  2<?  +  1,  2y+  2,  ... ,  2u  ;  and  there  are  equations  of  the  form 
0      ,  «12    ,  au    , ,  a1(37,  a]>r     =0   (17), 

flo    o  Cto 

*    .    .    .      j         ttj^  nq     y         (*3(  ;• 

....    ,      0  ,     0»nr 


for  the  values  2^  +  1,  2j  +  2,  ...  ,  2?i  of  r  and  the  values  2<y  +  1, 
2q  +  2,  ...  ,  2?i  +  1  of  5.     The  number  of  equations  in  (17)  is  : 

2/i-  Zq,  for  s  =  2n  +  l  and  r  =  2?  +  1,  2q  +  '2,  ...  ,  2/t  ; 
together  with 


for  the  different  pair-combinations  of  /•  and  s  from  the  series 

2*7+1,  2q  +  2,...,  2n: 
hence  the  total  number  of  these  equations  (17)  is 


And,  lastly,  there  is  the  condition  (15). 

Hence  it  follows  that,  if  the  single  condition  (15),  the  '2n  —  2*/ 
conditions  (16)  and  the  (n-  q)  (2«  -  2ry  +  1)  conditions  (17)— 
making  in,  all  (2n  -  2q  -f  1)  (»  -  7  +  1)  conditions—  be  satisfied,  then 
the  equation 

2w+l 

2   Xmdxm  =  0 

T»=l 

caw  6e  satisfied  by  q  integral  determinate  equations. 
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In  particular,  if  q  =  I  so  that  the  equation  is  exact,  the  number 
of  independent  conditions  is  n  (2n  —  1),  which  agrees  with  the 
number  previously  (§  6)  obtained. 

102.  The  integration  of  the  subsidiary  equations  must  now 
be  considered.  Suppose  that  the  original  differential  equation 
is,  owing  to  the  satisfaction  of  the  necessary  conditions,  satisfied 
by  a  system  of  q  integral  equations ;  then  the  preceding  investi- 
gations shew  that  2q  —  1  quantities  (independent  of  ^)  must  be 
determined  and  therefore  that  the  number  of  subsidiary  equations 
independent  of  one  another  and  free  from  ^  is  2^  —  1.  These 
quantities  involve  all  the  variables  of  the  original  differential 
equation ;  and  therefore  in  the  subsidiary  equations  we  treat 
2</  —  1  of  the  variables  as  dependent  and  the  remainder — viz., 
2n  —  2q  +  1  or  2n  —  2q  +  2  according  as  the  original  number  is 
even  or  odd — as  independent.  Let  then  s  denote  this  number — 
2n  —2q  +  l  or  2;i  —  2q  +  2  in  the  two  cases — and  let  the  indepen- 
dent variables  be  taken  to  be  xlt  x.2,...,  xs\  let  the  dependent 
variables  be  taken  to  be  ylt  y*,...,  2/29-1 5  then  the  2q  —  1  sub- 
sidiary equations,  when  ^  is  eliminated,  are  all  of  the  form 

2  J^dM-Vr^dfyi-O, 

r=l  i=l 

for  fj,  —  1,  2, ...  ,  2q  —  1 ;  and  the  coefficients  Z  and  T  are  of  the 
form 

•A-yjQ-m,?.        2L  p.&m,2q- 

This  is  a  system  of  2q  —  1  differential  equations  in  more  than 
2q  variables  and  it  is  satisfied  by  a  system  of  2q—l  integral 
equations.  Hence  it  is  a  system  of  exact  equations;  and  we 
obtain  the  integrals  by  one  of  the  methods  already  indicated  in 
Chap.  II.  If  in  particular  we  use  Natani's  process  (1.  c.  §  33)  and 

introduce  the  principal  integrals,  which  will  be  y    ,   y    , ... ,  y 
when    after  s  integrations  we   make  xl  =  0,  x.,  =  0,  . . . ,  a-*  =  0  as 
usual  in  that  method,  we  may  take  y,     to  be  #    .  and  then  the 
differential  equation  is 

^  («)  lq  -1       (*)         (*) 

2,  Xm  dxm  =  — -j-   S   X     dx      =0, 
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(«) 
where  A"       is  the  value  of  X       when  we  takej-,  =  0  for  i 

s+i  s+i  J  ~  ' * 

i  W 

and  x      =  x     ,  for  i  =  1,  ... ,  2<7  —  1. 

s+i          a+i 

We  now  have  a  differential  equation 

2</-i     w        w 
2  Ar      d.?;       =0 

t  =  l       s+i        s  +  i 

involving  2q  -  1  variables  and  satisfied  by  7  integrals ;  it  is  thus 
of  the  normal  unconditioned  form  previously  (§  93)  considered. 
We  may  take  as  a  first  integral 


?/    =  .r      =  constant ; 

*l  8  +  1 


and  then  the  equation 


2<?-i      GO        GO 

2  z    ^ 

t  =  2        s+i        s  +  i 


in  2g  —  2  variables  has  q  —  1  integrals  which,  with  the  our  already 
obtained,  form  the  system  of  q  integral  equations  ;  or  we  may  take 
as  a  first  integral 

(s) 

</>(#      ,  ...)  =  constant, 

$4~1 

and,  eliminating  by  this  integral  the  quantities  x       and  dx 

from  the  equation,  we  shall  have  a  similar  equation  in  2<j  —  2 
variables,  to  be  integrated  as  before. 

The  second  of  these  suppositions  contemplates  the  reduced 
equation  as  one  in  an  odd  number  of  variables,  —  and  the  integral 
adopted  is  the  usual  necessary  integral  (§  69)  of  arbitrary  form 
which  is  taken  for  the  integral  of  the  equation.  The  first  of  tlu-in 
contemplates  the  equation  as  being  the  first  reduced  form  in  an 
equation  which  involves  2<j  variables;  and  the  integral  adopted  is 
the  usual  (I.e.)  first  integral  of  such  an  equation.  The  relation 
between  the  two  integral  systems  will  be  seen  when  we  conn-  to 
consider  Clebsch's  method. 


Ex.  1.     To  integrate 

-  JT3  +  .r4  -  .r5)  d.i\  +  (j?3  -  .rt  +  .»-.  -  .>-j)  dr.,  +  (.>-,  -  ..-.  +  .r  ,  -  rs)  »/.f3 

+  (-l<5  -  -*i  +  -12  -  •«  3)  ^'4  +  (-''i  ~  **  +  •''-•'  ~ 
For  this  equation  we  have 

«12  =  «23  =  «34  =  aV,  =  <*U  ~  ltX,  =  ('.11  =  °U  =  ":-3  =  "il  =  2' 
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the  condition  (15)  is  satisfied,  but  for  q  =  l  none  of  the  conditions  (16)  or 
(17)  are  satisfied  and  for  </  =  2  the  conditions  (17)  do  not  exist,  while  the 
only  form  surviving  from  (16)  is  (15).  Hence  the  given  equation  can  be 
satisfied  by  two  integrals. 

The  subsidiary  equations  are 

X1  =  -^1(-  dxz  +  dx3  -  dxi  +  dxb)  =  -  2^  ~l  , 

X  -  -  2t  ^  ?  Y  -      2t  dXs 

1    &J    '  l    3*!   ' 

Y  -        K    3^4  r  -        2/    ^ 

Ai~     ^"8^'  5~       ^8^' 

of  which  only  four  are  independent  ;  they  may  be  written 

dXl  __  dX9  _  dX3  _  dXj 
Xl  ~  X2  ~  Xz  ~  X, 

Three  independent  integrals  are 

Jig  -^3  -"-4 

W="TF>  V  =  ~Y~I          w  =  ~v~ 

•&1  •*!  -*I 

from  which  we  find 


When  these  are  substituted  in  Xldzl  +  X.2djc.2  +  X3dz3  +  Xidx±  +  Xbdx&,  it 
takes  the  form 

Xj2  {(v  +  w-  \}du  +  (w-u  -\)dv-  (u+v  +  V)  dw}, 

thus  giving  an  indirect  verification  of  A'x~2  as  the  value  of  tt  derived  by  the 
integration  of  the  subsidiary  equations  :  for  ^Q  is,  in  the  new  form,  inde- 
pendent of  tv  Thus  the  equation  to  be  integrated  is 


(v  +  w  —  1)  du  +  (w  —  u  —  \)dv  —  ( 

and,  as  is  to  be  expected,  it  does  not  satisfy  the  condition  of  integrability. 
Its  two  integrals  may  be  taken  in  the  form 

v= constant, 

U  +  V  +  1 

-   ,  =  constant ; 
v+w -I 

or  two  integrals,  in  virtue  of  which  the  original  equation  is  satisfied,  are 

Ob  \   *"*  &n  ~f"  (C*   Xf 

— ,   ,      _   6  =  constant, 
4  -  6= constant. 

Xr.  —  X.t 
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Ex.  2.  We  may  add,  as  a  note  on  the  foregoing,  the  remark  that  when 
the  condition  (15)  and  no  other  condition  is  .satisfied  for  un  equation  in  m 
odd  number  of  variables  (§  65),  then,  without  regard  to  the  existence  of  the 
arbitrary  integral  in  §  100,  a  reduction  to  the  next  smaller  number  of 
variables  can  often  be  made  by  omitting  from  the  suKsidiary  equations  the 
variation  of  some  one  variable. 

Thus,  if  it  be  supposed  that  x-0  does  not  vary  in  the  subsidiary  equa- 
tions (or  what  is  the  same  thing  if  we  find  variables  .suitable  for  the  trans- 

4 

formation  2  X^dx^),  these  equations  are 


*'l  ~~  3*0        •*-  2  ~"  '^'o        '^3  ~  ^6 

hence  variables  suitable  to  transformation  are 


Then  we  have 


when  these  are  substituted  we  find 

2  Xrdxr  =  X2  {(v1  -w'-I)  du'  +  (to1  -u'  +  l)dv'  +  (u'-v'-l)  dir'\  =  0, 

r  =  l 

so  that  the  equation  to  be  integrated  is 


The  integrals  of  this  equation  are 

1  -u'+w' 
u'  -v'  +  io1 


=  constant, 


w' 

—  =  constant. 

u 


The  general  justification  of  the  method  is  given  in  §  G6. 

103.     The  knowledge  of  one  of  the  integrals  of  the  subsidiary 
equations  (and  therefore,  as  it  is  the  first,  an  integral  of  the  given 
differential  equation,  supposed   to   be   an   equation   in   an   even 
number  of  variables)  can  be  used*   as  follows    to   diminisl 
number  of  equations  in  the  subsidiary  system. 

*  Natani's  investigation  was  published  before  Jacobi's  memoir  in  Cr* 
otherwise  the  following  results  might  have  been  replaced  by  results 
Natani's  result  here  given  coincides,  though  not  in  explicit  exprc 
results  obtained  by  Clebsch  (§§  121,  122). 
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Let  •&!  be  the  integral  which  is  known  and  «„.  ...,  un  those 
which  have  still  to  be  found.     Then  we  have 

•2n  1    n 

2  Xm&Km  =  -7  2   asSus, 

m=l  •"•«=! 

where  A(=  ^)  is  the  variable  which  occurs  only  as  a  common  factor 
in  coefficients  in  the  right-hand  side;  the  quantities  a  are  in- 
dependent of  tl9  and  we  leave  them  in  their  general  form  not 
adopting  the  special  forms  of  §  89.  From  this  equation  it  follows 
that 

2» 


Applying  to  this  equation  the  same  process  as  in  §  93  and  now 
bearing  in  mind  that  «j  and  tr  are  independent  of  one  another  so 
that  there  are  two  independent  variables,  we  arrive  at  the  2?i 
equations 

f\nt>  ,          ' 

ujjg  m=\ 

for  s=  1,  ...,  2?i. 

Now  two  of  these  equations  will  be  required  to  determine 
the  new  independent  variables  ^  and  «j  as  functions  of  the  old 
variables  x\  and  there  will  therefore  be  2n  —  2  equations  left 
to  determine  such  quantities  as  remain.  Now  for  the  equation 
(a)  there  are  only  2n  —  3  quantities  to  be  determined  from  the 

equations  (18),  viz.,  «»,   ...,  un,  — ,   ...,   — :  since  therefore  the 

CU  Gfa 

2n  —  2  equations  which  survive  from  (18)  have  only  2n  — 3 
integrals  (being  the  foregoing  quantities),  one  among  those 
equations  must  be  a  merely  linear  combination  of  the  other 
2n-3. 

Each  of  these  equations  involves  two  independent  variables 
in  their  variations  and  therefore  leads  to  two  equations  of  the 
forms 


/'\ 
...........................  UJ, 

m=l  Oh 

811 
"1 


2n 


so  that  we  have  two  systems  each  containing  2n  —  3  independent 
equations.     The  quantities  tr  and  ^  are  determinate  by  quadra- 
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tures  and  «x  is  given;  so  that  of  the  variables  £,  and  the  2n 
variables  so  three  may  be  considered  aw  removed,  and  the  2;i  -  '{ 
equations  in  each  system  will  contain  2?i  —  2  variables. 

Now  when  no  integrals  are  known  (i)  is  the  subsidiary  system; 
and  it  has  2?i  —  1  integrals,  all  independent  of  £,.  Of  these  2w  -  1 
one  is  necessarily  u^  ;  other  2?i—  3  are  those  common  to  the  double 
system  (i)  and  (ii);  and  the  remaining  integral  is  evidently  a,. 

If  we  take  the  solutions  of  the  equations  (i)  in  the  form 


2» 


.    vm  _  •?    V-  r> 
n  -n.~   —  A  A  gJ.im.gi 


=i 


then  the  solutions  of  the  equations  (ii)  are 


Hence,  if  ^  be  any  function  of  the  variables  .r  and  it  be  ex- 
pressed in  terms  of  the  new  variables,  we  have 


•   v 

— 


It  at  once  follows  that,  if  d  be   an  integral  of  the  Ptiiftwn  dif 
ferential  equation,  say  an  integral  u,  second  to  »/„  so  that  in  tl 
new  variables  it  is  independent  off,  and  of  a,,  then  it  satisfies 
two  equations 


2n    2n 

S     S 


which  agree  with  those  given  subsequently  in  Clebsch's  then 
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104.  Such  being  the  effect  of  the  knowledge  of  one  of  the 
integrals  of  the  subsidiary  equations  (6)  of  §  89  or  (i)  above,  which 
is  also  by  the  nature  of  the  question  an  integral  of  the  differential 
equation,  let  us  now  consider  the  effect  of  knowing  two  integrals 
of  the  subsidiary  equations  (6)  or  (i). 

One  of  the  two  is  an  integral  of  the  differential  equation  and 
so  may  be  denoted  by  u±  ;  let  the  other  be  denoted  by  0.  Then, 
since  both  of  them  are  integrals  of  (i),  we  have 

2n    2n  flu 

2    2  XgHm^g  ^—  =  0, 

m=\  s=l  "Xm 


2»     2» 


Now  6  may  or  may  not  be   an  integral   of  the   differential 
equation;  we  have,  by  the  last  paragraph, 

.  W  _  §   %    W_  du,  p 

*1  3~    —      ^      ^     3™       3™    •**!»,  «1 

V&L       m  =  l  s=\OXm  CXS 

and  since  6  is  an  integral  of  the  system  (i),  it  is  a  function  of  ulf  of 
«!,  and  of  the  2?i  —  3  solutions  common  to  the  systems  (i)  and  (ii) 
or,  say,  of  a.^  and  these  2w  —  3  solutions  alone,  for  wherever  Wj  occurs 
it  may  be  replaced  by  a  constant.  Hence,  whatever  be  the  form 

rlf) 

of  0,  we  shall  have  _—  a  function  of  these  same  2?i  —  3  solutions 

3(2! 
0/3 

and  of  a1}  so  that  ^—  is  also  a  solution  of  the  system  (i)  or  of  the 


equivalent  partial  equation 

2n     2» 


=  0. 


Four  cases  may  occur,  as  to  the  above  value  of  ^—  . 

(/QEj 
rlf) 

First  case,  n     »nay  vanish.     This  is,  by  the  last  paragraph,  the 

C'CCj 

condition  that  #  satisfies  the  equations  which  determine  a  second 
integral  of  the  Pfaffian  equation;  and  therefore  in  this  case  6  is  a 
second  integral,  say  u». 

Second  case,  ^—  may  be  a  mire  constant,  say  -  ;  then  we  have 
d«i  c 

a,  =  cO.     Hence  in  this  case  the  second  integral  of  the  subsidiary 
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system  is  a  mere  constant  multiple  of  the  coefficient  of  tlie  differential 
element  du^  of  the  first  integral  in  the  formation  of  the  reduced 
Pfaffian  expression.  This  is  slightly  more  advantageous  than 
being  compelled  to  determine  «j  by  a  quadrature. 

o/j 
Third  case,   ~     may  be  a  function  of  6,  say/(0);  then  we  have 

dO 


or 

_ 

~ 


so  that  flj  is  determined  by  a  quadrature.  Unless  this  quadrature 
be  easier  than  that  which  has  determined  a,,  there  is  in  the 
present  case  no  advantage  to  be  derived  in  this  direction  from  the 
knowledge  of  the  second  integral  of  the  subsidiary  system. 

n/3 

Fourth  case,  ^—  may  be  a  non-vanishing  function  of  variables 

C/OEj 

which  is  not  expressible  in  terms  of  Q;  let  it  be  denoted  by  v.  Then 
i)  is  a  new  solution  of  the  subsidiary  system  (i);  and  it  therefore 
has  the  same  possibilities  as  6.  Hence  v  may  be  a  second  integral 

O 

of  the  original  Pfaffian  differential  equation  ;  or,  if  -,  -  be  either  a 

constant  or  a  function  of  9  and  v,  a  very  simple  quadrature  for  the 
constant  or  a  comparatively  simple  one  for  the  functional  value 

^s 

will  determine  a,;  or  =-  may  be  different  from  all  of  these  and  so, 
dai 

?>B 
as  in  the  case  of  5—  >  be  again  a  new  solution  of  the  subsidiary 

system  (i). 

As  that  subsidiary  system  has  only  a  finite  number  of  solutions, 
there  will  be  a  limit  to  the  development  of  the  successive  possi- 
bilities represented  by  the  fourth  case:  so  that  we  shall  ultimately 
obtain  either  a  second  integral  of  the  Pfaffian  equation  or  shall 
derive  a^  by  quadratures. 

105.     Just  as,  in  §  103,  we  investigated  the  modification  of  the 
subsidiary  system  rendered  possible  by  the   knowledge   of  one 
integral  of  the  differential  equation,  so  similarly  we  may  investigate 
F.  I? 
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the  modifications   rendered   possible   by   the   knowledge   of  two 
integrals  of  the  differential  equation. 

Taking  then  two  integrals,  supposed  known,  to  be  %  and  M2, 
the  equations  which  correspond  to  (18)  are 

du  d  2w 


There  are  three  independent  variables  tlf  a.l,  oc2,  which  will 
require  three  of  these  2n  equations  for  their  determination  by 
quadratures.  Of  the  remaining  2n  —  3  equations,  only  2n  —  5  are 

independent  determining,  as  they  do,  the  quantities  u3,  ...,  un,  —  , 

a3 

...,  —  ;  and  since  there  are  three  independent  variables,  each  of 

«3 

the  equations  leads  to  three  equations  in  the  forms 


m=l 


2    .     .       5-  -m 

—  o  —  r  fi  •*  a»»,«-o— 


Hence  there  are  three  systems  of  subsidiary  equations,  each 
system  containing  2n  —  5  independent  members  ;  and  since  Ui  and 
w2  are  constant  and  tl}  al,  a^  are  determined  in  terms  of  the 
variables  x,  it  follows  that  the  equations  subsist  in  2n  —  4 
(=  2?i  +1—5)  variables  other  than  those  three  independent 
variables  which  do  not  enter  into  the  expression  of  their  integrals. 

The  condition  at  the  end  of  §  103  that  w2  should  be  independent 
of  an  viz., 

%  V^IT?     ^ 
\    ,^T   m>8dx~' 

m=\s=\VJ/s  V'l'm 

is  easily  proved  to  be  the  condition  that  ^  should  be  independent 
of  «2-  And  it  is  easy  to  verify,  as  there,  that  a  third  integral  of 
the  original  differential  equation  satisfies  the  relations 

2n      2»  Q^, 

S    S  XgRmt*  —  =  0, 

m=l  *=1  OXm 
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2n      2n 
V      V 

*    ^ 

»»=i*=i 


which  agree  with  those  given  (§  1  22)  by  Clcbsch's  theory. 

And  so  on,  either  for  any  number  of  independent  integrals  of 
the  original  subsidiary  system  supposed  known;  or  for  any  number 
of  the  integrals  of  the  differential  equation  supposed  known. 


12—2 


CHAPTER  VII. 

APPLICATION  TO  PARTIAL  DIFFERENTIAL  EQUATIONS  OF  THE 
FIRST  ORDER. 

106.  As  Pfaff's  investigations  were  originally  initiated  with  a 
view  to  the  solution  of  partial  differential  equations  of  the  first 
order,  it  is  of  some  interest  to  indicate  briefly  the  form  which  the 
solution  takes  when  deduced  by  the  theory  of  Pfaffian  equations. 

Let 

f(z,  x1}  ...,  xn,ply  ...,/)„)  =  a    (i) 

be  any  differential  equation,  the  integral  of  which  is  required.    We 
have  always 

—  dz  +  p1dx1  + +  pndxn  =  0     (ii), 

which,  in  connection  with  the  equation  (i),  may  be  regarded  in 
two  views. 

First,  we  may  by  (i)  find  the  value  of  any  one  of  the  quantities 
z,  x1}  . . . ,  xn,  plt  . . . ,  pn  in  terms  of  the  remainder,  say 

Pn  =  0(z)xl,  ...,  xn)pl}  ...,pn_1,  a)  =  0; 
then  (ii)  becomes 

—  dz  +pldx1+ +pn-ldxn-i  +  6dxn  =  Q (iii), 

a  Pfaffian  equation  in  2n  variables  z,  xlt  ...,  xn,pl}  ...,  pn^.     This 
is  the  view  in  which  Pfaff  regarded  the  question. 

Secondly,  we  may  consider  (ii)  as  a  Pfaffian  equation  in  2n  +  1 
variables  z,  xlt  ...,  xn,  ply  ...,  pn;  it  is  known  that  one  of  the 
integrals  of  the  equivalent  system  may  be  assumed  at  will  (§  69), 
and  so  equation  (i)  is  taken  to  be  that  assumed  integral.  This  is 
the  view  in  which  Natani  regarded  the  question. 
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These  two  views  will  be  taken  in  turn,  so  as  to  exhibit  the  Hub- 
sidiary  system  of  equations,  which  are  materially  simpler  than  in 
the  general  case  owing  to  the  zero  values  of  the  coefficients  of  the 
elements  dp,  and  so  as  to  indicate  the  solution  of  the  equation. 

Clebsch's  method  is  avowedly  the  generalisation  of  Jacobi's 
method  for  partial  differential  equations  of  the  first  order  to  the 
Pfaffian  problem  ;  and  so  his  method  does  not  in  itself  furnish  any 
advance  beyond  the  general  Jacobian  theory,  that  is,  no  advance 
along  the  lines  of  Pfaff  's  equation. 

The  application  of  Lie's  method,  practically  repeated  by 
Darboux,  is  given  as  an  example  (§13G);  and  the  method  of 
Frobenius  is  entirely  limited  to  the  theory  of  the  transformation 
of  Pfaffian  expressions. 

107.  To  obtain  the  Pfaffian  solution  of  the  given  differential 
equation  we  take  (iii),  which,  when  written  in  the  form 


will  agree  with  the  general  Pfaffian  equation  considered  in  the 
preceding  chapters,  if  in  the  latter  we  make 

Xyn  =  2 ;  xn+r  =  pr,forr=l,  . .. ,  n  -  1 ; 
Xm  =  -  1 ;  Xn+r  =  0,  for  r  =  1,  . . . ,  n  -  1 ; 
Xn=e;  Xr=pr,forr  =  l,...,n-I. 

Then  to  form  the  subsidiary  equations  (§  55)  we  need  the 
quantities  a/j.     These  are  easily  found  to  be 

(Hj  =  0,  if  neither  i  nor  j  be  greater  than  n  —  1 ; 
an><  =  =- _ ,  for  i  =  1,  . . . ,  n  -  1 ; 
aq>q  =  0  always,  for  all  values  of  q ; 
=  —    forr  =  l          w-1- 

_80 

an>2n-dz; 

an+r,r  =  -  1,  for  r  =  1,  . . . ,  n  -  1 ; 
an+r,i  =  0,  if  i  and  r  be  different,  for  i  =  1,  . . . ,  n  -  1  ; 
On+r,n+«=0,  for  5=1,  ...,  w  and  r  =  1,  ...,  n; 
OVH^  =  0,  for  i  =  1,  . . . ,  n  -  1. 
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Then  the  equations  already  referred  to  take  the  form 

v  90  c        •        t  i 

Xi  =  -  yn  ~^  +  yn+i,  for  i  =  1,  ... ,  n  -  I ; 

Xn+r  =  -  Vr  -  yn  K-  ,  for  r  =  1,  ...,  n  -  1 ; 

OT/f 

_n~l     80     »-!         80  80. 


Now  since  0  =  _pn  is  derived  from  the  equation  (i),  we  have 
8     80      8          .  .     . 


= 

dpn  dz      dz 

Substituting  from  these  equations  for  the  derivatives  of  0, 
inserting  the  values  of  the  quantities  X,  and  bearing  in  mind  the 
definitions  (equations  (9)  of  §  55)  of  the  quantities  y,  we  have 

dxl  _  _  dxn  _  dz  _  dpl  _  _  dpn  # 

8/=  ="^=~=PT=  =Pn' 

9lh  ^Pn 

where 


and  the  value  of  p,  is 


108.     In  the  Pfaffian  process  of  solution,  it  is  necessary  to 
integrate  the  subsidiary  system  just  found  and  use  the  2n—  1 

*  These  are  the  subsidiary  equations  for  the  derivation  of  the  first  integral  with 
the  form  of  equation  given  in  the  example  in  §  213,  Treatise;  they  of  course 
correspond  to  the  subsidiary  system  of  the  simpler  form  of  equation  considered  in 
§  215,  Treatise. 
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integrals  other  than  f=a  to  transform  the  original  equation. 
One  of  the  integrals  thus  used  is  taken  as  an  integral  of  the 
original  equation  ;  and  so  the  modified  equation  comes  to  be  an 
equation  in  2n  —  2  variables. 

We  proceed  now  as  in  the  general  case  already  considered.  It 
is  thus  necessary  to  integrate  n  subsidiary  systems  of  equations  ; 
and  each  subsidiary  system  leads  to  one  integral  of  the  differential 
equation.  We  shall  thus  ultimately  obtain  n  integrals,  which  will 
involve  the  variables  z,  xlt  ...,  xn,  plt  ...,  pn  and  n  arbitrary 
constants;  when  from  these  n  equations,  taken  with  /=  a,  the 
n  quantities  pl}  ...,  pn  are  eliminated,  the  result  is  an  equation 
between  z,  xl}  ...,  xn  and  n  arbitrary  constants,  which  is  the 
Complete  Integral  of  the  equation. 

109.  The  last  section  requires  that  n  sets  of  subsidiary 
equations  shall  be  integrated.  A  great  simplification  was  made 
by  Jacobi,  so  that  the  integration  of  the  first  system  alone  is 
necessary:  this  was  effected  by  the  introduction  of  "initial  values" 
of  the  variables*  —  a  step  connected  with  the  construction  of  the 
principal  integrals  of  a  set  of  differential  equations. 

Let 


U~i  =  di  ,     U2  =  dn  ,      ......  ,     W*u_l 

be  a  set  of  2n  —  1  independent  integrals  of  the  subsidiary  system, 
which  may  be  taken  in  the  form 

„  dxr      df    c 

= 


*  See  the  memoir  "Ueber  die  Reduction  der  Integration  der  particllen  Piffercn 
tialgleichungen  erster  Ordnung  zwischen  irgend  einer  Zahl  Variabcln  auf  die 
Integration  eines  einzigen  Systemes  gewohnlicher  Differentialgleichungen,"  Crtllt, 
t.  xvii.  (1837)  pp.  97—162,  especially  §  9,  pp.  136  sqq.  ;  or  in  the  Collected  Works, 
vol.  iv.,  pp.  57  —  127,  especially  pp.  100  sqq. 

The  idea  of  introducing  these  initial  values  is  there  assigned  to  the  then  reoen 
investigations  of  Hamilton  on  dynamics;  and,  in  consequence,  the  method  ia  often 
called  the  Jacobi-Hamiltonian  method.  It  is  however  pointed  out  by  Lie,  Math. 
Ann.  t.  viii.,  p.  215  (note)  and  by  Mansion,  "ThSorie  des  equations  aux  derivi-cs 
partielles  du  premier  ordre,"  p.  115  (note)  that  the  method  is  really  due  to  Cauchy, 
who  had  published  it  in  1819:  see  also  Cauchy's  "Exercises  d'  Analyse  et  do 
Physique  Mathematique,"  t.  ii.,  pp.  270—272. 
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the  remaining  integral  of  the  system  being  the  given  equation 

/-a, 

Take  z,  ult  ...,  Mon-i  as  a  new  system  of  variables  and  express 
#1  ,  •  •  •  >  ®n  ,  PI  ,  •  •  •  ,  Pn  in  terms  of  a,  z,  ut  ,  ...,  M2n-i  ;  then,  when  the 
values  are  substituted  in  the  foregoing  subsidiary  system,  those 
equations  are  identities.  Now  since 


=iz        ......     J»a     » 

dp,.  opn 

we  have  from  the  first  n  equations 


which  with  the  substituted  values  is  an  identity.     It  gives  on 
differentiation 

0  _  dp^  fai  dpn  fan 

du  dz  du   dz 


for  each  of  the  quantities  u;   and  this  by  means  of  the  first  n 
equations  leads  to 


_,  . 

dpn  du  '   ^dudz 

Again  the  equation  f=  a  is  an  identity  after  the  values  are 
substituted  ;  and  therefore 


_  >+  8/  ^  +  §/8^  +  i>    tt+<tf_fa* 

'dpl  du  dpn  du      9^  du  dxn  du 

(bearing  in  mind  that  u±y   ...,   u.2n^i,  z  are  the  2?i  independent 
variables)  or,  by  the  use  of  the  last  n  equations  of  the  subsidiary 

7\f 
system  considered  as  giving  the  quantities    ^  ,  we  have 

.§£§£!  +  ..       +tyLdpn 
dpi  du  dpn  du 
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Equating  the  two  expressions  obtained  fur  2  ^    (l-  ,  we  have 


dz 


and  therefore  on  integration 


where  C  is  a  quantity  independent  of  z. 

It  is  at  this  stage  that  the  "initial  values"  are  introduced. 
Since  C  is  independent  of  0,  its  value  will  be  unaltered,  if  any 
special  value  be  assigned  to  z,  say  a  zero  value.  Let  the  values  of 
the  variables  x  for  this  value  of  z  be  £  ,  .  .  .  ,  f  „  and  those  of  the 
variables  p  be  irl,  ...,  irn,  all  of  which  will  be  functions  of  it,,  .... 
M2)l_:  determined  by  the  2/i  independent  equations 

/(O,  &,  ...,  (•„,  TT,,  ...,  7r,l)  =  a 

Wf(0,  £,  ...,  fn,  W1}  -..,  7T»)  =  ttf  = 

for  i  =  l,  ...,  2n  —  1.     The  forms  of  the  result  are 

Iji  =  function  (a,  ult  ...,  w2,»_i) 

=  function  (z,  xl}  ...,xn,p\,  -  •  •  >  ^«)» 

when  for  a  we  substitute  /(^,  a-j,  ...,  xn,  p1}  ...,  /)„)  and  for  it,-  its 
value  in  terms  of  2,  #,  p]  and  the  form  of  the  function  is  such  that, 
when  z  is  made  zero,  it  reduces  to  x-t. 

To  determine  C  we  insert  these  simultaneous  values  in  the 
equation  above  obtained,  assigning  zero  (because  it  is  the  special 
value  of  z)  as  the  lower  limit  of  the  integral  in  the  exponential 
term  ;  and  we  find 


^f,.  L_86, 

so  that 


"•>gs+ +  7r-^  = 


?i  5—  + +  pn  -5-    =  I  Tl  • 

9w  c>" 


'/•*{? 
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Substituting  now   for   x1  ,    ...  ,   xn   their   values   in   terms  of 
z,  ul,  ...,  u2tl_l,  we  have 

-dz+pldx1  +  ......  +  pndxn 


-i    .          t*'i   . 

-1+?'1S  +  ......  +  *  5 

The  left-hand  side  is  zero:  the  coefficient  of  dz  on  the  right- 
hand  side  vanishes,  as  indeed  it  ought  because  we  are  carrying  out 
a  Pfaffian  reduction  ;  and  so  the  original  equation  is  replaced  by 

»    2n-l        S^.. 


x. 

Substituting  for  2  pi  ~—  l  from  above,  and  rejecting  the  exponential 


~ 


factor  which  does  not  furnish  a  solution  of  the  equation,  we  have 


The  quantities  £  in  this  equation  are  functions  only  of  a,  u^,  ..., 
Uzn-i,  and  so  also  are  the  quantities  TT  ;  hence  the  new  equation 
involves  only  2n  —  1  variables  and  is  thus  the  transformation  of 
the  original  Pfaffian  equation.  But,  further,  since  £  is  a  function 
only  of  the  variables  u,  we  have 


and  therefore  the  equation  is 

TTj  d^  +  7T.,  di;*  +  ......  +  7Tn  d£n  =  0, 

that  is,  it  is  the  normal  reduced  form  equivalent  to  the  original 
Pfaffian  equation. 

We  have  already  seen  (§  69)  that  an  integral  system  of  this  is 

?i  =  Cj  ,    g  2  =  C2,  ......  ,  £n  =  Cn, 

where  the  quantities  c  are  constants  ;  and  therefore  we  infer  the 
following  result  :  — 

To  integrate  the  equation 

f(z,  x,,  ...,  xn,plt  ...,pn)  =  a 

form  the  subsidiary  system  of  2n  ordinary  equations 
(fai  _  _  dxn  _dz 

^L'~        =W_~'p 

dp,  dpn 
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where 

df          df 

Pi=--pi~'f°ri  =  l  .....  n'and 


Let  a  set  of  2n  —  1  integrals,  independent  of  one  another  and  of 
f—  a  (which  with  f=a  make  up  a  complete  system  of  integrals  of 
the  subsidiary  system)  be 

us  =  ug  (z,  tfj,  .  .  .  ,  xn,  PI,  .  .  .  ,  pn}  =  constant  =  a,, 
for  s=l,  2,  .  ..  ,  2/i  —  1  ;  and  solve  the  2n  equations 

/(O,  fi,   ...,  %n,  T1}   ...,  7Tn)  =  a, 
M»(0,  £1,   -..,  In,  7T!,   ...,  7Tn)  =  ag, 

so  as  to  give  specially  the  n  quantities  £  in  the  forms 

%r  =  <£»•(«,  alt   ...,  Ovn-i), 

for  r  =  l,  ...,  n.     TAen  </te  elimination  of  p1}  ...,  pu  among  the 
n+l  equations 

J  \Z,  X1  ,  .  .  .  ,  Xn  ,  PI  ,   .  .  .  ,  ^n_)  =  tt, 


we  have  substituted  in  <f>r  for  the  quantities  u  their  values 
ur  (z,  &i,  •••,  ®n>  Pi,  •",  Pn},  will  lead  to  an  equation  involving 
z,  iKi,  ...,xn  and  the  n  arbitrary  constants  ar.  This  is  the  Complete 
Integral  of  the  original  differential  equation. 

110.     The  form,  to  which  the  preceding  consideration  of  the 

n 

relation  between  /=  a  and  dz  =  2  pidxi  would  lead  when  Natani'a 

i  =  l 

method  is  adopted  for  the  reduction,  has  been  most  briefly  re- 
ferred to  in  §  92.  The  result  is  equivalent  to  that  which  precedes 
and  may  be  enunciated  as  follows  :  — 

Let  the  2n  -  1  independent  integrals  of  the  subsidiary  system, 
other  thanf=  a,  be 

ui(z,x1,...>a;n,p1>...>  pn}  =  constant, 

for  values  1,2,  ...,  2n-l  of  i.  Then  the  elimination  of  pit  ,  />„, 
TTi,  ••-,  TTnfrom  the  2n  +  1  equations 

f(z,  X1}  ...,  fCn,  Pi,  ...,  pn)  =  d, 
/(O,  «!,    ...,  «„,  TTj,   ...,7Tn)  =  a, 
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(where  i  '=  1,  ...  ,  2/i  —  1),  leads  to  an  equation  between  z,  x^,  .  ..  ,  xn 
which  involves  n  arbitrary  constants  a1}  ...,  ctn  and  is  the  Complete 
Integral  of  the  differential  equation. 

111.     We  now  proceed  to  the  consideration  of  the  alternative 
relation  bet  ween  f=  a  and  the  equation 

—  dz  +  pldxl  +  ......  +  pndxn  =  0, 

in  which  the  equation  among  the  differential  elements  is  regarded 
as  an  equation  in  2n  +  1  variables,  and  has  f=  a  for  that  integral 
which  can  be  assumed  arbitrarily. 

The  foregoing  equation  agrees  with 


=  0, 

i  =  l 

if  we  take 

<W  =Pr,  for  r  =  1,  .  .  .  ,  n\   x.2n+1  =  z; 
Xn+r  =  0,    for  r  =  1,  ...,  n;  Zan+I  =  -  1  ; 

Xs=Ps,  for  s=l,  ...,n. 
And  then  we  have 

dins  =  0,  for  m  and  s  =  I,  .  .  .  ,  n  ; 
am,n+m  =  1,  for  m  =  1,  .  .  .  ,  n  ; 

a«i,n+s  =  0,  for  m—  1,  ...,  7iands  =  l,  ...,  ;i  +  1,  if  m  and  s  be 
unequal  ; 

0»»+r,n+«  =  0>  for  r  and  8=1,  .  .  .  ,  U  +  1. 

Then  constructing  the  subsidiary  equations  as  in  §§  93  and  102 
and  taking  by  preference  the  later  form,  we  have  as  the  complete 
system 


,  for  s  =  1,  .  .  .  ,  n  ; 

r\f 

0  =  ^-  8/J.  +  tiStCs,  for  s  =  1,  .  .  .  ,  /i  ; 
vps 

-8'.=!8* 

there  being  only  one  independent  variable. 

?)f 

If  jp551^  so  that  the  given  differential  equation  is  explicitly 
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independent  of  z,  then  &,  =  0  and  the  subsidiary  equations  tako 
the  simple  (Hamiltonian)  form 

dxs  _  dp,.  _ 

=  ~=      =W_=  '"'' 

dp,  dxr 

rlf 

if  4-  be  n°t  zero,  then  the  equations  take  the  form 
oz 

dxg  dpf 

~  =  '"  =  y+P  df='"'' 

dps  dxr     ^r  dz 

the  equations  in  each  case  being  associated  with  f=  a. 

There  are  thus  2n  —  1  equations  in  all  in  the  subsidiary  system 
and  so  there  must  be  2?i  —  1  integrals;  and/=  a  is  not  an  integral 

n 

of  the  system  unless  we  associate  dz=  2  Pifai  with  it.     There 

t=i 

are  then  2n  equations  in  the  system,  and  it  has  2n  integrals. 
Taking  the  principal  integrals,  and  denoting  them  by  #/,  .  .  .  , 
Xn,  PI,  .  .  .  ,  pn'  for  z  =  0,  we  have  by  §  94 


A(-dz+  2  pldxi)  =  f*df+A'  2  p/da?/, 

i=l  <=1 

or,  since  /=  a  permanently, 

»  A'  n 

-  dz  +  2  p^Xi  =  -j  2  Pidx;  ; 

»=l  -a.  ,-=i 

and  therefore  the  differential  equation  is  replaced  by 

2  pidxl  =  0, 
1=1 

an  integral  system  of  which  is 

#i/  =  Ci,     ...,    «?«'  =Cn. 

This  leads  to  the  same  result  as  in  §  110. 

If  n  =  2,  the  subsidiary  system  is 

dxv          dx^  dpl  dp.,       _  ^-'          ^  . 

~T  —  w~v  "¥~¥r 

-K     -ft    4+^    a^+AS    -ft^i~ft^ 

each  of  these  fractions  being  equal  to 


for  this  special  case  as  for  the  general  value  of  «. 
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When  the  integrals,  three  in  addition  to  /=a,  of  the  main  part  of  the 
subsidiary  system  are  known,  then  ^  is  determined  by  a  quadrature  and 
thence  A  (and  so  A',  by  substitution  in  A  of  the  principal  integrals);  and,  ^ 
being  known,  p.  is  determinate  by  a  quadrature. 

In  actual  practice,  however,  these  quadratures  may  be  dispensed  with,  if 
only  the  actual  result  be  desired  without  the  explicit  form  of  all  the  inter- 
mediate stages.  For  example,  taking  the  equation 

P\  +  P-i  +  2z  +  x\  +  x-i  =  «> 
the  subsidiary  system  is 

d.i\  _  dx^  _    dpl          dp<i  dz 

^Pi  ~  ~P*  ~  x\  +Pi  ~  **+P2  ~  -Pi  ~PzZ  ' 
Three  integrals  of  the  system  other  than  the  given  one  are 

pz-vx^A  (P!  -<**!), 
(opi  -  .r1)w  =  B(p1-  CM,), 


where  w  is  a  cube  root  of  unity  and  A,  B,  C  are  constants.  Then  it  is  easy 
to  see  that  the  Complete  Integral  of  the  given  differential  equation  is  ob- 
tained by  the  elimination  of  plt  p2,  71^  ,  ir2  among  the  equations 


7T2  — 


pl  —  ox^j  TTj  —  coa 


JOj  —  W^j  TTj  —  O>a 

where  a  and  /3  are  arbitrary  constants. 

Ex.     Treat  similarly  the  equations*  :— 
(i)     (l+Pl2+p2*)z*  =  a; 
(ii)    o^!  +  bz  -Pl  +f(xl  ,  p.z)  =  0. 

112.  Natani  also  indicated  in  connection  with  §  33  what  is  the 
first  step  towards  the  extension  of  the  preceding  method  to  the 
integration  of  a  system  of  simultaneous  partial  differential  equa- 
tions of  the  first  order.  A  sufficient  illustration  will  be  given  by 
supposing  a  system  of  two  such  equations 

f=a,    u,  =  b. 

*  These  are  taken  from  Natani's  "Die  hohere  Analysis"  (1866),  pages  341—353 
of  which  deal  specially  with  the  integration  of  partial  differential  equations  of  the 
first  order. 
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101 


Then  proceeding  as  in  the  corresponding  case  for  the  total 
equation,  we  find  that  the  equations,  which  are  subsidiary  to  the 
equation 


A  {  —  dz  + 


t=i 


S  a,c?M,- 
t=i 


=  fidf+aldul+ 


take  the  form 


», 

Ops 


the  first  two  of  these  holding  for  s  =  1,  ...,  71.  In  this  system 
there  are  two  independent  variables,  which  may  be  taken  as  /* 
and  ax. 

Writing 

JL          1  =A 
9#g     ^s  dz     dxg  ' 

the  elimination  of  B^  leads  to 


°  =  a    ^ 

The  existence  of  these  equations  implies   a   certain   relation 
between  f  and  u^ ;  for  we  have 

du,^__df_  du,\  Sa  =  df  ^       df  g 
dxg  dpg      dxs  dpj  dxg   "        dp»    "*' 

and  therefore 

J}    /rfwj  df       df  c 

ft  =  1    x^^s  ^'Ps        \JL*fsg  C 

=  d/=0, 

so  that 

«=i  \c?^«  9ps     dxg  dp  a 
is  a  necessary  relation*. 

*  This  is  not  explicitly  given  by  Natani,  either  in  his  memoir  or  in  hia  twatiw. 
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Let  us  assume  that  this  condition  is  satisfied.  Then  each  of 
the  foregoing  equations  leads  to  two :  and  so  the  new  subsidiary 
equations  are  composed  of  the  independent  equations  of  the  sets 

df         dps' 

~~7 "~~    Tr\    7\         *"~    v     I  7 

docg         op  dxs 


which  are  two  systems  of  equations.    Then,  as  in  §  103,  a  complete 
system  of  integrals  is  given  by  alt  u2,  ...,  un,  — ,  ...,  —  ;  and  any 

^2  a2 

simultaneous  integral  of  the  two  systems  is  a  function  of  these 
integrals. 

Let  such  a  simultaneous  integral  be  0 ;  since  it  satisfies  the 
first  system  we  have,  as  above, 


^£  I     W/l/         I//  \MJ  \J\J      \  « 

«=i  \dxs  dpg      dxg  dpj 

Now  suppose  6  expressed  as  a  function  of  the  system  a1}  u2,  ...,  un, 
—  ,  ...,  —  ;  then  we  have 


^ 

9«!      s=1  djcs  8ttj     s=i  dps  9«!     dz 
«   (W          M\dxg       »  dff 

=  --  h  ps  o-  U  --  H  S  5— 


=i  VftBg 
for  we  have  in  the  subsidiary  system  the  implicit  equation 

dz        »       9a-s 


and  therefore 

9^  =  1  ^i_ 

~ 


If  0  be  an  integral  of  the  required  differential  equation,  then  it 
must  be  independent  of  flj  and  the  right-hand  side  will  vanish. 

There  is  however  no  occasion  that  it  should  be,  for  he  regards  Mj  =  6  as  an  integral 
of  the  former  subsidiary  system  and  is  investigating  the  effect  of  this  knowledge 
in  diminishing  the  amount  of  integration  required  for  that  subsidiary  system  as 
in  §  103. 

The  equivalent  of  the  foregoing  relation  in  regard  to  a  second  integral  w2  is 
explicitly  given  by  him. 
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If  the  right-hand  side  do  not  vanish,  then  we  have  the  same  serif** 
of  alternatives  for  the  subsidiary  system  as  occurred  in  §  104  ;  and, 
mutatis  mutandis,  the  discussion  there  given  is  applicable  here. 

Ex.     Integrate,  by  Pfaff's  process,  the  simultaneous  equations 


where  the  variable  z  is  dependent  upon  three  variables  .>•,,  .?•.,,  .rn,  the  quan- 
tities Pup.,,  p3  being  its  derivatives  with  regard  to  those  variables. 

Also,  with  similar  notation,  the  equations 

Pi=P*=P*!*=P1?' 

(Raabe.) 


F. 


CHAPTER   VIII. 

CLEBSCH'S  METHOD. 

113.  IT  has  already  been  seen,  in  §  68,  that  an  expression 
which  contains  2n  or  2?i  —  1  differential  elements  can  be  reduced  to 
one  which  contains  not  more  than  n  such  elements;  but  that,  at 
each  stage  of  the  method  of  reduction  there  used,  alternatives  are 
possible  and  therefore  any  reduced  form  so  obtained  is  not  unique. 

When,  however,  one  reduced  form  has  been  obtained,  all  others 
can  be  deduced  from  it  by  the  following  process,  which  constitutes 
the  generalisation  of  any  special  solution  of  Pfaff  's  problem. 

Let  the  smallest  possible  number  of  differential  elements  in 
the  reduced  form  of  a  given  expression  be  ra;  and  let  such  a 
reduced  form  be 

FJfi  +  FJf,  +  ......  +  Fmdfm, 

where  there  is  no  identical  relation  among  the  quantities  F  and/. 
Let  another  (and  therefore*  an  equivalent)  reduced  form  be 


with    a    similar   absence   of  any   identical   relation   among   the 
quantities  <J>  and  $.     Then  we  have 


A  =  l 

and  therefore,  as  quantities  on  one  side  of  the  equation  are 
independent  of  one  another,  we  may  consider  the  2m  quantities 
4>  and  <£  as  functions  of  the  2m  independent  quantities  F  and  f, 
and  as  determined  by  the  equations 

**-  *<t>*.  ,  <T>    a<£'» 

r?  + T  **?m  TT-T- 

&   ).  (1) 

<&?£?+       +4>  a^» 
sa^j  mdFj 

See  §  142,  post. 
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for  i  =  1,  2,  ...,  TO  and  j  =  1,  2,  ... ,  m.     When  the  coefficienti*  <l> 
are  eliminated  from  the  second  set  of  m  equations,  the  result  in 


Now  the  w  quantities  0  are  functions  of  Fly  F.,,  ...,  Fm,ft,  ...,/„,, 
and  the  last  equation  shews  that,  from  among  the  m  equations 
which  express  this  functionality,  the  m  quantities  F  can  be  rliini- 
nated  ;  the  result  is  thus  of  the  form 

n  (01(  02,  .  ..,<j>m,fl,f,,  ...,/„,)  =  ()  ............  (2). 

Moreover,  since  the  only  limitation  is  that  imposed  by  the  above 
Jacobian,  this  function  II  can  be  taken  quite  arbitrary. 

In  equation  (2)  the  quantities  F  occur  only  implicitly  through 
their  introduction  by  the  quantities  0:  hence  for  each  of  the 
indices  j=  1,  2,  ...,  m  we  have 


whence  from  a  comparison  with  the  second  set  of  m  equations  in 
(1)  we  have 


(for  r  =  1,  2,  ...,  m),  where  X  is  an  undetermined  factor.  Again, 
in  equation  (2)  the  quantities  /  occur  both  implicitly,  through 
their  introduction  by  the  quantities  </>,  and  also  explicitly  ;  so 
that 

8n  80i    sn  802  8ii  8_0m    an  =  0 

80!  8/i     802  8/t-  80,/(    9/J      8/i- 

Hence,  from  the  first  set  of  m  equations  in  (1),  we  have 


an  80!    8n  802 


8JT  80»A 
80,,,  9/J 


s  ............................................. 

13—2 
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These  equations  (2),  (3),  (4)  contain  the  generalisation  in- 
dicated. They  are  sufficient  to  determine  the  in  quantities  <£>,  the 
w  quantities  <J>,  and  the  (superfluous)  quantity  X  in  terms  of  the 
given  quantities  F  and  /;  and  thus  it  is  possible  to  derive  a 
reduced  form  2<E>d<£  from  a  given  reduced  form  ^Fdf.  The  course 
of  the  proof  shews  that,  when  II  is  the  most  general  function 
possible,  the  derived  reduced  form  is  the  most  general  reduced 
form  possible. 

So  far  as  regards  the  integral  equations,  which  constitute  the 
solution  of  Pfaff  s  equation,  the  most  important  elements  are  the 
quantities  <f>.  They  are  determined  by  the  m  equations 

n  =  o, 
1  8  5  =  JL  8H  _  i  an 

fiWi'Kdf*'      ~Fmdfm} 

and  therefore  they  are  of  the  form 


where  ^{,  an  arbitrary  function,  is  dependent  in  form  upon  II. 
There  evidently  cannot  exist  any  identical  relation  among  these 
arbitrary  functions  i/r,-. 

It  may  be  noted  that,  though  the  functions  >//•  in  the  general  case  are 
arbitrary  and  are  bound  together  by  no  identical  relation,  yet  they  are  all 
determined  in  form  by  the  single  arbitrary  function  n.  It  is  therefore  not 
justifiable  to  assume  that  any  m  of  the  2m  -  1  quantities 

f     j  f      f\      FZ  Fm_l 

J  1)    y-2>  ......  >    ./»»>      ET      5         ET      )   ......  >  ET 

"  m       -^  TO  -^  m 

may  be  chosen  to  represent  m  quantities  </>  ;  any  one,  or  any  combination  of 
them,  may  be  chosen  for  one  of  the  $'s,  but  some  of  the  remaining  <£'s  will  be, 
and  all  of  them  may  be,  affected  by  the  form  of  the  function  chosen. 

Ex.  1.  A  very  simple  case,  included  in  (5),  is  given  by  an  immediate 
transformation.  Since 


F  _  F 

-Fmfm-ld  —  "^-J  -  ......  -Fmfld-fr, 


we  have  this  particular  case  given  by 


p. 

<t>i=  n'-, 
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for  i  =  1,  2,  ......  ,  m  -  1  ;  and 


£j?.  2.  The  equation  (2)  adopted  in  the  text  is  the  most  general  form, 
because  the  variations  of  the  quantities  $  and  /  arc  thus  least  limited.  The 
Jacobian,  which  leads  to  (2),  would  equally  vanish  in  virtue  of  a  iiumljcr  of 
equations  of  relation  between  the  $'s  and  /'s,  viz., 


but  it  is  easy  to  see  that  the  solution  to  which  they  lead  is  only  a  fq>ccial 
case  of  that  which  has  already  been  given. 

114.  The  results   of  the  foregoing  investigation   arc:    first, 
when  any  solution  of  P  faff'  s  equation  consisting  of  the  characteristic 
minimum  of  integral  equations  has  been  obtained,  it  can  be  used  to 
obtain  the   most  general  solution;   and,  second,  the  most  general 
solution  can  be  derived  from  any  particular  solution.     For,  when 
the  quantities  flt  ...,  fm  are  known,  the  quantities  Fl}  F2,  ...,  Fm 
can  be  obtained  immediately  from  m  independent  equations  of 
the  form 

m  M. 

Y  —   V    F    J*  • 

r~  •_,      l'8#  ' 
a=l        vu/r 

and  these  are  the  quantities  which  are  subsidiary  to  the  sought 
generalisation.  It  is  thus  sufficient  to  have  any  particular 
solution,  in  order  to  obtain  the  most  general  solution  of  PfafFs 
differential  equation. 

115.  When  Clebsch  comes  to  consider  the  determination  of 
the  elements  of  any  particular  solution,  it  is  necessary  to  dis- 
criminate between  two  cases  according  as  the  determinant  of  the 
constituents  atj  (as  they  occur  in  PfafFs  reduction)  does   not  or 
does  vanish.     The  two  cases  are  the  same  as  occur  in  that  reduc- 
tion. 

First,  let  that  case  be  considered  in  which  the  determinant 
either  does  not  vanish  or  vanishes  merely  owing  to  conditions 
among  the  coefficients  which  happen  to  be  satisfied;  the  other  case 
in  which  the  determinant  vanishes  identically  will  be  subsequently 
discussed. 


We  begin  with  an  unconditioned  equation  containing  an  w 
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number   (2«,)    of  variables  ;    then   a   reduced   form    of   such   an 
equation 


s 


If  any  expression  of  the  type  considered  in  §  113  be  obtained  so 
that  we  have 


,         ,      f  f       \  n-i 

9>n  —  9>n  I  J  1  )     •  •  •  >  J  11  >  ~~rf~  J     •  •  •  >     "~rr       I  > 
\  -^n  *n  / 

then  by  the  use  of  tj>n  =  constant  =  an  we  have  a  reduced  form, 
given  by 


and  associated  with  <j>n  —  an.  By  the  substitution  from  <£„  =  a(l 
for  any  of  the  variables,  say  for  x.M,  the  expression  H  is  replaced 
by  another,  H',  containing  not  more  than  2n  —  1  variables,  say 


2n-l 

fl'=  S 


an  equivalent  reduced  form  of  which  is 


containing  only  ?z-  —  1  differential  elements. 

Suppose  now  that,  for  ft'  =  0,  any  base  of  a  differential  element 
of  an  equivalent  reduced  form  can  be  obtained  in  the  shape 

"n—  i  =  "n—i  [  <PI  >   9>2  >  •  •  •  >   0)1—1  »   ;»r       >  •  •  •  >  :*:        I  > 
\  ^n—l  ^n—  i/ 

so  that  a  reduced  form  is  given  by 


associated  with  ^u_j  =  constant  =  an_!  ;  then  by  the  substitution 
from  #n_j  =  an_i  for  any  of  the  variables  in  fl',  say  for  a?2n_i  ,  the 
expression  H'  is  replaced  by  another,  H",  containing  not  more 
than  2?i  —  2  variables,  say 

2n-2 

ft"=  2  Z/'^-, 
t=i 
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an  equivalent  reduced  form  of  which  is 


n-2 

2 

/=! 


containing  only  n-2  differential  elements. 

Proceeding  in  this  manner  we  shall  ultimately  reach  an  expres- 
sion n("-l),  containing  not  more  than  n  +  I  variables  and  reducible 
to  a  form  containing  only  a  single  differential  element,  say  to  the 
form 


then  an  integral  system  of  the  original  equation  is 


=  W 


ll  6.  This  being  the  general  march  of  Clebsch's  derivation  of 
a  particular  integral  system,  the  first  step  is  the  construction  of 
the  function  <f>n.  Clebsch's  method  determines  <£„  as  a  solution  of 
a  single  partial  differential  equation  of  the  first  order;  and  the 
form  of  this  equation  verifies  the  inference  of  §  113  as  to  the 
general  functional  character  of  <f>n.  The  (q  +  l)th  step  is  the  con- 
struction of  the  function  £«-<?>  which  is  one  of  the  integrals  of  the 
equation  H1*1  =  0  containing  2n—q  differential  elements;  it  is 
determined,  by  Clebsch's  method,  as  a  simultaneous  solution  of 
q  +  1  partial  differential  equations  all  of  the  first  order. 

There  are  therefore,  in  the  first  instance,  two  questions  to  be 
considered,  similar  to  one  another.  The  earlier  of  the  two  is  that 
in  which  a  differential  expression  containing  2n  differential  ele- 
ments has  for  its  reduced  form  an  expression  containing  n  differen- 
tial elements.  The  later  of  the  two  is  that  in  which  a  differential 
expression  containing  2m  +  r  differential  elements  is  so  conditioned 
that  its  reduced  form  contains  in  differential  elements;  here  the 
source  of  the  conditions  necessary  that  such  a  reduction  may  be 
possible  must  be  indicated. 

Moreover,  when  any  function  <f>n  is  adopted  for  one  of  the 
integrals  of  H  =  0  and  when  by  means  of  this  integral  the  number 
of  variables  in  H  is  reduced  by  unity,  the  consequent  modification 
in  the  form  of  H  is  partly  dependent  on  the  form  of  $„  ;  and  hence 
the  subsequent  integrals  may  be  dependent  on  this  function.  In 
fact,  any  one  of  the  integrals  will  in  general  involve  the  arbitrary 
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constants  of  the  other  integrals  previously  obtained  :  thus  we  may 
write 

£  n—  q  =  £«—  5  (%>  &n  >  a  n—  I  >   •  •  •  >  &n—q+i)- 

When  a,,,  a  „_!,...  are  replaced  by  <£H,  On-l}...  then  £n_g  is  a 
function  of  the  variables  x  alone  ;  and  the  form  of  the  function  is, 
in  general,  affected  by  the  forms  of  all  the  integrals  which  precede 
it  in  derivation.  It  will  thus  be  necessary,  as  a  third  question, 
to  examine  this  effect  on  the  form  of  such  an  integral  ;  it  will  be 
determined  by  means  of  the  linear  partial  differential  equations. 

These  three  questions  are  differently  treated  by  Clebsch.  In 
his  first  memoir*  the  first  two  of  them  are  solved  by  the  con- 
struction of  the  single  characteristic  differential  equation  or  of  the 
system  of  such  equations  corresponding  to  the  two  questions 
indicated  ;  and,  for  the  third  of  them,  the  transformation  is  made 
by  some  extremely  laboured  analysis  to  the  simultaneous  equa- 
tions which  determine  </>,  6,  ...,  £,  ...,  ty  as  functions  of  the 
variables  alone.  The  equations  which  determine  any  function  £ 
have  their  form  affected  by  the  functions  similarly  determined 
previous  to  £  ;  and  in  Clebsch's  second  memoir*!*  they  are  obtained 
directly  without  the  explicit  intervention  and  previous  determina- 
tion of  the  earlier  functions.  The  discussion  of  the  third  question 
is  limited  to  the  most  general  case  of  an  unconditioned  equation 
in  an  even  number  of  variables  ;  the  extension  to  a  conditioned 
equation  is  not  given  J. 

117.  First,  then,  we  have  to  obtain  the  differential  equation 
which  is  satisfied  by  the  first  of  the  integrals  of  an  unconditioned 
equation  in  an  even  number  of  variables.  The  equation  being 
taken  in  the  form 

2)1 

ft=  2  Z         =  0, 


*  Crelle,  t.  LX.  (1862),  pp.  193—251. 

t  Crelle,  t.  LXI.  (1863),  pp.  146—179. 

J  A  large  part  of  these  two  memoirs  of  Clebsch,  as  well  as  another  in  Crelle, 
t.  LXV.  257  —  268,  is  devoted  to  the  theory  of  the  partial  differential  equations  ;  the 
work  is  thus  not  so  entirely  limited  to  the  theory  of  Piaffs  equation  as  are,  for 
instance,  the  developments  in  Natani's  process,  and  much  of  it  really  forms  an 
interesting  illustration  of  properties  of  systems  of  partial  differential  equations. 
For  the  actual  discussion  of  these  classes  of  equations  with  the  improvements  due 
to  Mayer,  see  §$  38  —  11  in  Chapter  n. 
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and  a  reduced  form  being 

n=  s  Fpdfp  =  o, 
P=I 

we  have  (for  i=  1,  2,  ...,  2n) 


and  therefore 

B.»  _ 

r  ' 

Introducing  now  the  quantities  y  of  §  55,  we  have 


and  therefore 

S  T?dfr      ? 

•^   -^r  5—  =    i 
r=l         O^t       .;  =  ! 

this  equation  holding  for  i  =  l,  2,  3,  ...,  2/i.     Let 


,   _ 
then  the  system  of  equations  just  obtained  is 

*(e  &-od-F'}-o 

~*  \  v-'r  o  •'r  o 

r=l\        9^i  9^i/ 

for  i  =  l,  2,  ...,  2n. 

There  is  thus  a  system  of  2n  equations,  linear  and  homogeneous 
in  the  2n  quantities  —  0  and  <*).  The  determinant  V  of  the  system 
is 


and  this  does  not  vanish  because  the  2/i  quantities  /*  and  f  siro 
independent  of  one  another.     Moreover,  taking  V  in  the  form 

_  __  9  (Flt  ...,  Fn,—flt  ...,—/,,) 
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and  multiplying  the  two  values,  we  find 

V2=    0  ,     a12,     a13>  ...     ; 

*2i»      0    >      «-a>  ••• 
hi,      OKM      0    ,  ... 


so  that  V  is  the  Pfaffian  [1,  2,  ...,  2n],  supposed  to  be  non-evanes- 
cent because  the  equation  is  unconditioned. 

Since  the  determinant  of  the  system  of  linear  homogeneous 
equations  is  not  zero,  it  follows  that  each  of  the  variables  is  zero ; 
hence 

dfr  dfr  dfr 

Of  3  E*  3  E7  °\/> 

Ofr     .  Ofr      .  Ofr  -n 


which  exist  for  r  =  l,  2,  ...,  n.     And,  if,  instead  of  2  Fpdfp  as  a. 

P=I 
M 

reduced  form,  2  <&pd<]>p  had  been  taken,  the  former  set  of  n  equa- 
P=I 

tions  would  similarly  have  been  satisfied  by  any  one  of  the  quanti- 
ties $.  Taking  then  one  of  them,  say  $„,  it  must  satisfy  the 
equation 


Now    of    this    equation    we   already   have   n   integrals,   viz., 
fnf-2,  •••>/'«•     But  from  the  second  set  of  n  equations  we  have 

8  /Fr  a  /Fr  8 


for  ?•  =  1,  2,  ...,  ?i  —  1  ;  so  that  there  are  n—1  other  integrals  of 
the  partial  differential  equation  given  by 

Fi      F.2  Fn_i 


«'   Fn>  Fn  ' 

and  we  therefore  have  2n  —  1  integrals  altogether,  which  are  func- 
tionally independent.  In  order  to  construct  the  most  general 
solution  of  (7),  only  2n  —  1  functionally  independent  particular 
solutions  are  necessary  ;  and  the  form  of  this  most  general  solution 
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is  an  arbitrary  function  of  the  2n  —  1  particular  solutions,     Hence 
the  general  solution  of  the  equation  (7)  is 


where  <f)n  denotes  any  arbitrary  function. 

This  is  a  verification  of  the  result  of  §  115  :  and  thus  it  follows 
that  a  first  integral  of  the  given  differential  equation  is  furnished 
by  any  solution  of  the  equation 

dd>  dd>  d<f> 

yi~T  +ya~r-+  ......  +  U"n  ~r-  =  0. 

J  dasi      '   9#2  dx.M 

It  is  to  be  remarked  :  —  first,  that  every  integral  of  the  original 
differential  equation  must  satisfy  this  partial  equation  but  that  no 
integral,  subsequent  to  the  one  initially  taken,  is  completely  deter- 
mined by  this  equation  :  —  secondly,  that  we  may  take  any  integral 
of  the  system 

dx±     dx,,  _  dx.M 

2A        y*~  ~  ?/s»  ' 

the  subsidiary  Pfaffian  system,  as  an  integral  of  the  original 
differential  equation,  for  this  system  is  subsidiary  to  the  complete 
solution  of  the  partial  differential  equation  :  —  thirdly,  that,  even  if 
V  vanish  (contrary  to  the  initial  hypothesis),  yet,  if  not  all  the 
Pfaffians  of  order  2/t  —  2  vanish,  the  above  partial  differential 
equation  (or  the  subsidiary  system)  is  still  valid  for  the  determi- 
nation of  an  clement  $  (§  02)  provided  we  retain  the  ratios  ot  the 
vanishing  quantities  y*. 

118.     We  now  pass  to  the  case  of  a  conditioned  equation  in 
(  p  =)  2m  +  q  variables 

fl  =  X1dae1  +  Xsda;a  +  ......  +  Xp  d*,,  =  0, 

a  reduced  form  of  which  contains  only  m  differential  elements,  say 
fl  =  F1df1  +  ......  +  fmdfm, 

and  we  have  to  obtain  the  differential  equations  which  arc  satisfied 
by  the  first  of  the  integrals  of  H  =  0  ;  ;us  in  the  general  case  before 

*  The  only  essential  difference  between  this  case  and  the  Roncral  case  is  that, 
the  present  case,  the  fraction  FrjFn  admits  of  no  simplification  except  the  \\*>* 
removal  from  the  numerator  and  the  denominator  of  a  constant  factor,  v 
the  general  case  a  variable  factor  thus  disappears.     See  §  62. 
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treated,  this  integral  will  be  an  arbitrary  function  of/1}  ...,/m, 


>   •  •  •  >      iff 
m  *m 

Then 


and,  as  before, 

0..=  2?     flirty  _dFrty\ 

,rii\dxj  dxi      dot;  dxj/' 

Let  \,  /i,  i>,  ...,  a,  ...,/>  be  any  2»i  integers  of  the  series  1,  2,  ..., 
2??i  +  5;  and  let  q  +  1  sets  of  2m  quantities  y  be  introduced,  the 
first  set  defined  by  the  2m  equations 

2m 

Xe=^a0>iyi         (6  =  \,fjt,,v,  ......  ,  p), 

i=l 

and  the  remaining  sets  defined  each  by  2m  equations  of  the  form 

2w  (*) 

2  ag>iy    =-ao,«m+s     (0  =  \  t*,v,  ...,  p) 

i=l  i 

(5=1,2,  ...,q). 

Proceeding  as  in  §  117  and  using  the  first  set  of  introduced 
quantities  y,  we  have 


r=i 


for  each  of  the  values  X,  p,  v,  . , . ,  p  of  6.     Let 

=  1,2, 
then  the  system  of  equations  just  obtained  is 


2m 


for  the  2wi  values  6  =  \,  p,,  v,  ...,  p. 
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It  is  therefore  a  system  of  2m  equations  linear  and  homo- 
geneous in  the  2m  variables  Hr  and  -  £,..  As  befoiv,  th«- 
determinant  V  of  the  system  is  a  Jacobin  n  of  the  form 


and  this  does  not  vanish,  because  the  2m  quantities  f  and  F  art- 
independent  of  one  another;  its  value  is  easily  proved  to  be  the 
Pfaffian  [X,  p,  v,  ...,  p]  of  order  2??i,  supposed  to  be  non-evanescent, 
because  m  is  the  smallest  number  of  differential  elements  in  a 
reduced  form  of  ft. 

Since  the  determinant  of  the  system  of  linear  equations  is 
not  zero,  it  follows  that  each  of  the  variables  is  zero  :  hence 


(»), 


which  exist  for  r  =  1,  2,  ...,  TH. 

From  the  second  set  of  equations  we  have 


for  r  =  1,  2,  ...,  m  —  1  ;  and  therefore  we  have  2m  —  1  solutions  of 
the  equation 


viz., 

f  f        f\      f\_  Fm-i 

Jit   •  •  •  >  J  m  5   157     >    r»     i  •  •  •  >      ET 
-T7rt      ^«»  '« 

Further,  derivatives  with  regard  to  x2m+t,  a-.^.+.j,  ...,  fl*2m+9  do  not 
occur  in  this  equation  ;  and  therefore  the  most  general  solution  of 
the  equation  (9)  is  an  arbitrary  function  of 

f       f  f          F!         *t  **r-l  ~ 

/if/ii  —>fm>   p-»    rt-»  •••>    >~'  ^»'+i'  a«»+«  .....  ^B»tf 
*m     fm  fm 

Using  now  any  other  set  of  the  subsidiary  quantities  y,  say 

(«)  (*)  IP  10 

y    .......  ,  y     ,  we  have,  tor  s  =  1  ,  A  .  •  •  ,  q, 

1  2m 


206  DETERMINATION  OF  INTEGRALS  BY          [118. 

.  i  /  dFf  ty_3F_r  <yL_\_ae 

=  2  ao.iy' 


t=l 

=    2,  W       -I   2    [  7^--  * 3 3— 

CWJg  C/u?i 


for  each  of  the  2m  values  X,  /j,,  v,  ...,  p  of  6.     Let 

(s)dfr\  dfr  c.(*) 

'.    s     )+:»-  =  £ 


,  a  v 

(r  =  l,  2,  ...,  TO); 


QXi/        C^iw+s  i 

then  the  system  of  equations  just  obtained  is 


for  the  2m,  values  X,  /i,  y,  ...,  p  of  0.  The  determinant  of  this 
system  of  2m  equations,  linearly  homogeneous  in  2m  variables, 
does  not  vanish ;  and  therefore  each  of  the  variables  vanishes,  so 
that 

^r  ^i    dxl      ^2.    dx2  ^zmdx^n 


-.(10), 

.is,  w«jr          i*;u.rr  '-1  ""'  ""•       ' 

•       =0  =  y 1-  y      — - 

J"  1      C/tZ/j  2      OOCv 

which  exist  for  r  —  1,  2,  ...,in  and  for  s  =  1,  2,  . . . ,  <j. 

Hence  we  have,  as  solutions  of  the  equation 
(*)  90        (*)  90  («)  90         90 

y         ^L    _|_  y          — L J_ _j_  y  r       -|- —    =(J (l-l)> 

the  2?n  quantities/!,  ...,fm,Fl,...,Fm;  and, since  derivatives  with 
rctTcirci    to£C_i_c27  57  sc  x          do   not^ 

occur  in  (11),  the  most  general  solution  of  this  equation  is  an 
arbitrary  function  of 

Consider  now  the  aggregate  of  equations  made  up  of  the  q 
equations  represented  by  (11)  and  of  the  single  equation  (9),  viz., 
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30  30 

a—  +y   ~r 

dac      ^2   dx, 


0)30 


=0 


<9>30 


...(12), 


being  ^  +  1  in  all.  It  is  au  immediate  inference  from  the 
character  of  the  individual  general  solutions  of  each  of  the 
equations  that  the  most  general  simultaneous  solution  of  the 
system  of  equations  (12)  treated  as  simultaneous  is  an  arbitrary 
function  of 

f      f  f       f\        I\_  f\n-\ 

/!'/•-'    •••>/»"  p      '     V     '    •"'       p"     ' 

•V  in      -*'  m  -f  in 

If,  instead  of  beginning  with  a  reduced  form  S/V/as  equivalent 
to  fi,  we  had  begun  with  an  equivalent  reduced  form  £<I>f/0,  the 
preceding  equations  would  have  been  satisfied  by  the  elements  0  : 
and  therefore  the  most  general  element  entering  into  a  reduced 
form  equivalent  to  O  is  given  by 

A        A.    (f    f  f     Fl     ^k  FH>-I\ 

<Pm  —  (Pm  \J  l  >  J  2>   •  •  •  >  J  m  >   rr     >    r»     >   •  •  •  >      rt        I  > 
\  f  m      f  in  f  »i    ' 

where  0W  denotes  any  arbitrary  function. 

This  again  is  a  verification  of  the  result  of  §  115;  and  it  follows 
that  a  first  integral  of  the  given  conditioned  differential  ei/tuition  is 
furnished  by  any  simultaneous  solution  of  the  system  (12)  of 
simultaneous  equations. 

119.  Several  remarks  are  to  be  made  at  this  point, 
(i).  The  form  of  the  characteristic  equations  determining  the 
elements  of  a  reduced  form  must  be  independent  of  the  choice  of 
the  2ra  terms  X,  /A,  ...,  p  from  the  series  1,  2,  ....  2wi  +  <j;  aud 
therefore  the  values  of  the  coefficients  must  be  the  mine  whatever 
be  the  selection  thus  made.  The  conditions,  necessary  that  this 
may  hold,  are  the  conditions  under  which  the  equation  involving 
2m  +  q  variables  can  be  satisfied  by  only  m  integral  equations  :  ami 
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they  can,  without  difficulty,  be  expressed  in  the  forms  already 
given  in  the  discussion  of  Natani's  method  (§  100).  Moreover,  as 
these  conditions  are  explicitly  known,  they  are  sufficient  to  indicate 
the  number  of  equations  in  the  integral  system  by  which  the  given 
differential  equation  is  satisfied. 

And  as  all  Pfaffians  of  order  2m  will  usually  not  vanish,  m 
being  the  number  of  differential  elements  in  a  reduced  form,  we 
should  in  the  first  instance  choose  X,  p,  ...,  p  so  as  to  give  a  non- 
evanescent  Pfaffian  [X,  p,  .  .  .  ,  p],  if  it  should  happen  that  some  of 
the  Pfaffians  of  this  order  2m  vanish.  The  first  set  of  subsidiary 
quantities  y  is  then  similar  to  the  set  in  §  117  ;  each  of  the 
remaining  sets  is  easily  seen  to  be  made  up  of  quotients  of 
Pfaffians  of  order  2m  by  the  Pfaffian  [\,  p,  ...,  p].  For  instance,  if 


have  a  reduced  form  containing  only  two  differential  elements  and 
if  we  denote  X,  [23]  +  X.  [31]  +  X3  [12]  by  [0123],  then  the  three 
equations  which  determine  the  first  integral  are  easily  seen  to  be 

[2340]  ?*  +  [3401]  ?*  +  [4012]  ?*  +  [0123]  ^  =  0 

cxl  9#2  dxs  J  9#4 

[2345]  f-  +  [3451]  ^  +  [4512]  ^  +  [5123]  ?*  +  [1234]  ^  =  0 
9#!  9#2  dx3  J  9#4  J  9#5 

[2346]  1+  +  [34G1]  ?*  +  [4612]  ?*  +  [6123]  ^  +  [1234]  |*  =  0 
J  9#j  J  9#2  J  9^3  J  8^4  J  9#6 

(ii).  The  following  is  the  march  of  the  general  reduction  of 
an  equation  O  =  0  :  the  function  <f>,  when  determined  as  a  simul- 
taneous solution  of  the  system  (12),  is  used  to  remove  one  of  the 
variables  from  the  equation,  by  taking 

<f>  =  constant  ; 

we  then  have  a  differential  equation  with  one  variable  fewer  and 
integrable  by  one  equation  fewer,  that  is,  we  have  the  next  simpler 
form  of  the  equation  already  treated. 

(iii).  Every  integral  of  the  original  differential  equation  must 
satisfy  the  system  (12)  of  characteristic  simultaneous  partial 
differential  equations  ;  but  no  integral,  subsequent  to  the  one 
initially  taken,  is  completely  determined  by  the  system  (12).  In 
fact,  for  each  new  integral  to  be  determined,  the  new  characteristic 
system,  corresponding  to  (12),  must  be  constructed. 
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Note.  The  solution  of  the  equations  (12)  can  l>e  effected  by  the  method 
of  Jacobi.  They  form  a  complete  system:  it  is  easy  to  verify  that  the 
Jacobian  conditions,  which  may  be  expressed  in  the  form 


, 

are  all  satisfied. 

The  subsidiary  system  of  40  =  0  leads  to  2//j-  1  subsidiary  equations  of 
the  first  order  or  to  an  ordinary  differential  equation  of  the  (2m-  1)*  order. 
When  the  general  form  of  <£  satisfying  J0  =  0  is  obtained  and  is  substituted 
in  Al<f>  =  0,  the  latter  changes  into  a  new  equation,  of  which  the  independent 

variables  may  be  made  /„  ......  ,  /,„,  l±  ,  ......  ,  f»-i  and  r.^,  ,  ;  so  that  the 

rm  f  m 

complete  solution  of  Al(f)  =  0  may  be  made  to  depend  upon  the  integration  of 
an  ordinary  differential  equation  of  the  (2m  -I)"1  order.     And  so  on  for  each 
of  the  equations  in  the  system  (12);  so  that  the  complete  solution  of  that 
system  may  require  the  integration  of  q+  1  equations,  each  of  order  2m  -  1. 
Hence  this  method  would  require  the  solution  of 

(i)    one  ordinary  differential  equation  of  order  2n-  1, 
(ii)    two  ........  equations  .     .     .     2n  -  3, 

(iii)  three    .............     2rc-5, 


(n)     n     ..............     1, 

for  the  complete  determination  of  the  general  integral  system  of  an  uncon- 
ditioned differential  equation  in  2/i  variables;  and  each  of  these  solutions 
gives  one  of  the  integrals  in  the  integral  system. 

The  similar  results  for  a  conditioned  equation  are  easily  inferred. 

120.  The  foregoing  constitutes  what  may  be  called  Clebsch's 
First  Method,  as  applied  either  to  an  unconditioned  equation  in  an 
even  number  of  variables  or  to  a  conditioned  equation.  It  requires 
the  transformation  of  the  differential  equation  after  each  integral 
has  been  obtained,  in  order  to  construct  the  system  of  characteristic 
equations  which  shall  determine  the  next  succeeding  integral. 

In  order  to  obviate  some  of  this  labour  Clebsch  in  his  first 
memoir  transforms,  as  already  (§  116)  stated,  these  characteristic 
equations,  so  that  there  occur  in  them  only  the  coefficients  of  Un- 
original differential  equation  and  the  integrals  already  obtained  and 
not  the  coefficients  of  the  differential  equation  modified  by  each 
successive  integral.  In  his  second  memoir  he  obtains  directly 
the  same  results  as  are  obtained  by  these  transformations:  to 
this  direct  investigation,  which  may  be  called  Clebsch's  Second 
Method,  we  now  proceed. 

F.  I* 
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121.  Clebsch's  second  method  applies  solely  to  the  case  of  an 
unconditioned  equation  in  an  even  number  of  variables,  so  that  a 
reduced  form  of 

2« 

2  Xifai 

i  =  l 

(with  none  of  the  critical  conditions  among  the  coefficients  satis- 
fied) is 

2    Frdfr. 

r=l 

Then  the  2w  quantities  F  and  /  are  2n  independent  functions  of 
the  2n  independent  variables  x  ;  and  therefore,  conversely,  the  2n 
quantities  x  are  2w  independent  functions  of  the  quantities  F  and 
f,  which  may  thus  if  convenient  be  considered  as  a  complete  set  of 
independent  variables. 

The  object  of  the  method  is  to  obtain  the  characteristic  equa- 
tions which  determine  the  n  quantities  f  without  regard  to  the 
effect  on  the  original  equation  of  the  use  of  successive  integrals  : 
and  these  equations  are  immediately  derived  by  means  of  the 
following  lemma  :  — 

Let  P  denote  the  non-evanescent  Pfaffian  [1,  2,  ...,  2n]  and 
let  Rq  be  the  coefficient  of  Oy  in  P  so  that 


and  Rij  differs  only  by  the  factor  (-  l)1+'~-'  from  Py  (§  59):  then, 
if  (f>  and  -^  be  any  functions  of  the  variables  x, 


which    evidently  are  propositions   relating   to   transformation   of 
independent  variables. 

We  have,  as  before, 

a,= 


r=i 
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Let  C{j  denote  the  corresponding  quantity  derived  when  the  varia- 
bles x  are  looked  upon  as  functions  of  F  and  f,  viz., 


Then,  if  -\  and  /*  denote  any  two  of  the  quantities  /  and  F,  the 
value  of 


is  zero,  if  \  and  n  be  different  quantities,  and  is  unity,  if  they  be 
the  same  quantities.  In  virtue  of  this  relation  it  is  easy  to  shew 
that 

2n 

2r-  a  •  (d—  1     9  9>^ 

Hj  U/gj  \i>  —  1,    2,    .  .  .  ,    £tllj 

is  zero,  if  i  and  s  be  different,  and  is  equal  to  1,  if  i  and  s  be  the 
same ;  and  therefore  solving  the  2?i  consequent  equations  we  have 

P2dj  =  minor  of  a^  in  P2 

=  P        , 
and  therefore 


Hence  for  the  first  of  the  two  transformations  we  have 


2»    2»  7)fh 

V     V     ^>      0(P 

=    2,2,     Cfj  5— 


=  ^  _' 

,•  =  i  j  =  i  r  =  1  s"  1  (     '  '  9*V  9^j  W^i  S/«        ^^« 

Taking  now  the  terms  separately,  the  typical  expression  of  the 
first  is 


*  This  theorem  is  given  by  Brioschi,  La  teorica  dti  dttrrminanti  (1854),  p.  • 
the  equations  from  which  the  result  is  obtained  are  due  to  Cauchy  (1.  c.). 

14—2 
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The  sum  of  all  these  which  have  the  same  r,  s,  and  j  is 

d(j)  dxj    |J   dfrfai 

rfajdFs  <*!  dxidfs' 

which  is  zero  unless  s  be  the  same  as  r  :  and  so  the  sum  is 

80  9fty 
*r9^9JF/ 

The  sum  of  all  these  which  have  the  same  r  is 

F   I  90  c%=^j)0 

j=i  dxj  dFr        r  dFr 
Hence  the  sum  of  all  the  first  terms  is 

3    F  ?* 

*     *r  %T?    • 

r=i      oJrr 
The  typical  expression  of  the  second  term  is 

„  80  dxj  dfr  dxt 
'dxjdfsdxidF,' 

the  sum  of  all  these  which  have  the  same  r,  s  and  /  is 

cty  dxj   2»   8/;  8^ 

"fyV.  Aa^aF.1 

which  is  always  zero.     Hence  we  have 

v    rr  8<#> 
(0)=   S  Fr=5  , 

r=l         d^r 

thus  proving  the  first  of  the  propositions. 
For  the  second  of  them,  we  have 

2n     In    J)..  fiA.  3.1. 

[^,^]=  s  2  9?!£££ 

i=i  .,-=1  P  9a?iOa7j 


dFr  8/ 


which  proves  the  second  of  the  propositions. 


122.]  CHARACTERISTIC    EQUATIONS 

122.  The  derivation  of  the  desired  characteristic  equations  can 
now  be  effected.  In  the  propositions  just  proved,  no  restrict  ions 
were  laid  upon  the  functions  (f>  and  i/r  :  and  thus,  particular  cases 
can  be  obtained  by  equating  them  to  some  of  the  functions  /' 
and/. 

We  have  from  the  first  proposition 


r=\          Vr 

(Fi)  =  Fi> 

and  therefore 

(Ji+jy-o, 

for  all  the  values  of  i  =  I,  2,  .  .  .  ,  n. 
We  have  from  the  second 

[A/d-0 
for  all  combinations  oft  and  j  from  the  series  1,  2,  ...,  n  ;  also 

[Fi,  Fj]  =  Q- 
and 

[ft,   ^1  =  0, 

if  i  and  j  be  different,  while 

LA,  *g-i 

for  each  of  the  ;i  values  of  t.     And  we  further  derive 

*'     ?>~\-0-\f. 
~  " 


if  t  and  j  be  different,  and 

<>=[/„*], 

for  each  of  the  n  values  of  i. 

The  only  equations,  into  which  the  quantities  /  alone  enter,  are 
the  n  equations 

(/0  =  o 

and  the  %n  (n-l)  equations 

[A/d-0; 

and  therefore  we  have  the  result  :  — 

The  n  simultaneous  integrals  of  the  unconditioned  different 
equation 

8n 

S   .A^ckr;  =  0 
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satisfy  the  n  partial  differential  equations 

2»»     2»    jf£..  fjf 

and  the  ^n(n  —  1)  partial  differential  equations 
2Ji   2?  _#„  dft  9ym 

Further,  the  other  obtained  relations  shew  that  these  equations 
are  satisfied  when  any  of  the  quantities  fm  is  replaced  by  any  one 
of  the  quantities  Fr/Fn;  and  therefore  we  infer,  in  connection  with 
the  argument  of  §  113,  that  these  differential  equations  are  sufficient 
as  well  as  necessary  for  the  determination  of  the  functions  f. 

123.     By  referring  to  §  59,  it  will  be  seen  that 


2»     »,. 

•c    •**« 

~ 


p 
i  =  l      *. 

is  equal  to  —  yy.  and  therefore  the  equation  (0)  =  0  is  the  same  as 


viz.,  is  the  same  as  the  equation  (7)  which  occurs  in  Clebsch's  first 
method. 

Further,  it  may  be  noticed  (though  it  is  not   remarked  by 
Clebsch)  that  the  factor  -p  may  be  removed  from  all  the  equations 

(0)  =  0,  [(f>,  i/rj  =  0  even  in  the  case  when  P  vanishes,  provided  that 
all  the  Pfaffiaus  of  order  2n  —  2  do  not  vanish  and  no  one  of  the 
characteristic  equations  become  illusory  at  any  stage.  This  state- 
ment may  be  justified  by  the  method  adopted,  for  the  similar 
question,  in  §  62*.  Hence  Clebsch's  second  method  applies  to  an 
equation  in  2n  variables  even  when  the  Pfaffian  of  all  the  coefficients 
vanishes,  provided  the  Pfajfians  of  next  lower  order  2n  —  2  do  not 
all  vanish  and  no  characteristic  equation  become  illusory  at  any 
stage. 

*  But  the  method  will  not  apply  in  the  case  of  an  equation  in  an  odd  number  of 
variables;  for  no  modification  of  the  coefficients  can  prove  effective,  since  the 
Pfaffian  of  odd  order  is  necessarily  evanescent.  Hence  the  present  form  of  the 
method  is  not  applicable  to  an  equation  in  an  odd  number  of  variables  ;  and 
extensions  of  this  method  to  such  an  equation,  as  well  as  to  conditioned  equations 
in  an  even  number  of  variables,  were  not  made  by  Clebsch. 


124.]  .  EQUATIONS  215 

124.  The  solution,  then,  of  the  original  differential  equation 
H  =  0  depends,  by  this  method,  on  the  integration  of  a  system 
(13)  of  simultaneous  linear  partial  differential  equations  of  the 
first  order.  To  determine  the  first  member  of  the  integral  system 
which  constitutes  the  required  solution,  say/n  we  take  any  integral 
of  the  equation 


or  of  the  corresponding  associated  subsidiary  system. 

To  determine  the  second  member  of  the  solution,  say  ft,  wo 
take  a  simultaneous  integral,  other  than/,,  of  the  two  equations 

(<£)=  0,         [/„*]=(>. 

To  determine  the  third  member  of  the  solution,  say  ft,  we 
take  a  simultaneous  integral,  other  than  /,  or  f3  or  any  function 
of  them,  of  the  three  equations 

(#  =  0,   [/!,«  =  (>,  [/;,<«  =  o. 

And  so  on. 

It  is  evident  that  each  of  the  members  thus  obtained  is  a 
function  of  the  variables  only;  that  the  form  of  every  member  is 
affected  by  all  the  previously  obtained  members  of  the  desired 
integral  system;  and  that  the  way,  in  which  the  effect  of  these 
previously  obtained  members  is  brought  about,  is  indicated  by  the 
form  of  the  determining  system  of  simultaneous  equations.  Thus 
the  second  and  the  third  questions  of  §  116  are  solved. 

125.  The  solution  of  the  system  of  simultaneous  partial  differential  equa- 
tions which  determine  any  member  of  the  integral  system  can  be  effected  in 
accordance  with  Mayer's  theory  of  such  systems*.  We  shall  not  enter  here 
into  any  details  of  such  solution,  as  the  developments  belong  less  to  the 
theory  of  PfafFs  equation  than  to  the  theory  of  partial  differential  equa- 
tions. It  may,  however,  be  convenient  to  state  here  two  of  the  results 
appertaining  to  the  present  systems  ;  the  proof  of  these  results  is  not 
difficult. 

First,  whatever  be  the  values  of  any  three  functions  <£,  \^,  x  "f  tne 
variables,  the  relations 


and 

are  identically  satisfied  :  the  simplest  proof  of  these  relations  is  obtained  by 
considering  all  the  quantities  as  functions  of  F  and  /.     Now  in  the  dett-r- 

*  See  note  to  §  116,  p.  200. 
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mination  of  each  of  the  members  of  the  integral  system,  it  is  in  every  case 
necessary  to  begin  with  a  functionally  new  solution  of  ($)  =  0;  and  for  this 
purpose  the  following  results,  easily  derivable  from  the  preceding  identical 
relations,  are  useful  : 

(i)     If  (f>  and  ^  be  two  solutions,  functionally  distinct,  of  ($)  =  0,  then 
[[»,  *1  0]  and  D&  *]>  *] 


are  two  other  solutions  :   they  may,  however,  be  illusory,  or  they  may  be 
expressible  in  terms  of  0  and  ^. 

(ii)  If  0,  ^,  x  be  three  solutions,  functionally  distinct,  of  (0)  =  0,  then 
each  of  the  quantities 

[»,*]    Wvx]    [*,«*>] 
[>,*]'  k,*]'  ft,*] 

is  also  a  solution  ;  so  that,  if  they  be  not  illusory  and  be  functionally  distinct 
from  combinations  of  0,  ^  and  x,  two  other  new  solutions  are  given. 

(iii)  If  in  the  equation  [0,  /]  =  0  the  unknown  quantity  be  0  and  if 
/  be  considered  known,  then  from  two  solutions  ^  and  x  a  third  is  given  in 
the  form 

[*>  Xl 

if  it  be  not  illusory  and  it  be  functionally  distinct  from  combinations  of  ^ 
and  x- 

Second,  the  system  of  simultaneous  equations  which  determine  fr  is 


Clebsch  replaces  these  equations  by  a  linear  combination  of  them,  constituting 
an  equivalent  system  and  constructed  as  follows.  A  set  of  functions  Q1( 
Q2,  ......  ,  Qi  being  introduced,  the  equations 


(where  r=l,    2,  ......  ,   i  —  1)   are  formed;    and   the  sole  limitation   on   the 

functions  Q,  which  can  otherwise  be  chosen  at  will,  is  that  the  deter- 
minant of  the  right-hand  side  does  not  vanish.  Then  the  former  system 
can  be  replaced  by 

(<£)i  =  0,(0)2  =  0,  ......  ,(0)i=0; 

the  new  system  satisfies  the  relation 


and  thus  is  a  complete  Jacobian  system  (§  38). 

Ex.     As  an  illustration  of  Clebsch's  methods,  consider  the  equation 

=  0. 
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We  have 

/2s4  =  [12]=-2>  /iw  =  [13]  =  0,  An  =  [14]=      1, 

Ru  =  [34]  =  -2,  Jft13  =  [42]  =  0,  £14  =  [23]=-1, 

and  [1234]  =  3, 

so  that  the  Pfaffian  does  not  vanish,  and  may  be  omitted  from  the  equation*. 
The  first  of  these  characteristic  equations  (<£)  =  0  is 


Subsidiary  equations  are 

dx\  -dx.2   _       dz3  -dxt  _  ... 

4j7j  +  2x3     2.r4  +  Xi     2#!  +  4#3  ~  r4  +  2a2  ~ 

and  the  necessary  three  independent  special  integrals  are  obtainable  by  the 
elimination  of  6  between 

xi  ~  xs  =  B^6,        xi  +#t  =  Ce~A6. 
We  may  therefore  take 

fz  =  T\r  =  (xt  +  xt)  (  JT,  -  xt)3, 

as  an  integral  of  (0)  =  0  and  consequently  as  a  first  integral  of  the  original 
equation. 

Clebsch's  first  method  would  require  the  elimination  of  say  r4  and  <Ar4 
from  the  original  differential  equation  by  means  of  its  first  integral  ft  =  o, 
and  would  then  leave  an  integrable  expression.  Instead  of  using  this  method, 
we  shall  adopt  the  second  method,  which  requires  for  the  deduction  of  the 
second  integral  a  simultaneous  solution  other  than  >//•  of 

(<*>)  =  0,  [0,  *]  =  0. 

Taking  the   second   equation,  substituting  for  ^   and   simplifying  by   the 
rejection  of  negligible  factors,  we  find  that  it  takes  the  form 


We  must  now  find  some  common  solution  of  this  and  (<£)  =  0  which  is  distinct 
from  \^. 

We  proceed   as  follows:   The  subsidiary  equations  of  the  new  partial 
equation  are 

dx^  _  dxi  _  dx3  _  dx4 

~xz~~o'~  ~^4  ~  o  ' 

three  independent  integrals  of  which  are  .r2,  .r4,  (u  =  )xlJft+j:rr3;  hence  the 
most  general  solution  of  the  new  equation  is 

0  =  /(.r2,  .r4,  M), 
where  /  implies  any  functional  combination  whatever.     It  is  now 
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to  find  what  forms  of  /  will  satisfy  (</>)  =  0  ;  on  substituting,  we  have  after  a 
little  reduction 

£  =  0, 

an  equation  in  which  all  the  coefficients  are  expressible  in  terms  of  .T2,  x± 
and  u.  (This  result  is  to  be  expected  because  (<p)  —  Q  and  [$,  ^]  =  0  satisfy 
the  Jacobian  conditions.)  The  subsidiary  equations  for  the  new  form  of 
(<£)  =  0  are 

du  (Lv  dx 


—  3  u      2.r4  +  j;2 

_  dx.2  +  dj:t  __  dx2-dx^ 
~  3(.r2+j?4)  ~  -fo-*4) 

two  independent  integrals  of  which  are 


The  second  of  these  is  ^,  which  may  be  expected  to  occur  as  a  common 
solution  of  (<£)=0,  [<p,  ^]  =  0;  hence  ^>  is  merely  a  function  of  (j\2+zt)u,  and 
thus  we  may  take  as  a  system  of  two  integrals  of  the  given  differential 
equation 


The  corresponding  values  of  Fl  and  F2  are 
p  _  _  *  _         ^  _ 

•^2  +  ^4  '  '       ('r2 

When  we  take  as  the  first  integral 


9-2  =     =  *i  +  *a 
and  proceed  similarly,  we  find 

ffi  =  (xi  +  *s)  ~  *  (x\ 

which  thus  give  another  system  of  solutions.     It  is  easy  to  shew,  in  verifi- 
cation of  §  113,  that 


fft~ 


>-  where  X  =  -^ . 


When  we  take  as  the  first  integral 

(-ri  +  ^3)  (*t + x*>*  } 
> , 


and  proceed  similarly,  we  find 

thus  giving  another  system  of  solutions :  and,  for  the  similar  verification, 
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126.  We  now  pass  to  the  consideration  of  the  equations  which 
cannot  be  treated  by  either  of  the  foregoing  methods.  The  case 
which  most  frequently  arises  is  that  of  an  unconditioned  equation 
in  an  odd  number  of  variables,  the  Pfaffian  of  which  necessarily 
vanishes;  other  cases  are  the  exceptions  of  §  119  in  which  all  the 
Pfaffians  of  a  given  order  vanish,  though  not  those  of  the  next 
lower  order. 

Let  it  be  supposed  that  the  equation 


O  =       Xidxi  =  0 
t=i 


has  a  reduced  form 


and  that  no  equivalent  form  can  be  obtained  in  a  smaller  number 
of  differential  elements  than  m  +  1  ;  then  the  most  frequent  case 
is  that  in  which  p  =  2//i  +  1,  and  for  all  other  cases  p  >  2(m  +  1). 
And,  in  all  cases,  the  Pfaffian  of  the  original  equation  ft  =  0 
vanishes. 

First,  if  p  =  2m  +  1,  then  there  are  2m  +  2  functions  f  and  F 
of  only  2in  -f-  1  variables  ;  hence  there  must  be  one  relation  among 
these  functions  and,  in  the  case  of  an  unconditioned  equation,  not 
more  than  one  relation.  But  if  any  one  of  the  coefficients,  say  /•' 
be  a  constant,  which  may  be  taken  to  be  unity,  then  there  is  no 
such  relation  among  the  m  coefficients  Flt  ...,  Fm  and  the  in  +  1* 
bases  of  differential  elements  f,J\,  •••,/,«• 

In  all   the  other  cases,  all  Pfaffians  of  order  2m  +  2  vanish. 
Now  the  square  of  the  determinant 

n  •••>/m>  F,  Flt  ...,  Fm) 


where  or,  /3,  .  .  .  ,  r  are  any  2m  +  2  integers  from  the  series  1  ,  2,  .... 
p,  is  the  square  of  the  Pfaffian  [a,  ft,  ...,  T],  which,  being  of  order 
2m  +  2,  vanishes  by  hypothesis  ;  and  therefore  each  of  the  fore- 
going determinants,  for  each  selection  of  2m  +  2  integers,  vanishes. 
Hence  one  functional  relation  must  exist  among  the  quantities 
/,  fi  ,...,f,n,F,F1,...,  Fm.  But,  also  by  hypothesis,  all  the  Pfaffians 
of  order  2m  do  not  vanish  ;  and  therefore  all  the  first  minors  nf 
the  preceding  determinant  may  not  vanish  ;  thus  there  are  not  two 
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[126. 


(or  more)  relations  among  the  quantities  f  and  F*,  that  is,  there 
is  only  a  single  functional  relation. 

If  however  any  one  of  the  coefficients,  say  F,  be  unity,  the 
condition  that  the  determinant  shall  vanish  is  satisfied  :  and  there 
is  then  no  relation. 

Hence,  in  every  case,  the  reduced  form  is  either  of  the  type 

m 

2  Fidfi 

t=0 

with  a  single  identical  relation  among  the  quantities  f  and  F,  or  it 
is  of  the  type 

m 

df+  ZFidfi. 

i  =  l 

127.  When  in  any  manner  a  particular  reduced  form  has  been 
obtained,  it  can  be  generalised  as  follows.  Let  such  a  form  be 

Fdf+Fldf1  +  ......  +Fmdfm 

with  a  single  functional  relation,  say 


among  the  quantities  ;  the  alternative  form  will  be  found  to  arise 
in  the  course  of  the  generalisation.  Let  the  most  general  reduced 
form  be 


with  the  existence  of  a  corresponding  functional  relation.  Then 
taking  /,  /,,  ...,  fmt  Fly  ...,  Fm>  asm+a,  ...,  xp  as  independent 
variables,  we  have 


*  If,  for  instance,  there  were  two  relations,  then  F  and  /  could  be  expressed  in 
terms  of  /,  ,  ...,/,„,  F,  ,  .  .  .,  Fm  ;  and  thus  the  reduced  form  could  be  changed  so  as 
to  contain  only  2m  variables  and  therefore  be  reducible  to  only  m  terms,  contrary  to 
hypothesis. 
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Eliminating  from  the  last  set  of  m  +  (;>  -  2w«  -  1)  equations  the 
ratios   4>  :  4>,  :  .........   :  4>,n,   we    have   a   number   of  Jacobian 

determinants  equal  to  zero,  from  which  the  inference  is  that  <i 
functional  relation 


subsists;  and  IT  may  be  a  quite  arbitrary  function.     Then,  as  in 
§  113,  it  follows  that 


When  these  are  solved  so  as  to  give  0,  <£>,  ,  .  .  .  ,  <£,„  the  elements  of 
the  generalised  solution,  it  appears  that  each  of  these  elements  is 
a  function  of  the  quantities  /  and  F;  and  similarly  for  the 
coefficients  <I>.  Since  IT  is  arbitrary,  each  such  function  is  arbi- 
trary ;  but  all  the  arbitrary  functions  have  their  form  determined 
by  that  of  IT  and  so  they  are  not  independent  of  one  another.  The 
form  of  any  one  of  them  may  be  arbitrarily  assumed  —  thus  in- 
versely determining  the  form  of  IT  —  and  the  forms  of  all  the  others 
are  then  determinate. 

This  is  the  generalisation  of  the  assumed  form  ;  being  the 
general  form,  it  necessarily  includes  the  simplest  as  a  special  case. 
Since,  as  has  just  been  explained,  one  of  the  functions  may  be 
arbitrarily  assigned  and  the  rest  will  then  be  determinate,  Clebsch 
takes  as  the  foundation  of  the  simplest  reduced  form  the  special 
assumption  that  the  coefficient  of  one  of  the  differential  elements 
shall  be  unity.  Thus  the  normal  reduced  form  is 

df+  F,df,  +  F,dft  +  ......  +  Fmdf,lt, 

where  there  is  now  no  relation  among  the  quantities  f  and  F. 
When  such  a  particular  reduced  form  has  been  obtained,  the 
natural  generalisation  is  to  another  normal  reduced  form 


which  shall  be  the  most  general  possible. 

The  preceding  analysis  will  apply  to  this  case,  so  that  we  have, 
in  the  first  place,  an  arbitrary  functional  relation 
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among  the  elements  of  the  two  solutions.     But  since  F  and  <I>  are 
each  unity,  we  have 


9n_i-       an 

~         " 


and  therefore 


so  that  /  and  <f>  can  enter  into  II  only  in  the  combination  </>—/. 
Taking 

</>_/=  0, 

the  arbitrary  functional  relation  among  the  elements  of  the  two 
solutions  is 

...,/wi,  Q,  <f>i,  -•-,  <£m)  =  0; 


and,  if  X  be  the  reciprocal  of  -^  ,  we  have 

c/c/ 

4>r  =      X.—   (r  =  l,  2,  ...,m) 


=  -\  (t«  1,2,  ..., 


J 


These  equations  contain  the  normal  generalisation   of  any  par- 
ticular normal  reduced  form. 

128.  When  these  equations  are  solved,  they  give  each  of  the 
quantities  6,  fa,  ...,  <£m  as  a  function  of/!,  ...,/,„,  ^\,  ...,  .FTO;  the 
forms  of  these  functions  are  dependent  on  the  form  of  II,  and  so 
each  function  is  arbitrary  but  is  not  independent  of  the  others. 
Hence,  if  we  regard  only  one  of  the  elements  of  the  generalised 
solution  with  the  view  of  taking  it  as  an  integral,  it  follows  that 
the  most  general  first  integral  of  a  differential  equation  with  a 
reduced  form 

df+  F.dfi  +  F.2df,  +  ......  +  Fmdfm 

is  given  by 

<j>m  =  <£M(/I,   ••-,fm,Fl,   ...,  Fm), 

where  </>„,  is  an  arbitrary  function. 

The  general  march  of  the  derivation  of  successive  integrals  is 
similar  to  that  of  the  earlier  case  (§  115).  By  means  of  the 
integral  <f>m  —  am  ,  the  differential  equation  can  be  transformed  into 
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an  equation  containing  only  p  -  1  variables  and  having  as  a 
normal  reduced  form 

d(j>  +  4>l(ty,  +  ......  4-  <!>„,-,  (fy,,,-,  ; 

as  the  new  coefficients  of  the  differential  equation  are  affected  by 
the  form  of  <£„,  adopted  (or,  on  the  other  hand,  as  the  remaining 
functions  <£,  </>,,  ...,  </>,„_,  are  affected  by  the  form  of  <£„,),  it  follows 
that  the  remaining  integrals  will  be  similarly  affected.  Hence, 
as  in  the  earlier  case,  each  integral  affects  the  form  of  all  those 
determined  subsequently  to  itself. 

The  new  equation,  with  the  associated  new  reduced  form,  is 
the  equation  next  simpler  in  treatment  than  the  one  already 
discussed  ;  we  shall  have  a  second  integral  of  the  original  equation 
in  the  form 


where  yfrm^  is  an  arbitrary  function.  And  then  by  means  of  the 
integral  -v|rwi_!  =  a,,,_i,  the  differential  equation  can  be  transformed 
into  one  involving  only  p  —  2  variables  and  having 


as  a  normal  reduced  form.     And  so  on,  until  we  obtain  a  differen- 
tial equation  in  p  —  m  variables  having 

dX 

as  a  normal  reduced  form,  i.e.  until  we  obtain  an  equation  which 
is  exact  :  then 

<j>m  =  am,  ^rm-i  =  am-j,  ......  ,  x~a° 

constitute  an  integral  system  equivalent  to  the  differential  equa- 
tion. 

129.  Having  thus  generalised  any  special  solution,  we  have 
now  to  investigate  the  equations  which  determine  the  integrals. 
For  this  purpose  Clebsch  gives  two  processes,  each  devoted  to  the 
determination  of  a  first  integral  of  the  differential  equation.  Since 
by  means  of  this  first  integral  the  differential  equation  is  trans- 
formed into  another  which  is  simpler  and  is  similarly  treated,  it 
follows  that  each  of  these  processes  is  limited  in  the  same  way 
as  the  first  method  which  applies  to  the  class  of  unconditioned 
equations  in  an  even  number  of  variables  ;  neither  of  the  processes 
possesses  the  general  character  of  the  second  method  which 
applies  to  that  class  of  equations. 


224  FIRST   PROCESS   FOR  THE  [130. 

130.     The  first  process  is  as  follows.     Since 

Frdfrt 


r=l 

we  have 


and  therefore 

an  = 


r=i 


which  is  the  same  in  form  as  before  (§  118)  and  thus  suggests 
a  similar  method. 

Let  \,  p,,  ...,  p  be  any  2m  integers  of  the  series  1,  2,  . .. ,  p; 
let  p  =  2m  +  q,  and  let  s  be  any  one  of  the  integers  1,  2,  . . . ,  q. 

Then  we  determine  q  sets  of  quantities  y   ,  y   ,  ...,  y      by  the 
equations 

V?  /!/  ( Q    —    "\  \ 


Proceeding  as  in  §  118,  we  obtain  the  equations  —  similar  to  (10) 
of  that  article  — 

dfr  (*)     dfr  3fr  „! 

J-L.   _j_  +y  H  __  =  0 

307.  ^Zm'bx 


r+  r+  to  dFr  |    dFr    =  Q 

M     dx          ^2    9a;  ^Zm'dx  dX 


holding  for  r—l,  2,  ...,  m,  and  for  s=  1,  2,  ...,  g. 

Now  it  has  been  seen  that  the  first  integral  of  the  differential 
equation  is  a  function  ofy,,  ...,fm,  Flt  ...,  Fm;  hence  it  satisfies 
the  equation 

Ad>=    M^-  +   (*)8^  ,  _   (a)   9^         9<^>     =Q 

*^     y\  dxl      y*  da*  y2mdx2m     9#2m+(t 

since  each  of  its  arguments  satisfies  the  equation.     This  equation 
subsists  for  s  =  1,  2,  ...  ,  q  ;  and  therefore  we  have  the  result  :  — 

The  first  integral  <f>  of  the  differential  equation  fi  =  0  is  deter- 
mined as  the  most  general  simultaneous  solution  of  the  system  of 
linear  partial  differential  equations 
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Each  of  the  quantities  y  is  the  quotient  of  :i  Pfaftian  of  ord«-r  2  HI 
by  the  Pfaffian  [X,  //,,  ...,  p]  ;  and  as,  by  the  initial  hypothcaw,  not 
all  the  Pfaffians  of  order  2m  vanish,  we  should  naturally  rho«»st> 
\,  //.,  ...,  p  so  as  to  give  a  non-vanishing  Pfaffian. 

It  is  easy  to  verify  that  the  system  of  q  equations  satisfies  all 
the  Jacobian  conditions  for  the  possession  of  common  solutions, 
and  therefore  it  forms  a  complete  system. 

Ex.  1.  The  simplest  case  is  that  in  which  the  number  of  characteristic 
equations  is  least,  via.,  q  =  l;  and  the  single  equation  then  serving  to  deter- 
mine the  first  integral  is 


2        -  [s+l,  s  +  2,  ......  ,  2-wi  +  l,  1,  ......  ,«-l]  =  0. 

.=1    V.Tg 

As  a  very  easy  illustration,  consider  the  equation 
Q  =  x^dxl  +  .r3d.v.2  +  .r,c?.r3  =  0. 
The  characteristic  equation  is 

3$  .  8$  +  _3$-0 

9.?!     9#2     9.r3 

and  therefore  we  may  take  as  a  special  solution 

fi=Xi-Xi  =  a. 
Using  this  integral  to  remove  A\  and  dxlt  we  have 


so  that  /=  ^22  +  ^2^3  +  o^z  » 

and  therefore  a  special  system  of  integrals  is 

/=  $.v.*  +  xvx^  =  c,     fr  =  .r,  -  .r2  =  b. 
Moreover,  since 

Q  =  df+Fldfl, 

we  find  -^i  =  #2  ~  ^3  • 

To  generalise  the  integral  system  we  take 
$!  =  function  (/n  F^ 

=  function  (xl  -  .r2,  x*  -  xj  =  constant  ; 

and  this  may  be  taken 

x1-.v.2  =  ^(xz-.v3,a), 

where  *  is  an  arbitrary  function.     Using  this  to  modify  the  equa 
before,  we  have 


=  d  &x*  +  x.f 
F. 
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so  that,  writing  x2  —  x3=z,  we  have 

/=  -|.r22  +  .^#3  +  \zty  (z,  a)  dz  , 

where,  after  integration,  z  is  to  be  replaced  by  its  value  .r2-.r3.     Thus  the 
two  integrals  of  the  generalised  system  are 

$  =  J.r22  +  XjXs  +  \zty  (z,  a)  dz  =  c\ 
.TJ  -  #2  =  i\f  (x2  -  x3  ,  a)      j 

Ex.  2.     Another  easy  illustration  is  afforded  by  the  similar  equation 
x.^Lvl  +  xglx2  +  x4d.r3  +  xbdxt  +  x^dx^  =  0. 

Ex.  3.     It  is  an  immediate  corollary  from  Clebsch's  first  process  that,  if  z 
and  dz  be  eliminated  from  the  uon-integrable  expression 

Q  =  Xdx  +  Ydy  +  Zdz 
by  means  of  any  integral,  say  <£  fa  y,  z,  a)=0,  of  the  characteristic  equation 


then  the  new  form  Q'  ( =  Q  transformed)  is  a  perfect  differential.  This  result 
may  be  compared  with  Bertrand's  method  for  an  exact  equation  (§  16),  and 
with  the  theorem  of  Jacobi  in  the  example  in  §  68. 

Ex.  4.     The  equation 

fa2  -  x^  +  a)  dxl  +  fa2  -  X]X<i  +  b)  dxz  +  fa2  -  .r.fT3  +  c)  dx3  =  0 

will  furnish  in  the  following  solution  some  variation  in  the  merely  analytical 
procedure. 

We  have  [12]  =  3.r.,,  [23]  =  3.r3,  [31]  =  3.r'!;  so  that,  on  the  supposition 
that  a,  b,  c  do  not  all  vanish,  the  equation  is  not  exact.  The  characteristic 
equation  for  the  first  integral  by  Clebsch's  first  process  is  thus 

Equations  subsidiary  to  its  solution  are 


X3  Xl  X2 

two  independent  integrals  of  which  are  easily  obtained  in  the  forms 

(xl  +  x2  +  x3r 
•  2     ' 


*1  f  0>-l 2  T  W  *3  «i  T  o>  •< 2  T  <B.<.3 

each  equated  to  a  constant,  u>  being  a  cube  root  of  unity.     Also 

1 

fy       l        2      '  3 

is  another  integral ;  and,  though  neither  /  nor  ^  can  easily  be  used,  yet  u 
may  be  treated  as  a  special  first  integral  by  means  of  which  the  original 
equation  may  be  modified. 
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Instead  of  thus  following  the  general  rule,  we  proceed  otherwise.     It  j«  nut 
difficult  to  prove  that 

df       cty-      -  3«- ,. 

-^-  +  o>  —  =  — -  {(.«-.,-  -  .ty-,)  rf.r,  +  (.r.,;  - .,-,./-,) ,/./-,  +  (.r,-'  -  .ly,)  </.r3}. 

Hence,  taking 

^  =  a.i\  -f-kr^  +  cu-g, 

we  have  Q  =  rf^-  ^y  ^{l«g  (./VOI; 

and  the  special  and  general  integrals  can  now  be  obtained  by  the  \\M\\H\ 
process. 

Ex.  5.     Integrate  the  equation 

x^d^  +  .r.?dx.,  +  ^'i'd.r^  =  0. 

Ex.  6.     It  is  easy  to  infer  the  result,  .slightly  more  general  in  form  than 
that  stated  in  Ex.  3,  that,  if  a  and  /3  be  two  independent  integrals  <>f  the 

system 

dxs  _  d.r{  __  d.rz 

[12]  ~[23] -[31]' 

then  the  expression  X^dx^  +  X.2d.r.2  +  X3d.r3  is  equal  to 

dy  +  Mda  +  Ndfr 

where  J/  and  N  are  functions  of  a  and  /3  alone,  and  y  is  not  determined  by 
a  and  ft*.  If  the  condition  of  integral lility  be  satisfied,  then  y  is  a  constant; 
and  again  we  have  Bertrand's  theorem. 

131.     The  second  process  given  by  Clebsch  is  as  follows.     The 
principle  depends  upon  the  fact  that,  when  a  normal  reduced  form 

df+  2  Fidfi 

;=i 

is  transformed  by  means  of  a  relation 

fm  =  function  (/,/,,  . . . , /„,_, ,  Flt  ...,  F,n), 

which  it  must  be  noticed  involves  /,  it  is  changed  into  a  form 
containing  2w  independent  quantities  /,  /, ,  . . . ,  ftll-\ ,  Ft ,  .  ,  Fm 
bound  together  by  no  relations.  The  new  differential  expression 
has  thus  a  reduced  form  of  the  type 

2  F-  df/, 

?=i 

where  the  quantities/  and  F'  are  connected  by  no  relations 
therefore  belongs  to  the  class  of  equations  treated  already,  ($$11' 
118).     Hence  we  have  to  find  some  function  <j>  of  the  quantities 
/,  /i,    •••>  fm,   F,,   ...,   Fm,  which  shall    be    an    integral    of  the 

*  Darboux,  "Sur  le  probleme  de  Pfaff,"  Bull,  des  Sci.  Math.,  2-  S£r,  t.  v 
p.  24. 

15—2 
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equation  ;  and  the'n,  by  means  of  the  equation  <£>  =  a,  we  remove 
one  of  the  variables  and  obtain  a  new  equation  which,  as  has  been 
seen,  is  amenable  to  the  earlier  methods. 

For  this  purpose  we  again  use  the  first  of  the  propositions 
proved  in  §  121,  in  the  following  form.  Consider  2m  4-  2  variables 
#1,  •••>  2W+2  and  2m  +  2  functions  /0,  flt  ...,/„,,  F0,  F1}  ...,  Fm, 
such  that 

2m+2  m 

S   Xtdxi=  2  Fidfi-, 

?=i  ?=o 

then  the  Jacobian 

i»  •••»/m>  F0,  Fl}  ..  .  ,  Fm) 


U  (Xi  ,  a?2  , 

has   for   its    value  the  Pfaffian  P  =  [l,  2,  ...,  2m  +  2].     By  the 
first  of  the  propositions  in  §  121  we  have 

2m+2  2w+2    E>  J)J,  m  3A 

V         V      ±l/h,k   v    UT}  *<     V      UT* 

21         *      ~p"A*  ^T  ~  ~~   ^    ^*    5W  ' 

h  =  l     k=L      *  OXh  «  =  o          Gig 

where  (f>  is  any  function  of  the  2m  +  2  variables.     But,  by  the 
ordinary  formulse  for  Jacobians,  we  have 

p  90  _  9(/o,/i,  ~-,fm,  F0,  Fly  ...,  ^M)   30 


and  therefore 

2w+2  2OT+2 
^         ^      7?        3 

—*          **       -L^h  Jc  -A 
m 

--S11. 


To  adapt  this,  which  is  a  general  result,  to  the  case  of  the 
normal  form  under  consideration,  we  notice  that  F0  is  unity  and 
that  therefore  every  term  on  the  right-hand  side  will  vanish, 
except  that  in  which  <£  replaces  F0  :  hence,  whatever  the  function 
<£  may  be,  as  a  function  of  the  variables,  we  have 

2m  +  2  2w+2  ^J.  7)  (  f   f  f        d>    F  F    } 

V        V       D        V    V(r  v  \y»yi'  •••tjm>  *P>  •*•  *>  •••»•*!»/ 

2*        2,      t\h  jf  A  jfc  ^  —  =  —  ^-7  —  - 

h  =  l    k=l  OXh  0(30!,  X2, 


And  it  is  evident  that  a  similar  formula  will  hold,  mutatis 
mutandis,  for  every  selection  of  2m  -f  2  integers  from  the  series 
1,2,  ...,p. 
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Now  when  <f>,  a  function  of  the  2m  +  2  variables,  can  be 
expressed  in  terms  of/,/,,  ...,/,„,  Flt  ...,  Fm  alone,  the  Jacobian 
of  the  2m  +  2  functions  vanishes ;  and  when  <f>,  considered  as  a 
function  of  all  the  p  variables,  is  expressible  in  terms  of/  /„  .... 
fm,  F-i,  ...,  Fm  alone,  every  Jacobian  of  the  2m  +  2  functions, 
taken  with  reference  to  every  set  of  2m  +  2  variables  chosen  from 
the  p  variables,  vanishes.  Hence  the  desired  function  <f>  satisfies 
all  the  possible  differential  equations  of  the  form 

2»t+2  2;»+2  30 

h=l    k=l  d%h 

The  desired  functional  dependence  of  </>  on  the  quantities /and  F 
is  sufficiently  and  completely  established  by  the  vanishing  of  the 
Jacobians  of  the  2m  +  2  functions  taken  with  reference  to  jclt  or,, 

...,  #.2m+i  and  each  of  the  other  variables  in  turn.     If  then  R 

denote  the  derivative  of  [1,  2,  ...,  2m  +  1,  2m  +  s]  with  regard  to 
h,  k ;  and  if 

z    —  ^    X{  R     +  X.lm+g  R/t  2w+4 , 

then  the  partial  differential  equations  necessary  and  sufficient  to 
determine  the  function  <j>  are 

for  s=l,  2,  . . . ,  p  —  2m  —  I. 

In  the  particular  case  of  an  unconditioned  equation  in  an  odd 
number  of  variables  we  have  p  =  2m  +  1,  so  that  the  preceding 
analysis  does  not  apply.  But  then,  as  there  are  only  2m  -I-  1 
variables  and  there  are  2m  4- 1  quantities  /  and  F,  it  follows  that 
any  function  </>  whatever  can  be  expressed  in  terms  of  /  and  /'; 
hence  a  first  integral  would  be  obtained  by  equating  to  a  constant 
-any  arbitrary  function  of  the  variables  and  using  it  as  indicated  in 
§  118.  This  is  the  theory  previously  adopted. 

It  is  easy  to  verify  for  the  general  case  that  the  system  of 
p  -  2m  - 1  equations  satisfies  all  the  Jacobian  conditions  for  t 
possession  of  common  solutions,  and  therefore  it  forms  a  oompleU 
system. 

Ex.     Integrate  the  equation 


which  has  a  normal  reduced  form  d6  +  Fdf. 


CHAPTER  IX. 

TANGENTIAL  TRANSFORMATIONS. 

FOR  the  history  of  tangential  transformations  see  Lie,  Math.  Ann.,  t.  viii., 
p.  219  and  Mansion  "  Theorie  des  equations  aux  d^rivees  partielles  du  premier 
ordre  "  p.  42.  In  addition  to  the  memoir  of  Lie  (which  is  a  resume  of  several 
memoirs  published  earlier  in  Christiania)  and  that  of  Mayer,  both  of  which 
are  quoted  in  this  chapter,  reference  may  be  made  to  a  memoir  by  Lie, 
Arch,  for  Math,  og  Xat.,  t.  ii.  (1877),  pp.  10 — 38  and  to  one  by  Engel, 
Math.  Ann.,  t.  xxiii.,  pp.  1 — 44. 

An  exhaustive  discussion  of  the  theory  of  tangential  transformations  with 
its  present  developments  is  to  be  found  in  the  second  volume  of  Lie  and 
Engel's  "  Theorie  der  Transformationsgruppen  "  (Leipzig,  1890). 

In  a  note  Math.  Ann.,  t.  viii.,  p.  223  Lie  suggested  questions  relative 
to  tangential  transformations  and  osculational  transformations  which  had 
already  engaged  the  attention  of  Backlund.  The  latter  had  published  a 
memoir  "Einiges  iiber  Curven-  und  Flachentransformationeu,"  Lunds  Arsskrift, 
t.  x.  (1875);  and  since  that  date  he  has  published  memoirs  on  the  subject  in 
the  Math.  Ann.,  t.  ix.,  pp.  297—320;  ib.,  t.  xi.,  pp.  199 — 241  especially  pp. 
200—219;  ib.,  t.  xix.,  pp.  387—422. 

132.  The  general  idea  of  the  class  of  transformations  about  to 
be  considered  is  derived  from  certain  fundamental  geometrical 
ideas  relative  to  the  transformations  of  space.  Transformations 
between  the  points  of  different  spaces  will  in  general  change 
aggregates  of  points  into  aggregates  of  points  with  similar 
characteristic  features;  for  example,  a  surface  in  geometry  of 
three  dimensions  is  changed  into  a  surface,  two  surfaces  which 
touch  one  another  are  changed  into  two  others  which  touch  one 
another.  But  point-and-point  transformations  do  not  alone  lead  to 
such  results;  thus  the  tangential  property  indicated  is  possessed 
also  by  the  dualistic  transformations  which  analytically  express 
reciprocation  with  regard  to  a  quadric;  and  these  are  only  two 
sets  from  an  extensive  class. 
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All  transformations,  characterised  by  the  property  of  changing 
surfaces  in  one  space  which  touch  one  another  into  surfaces  in 
another  space  which  touch  one  another,  are  called  tangential 
transformations*;  they  are  of  course  not  limited  to  the  analytical 
forms  which  correspond  to  geometrical  space,  but  they  apply  to 
the  most  general  configurations  in  an  amplitude  (Mannigfeltigkeit) 
of  any  number  of  dimensions. 

Suppose  then  that  there  is  an  amplitude  of  n  +  1  dimension 
and  that  any  point  in  it  is  determined  by  the  (non-homogeneous) 
coordinates  z,  x1}  xy>  ...,  xn\  and  in  it  let  there  be  two  configura- 
tions (algebraische  Gebilde),  each  of  n  dimensions,  which  touch 
one  another.  At  the  common  point  the  quantities  z,  j-,,  .  ..,  xnt 
Pi,  ---tpn  are  the  same  for  both  configurations;  and  the  contact  at 
that  common  point  is  ensured,  if  the  differential  relation 

n 

dz  —  2  pidxi  =  0, 
t=i 

which  subsists  for  all  variations  in  one  of  the  configurations  at  the 
point,  subsist  also  for  all  variations  in  the  other  at  the  point  with 
the  same  finite  elements.  Let  there  be  a  transformation  which 
gives  /,  #/,  ...,  Xn  as  the  coordinates  of  a  point  in  another 
amplitude  or  in  another  part  of  the  former  one;  the  two  con- 
figurations, which  are  the  two  earlier  configurations  transformed, 
will  touch  one  another  at  a  common  point,  if  the  differential 
relation 

n 

dz  —   2     i'dxi  =  0 


t=i 


subsist  for  the  two  configurations  simultaneously.     It  thus  follows 
that  two  touching  configurations  are  transformed  into  other  two 

H 

touching  configurations  when  the  vanishing  of  dz 

n 

consequent  on  the  vanishing  of  dz-    2  MT,:    hence  the  i 

formation  must  be  such  as  to  permit  these  quantities  to  vaiii»h 
together  and  therefore  such  as  to  require  (in  identical  relation 

dz'-  2   pi'da-i=p(dz  -  Z 


*  They  are  called  by  Lie  and  others  lieriil.rungttratuformatwn,*  ; 
writers  transformations  de  contact. 
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where  p  is  a  non-vanishing  integral  quantity.  Moreover,  the 
quantities  z,x-i,  . . . ,  xn ,  p^ ,  ...,  pn  are  the  coordinates  of  an  element 
of  a  configuration  of  the  most  extensive  type ;  the  quantities 
z,  Xj,  ...,  xn  determine  its  position  and  the  quantities  p1}  ...,  pn 
its  orientation  in  that  position ;  hence  the  2n  + 1  quantities  are 
independent  of  one  another*. 

Hence  we  are  led  to  Lie's  definition  f  of  a  tangential  trans- 
formation : — 

When  Z,Xly  ...,  Xn,  P1}  ...,Pn  are  2n  +  1  independent  functions 
of  the  2n  +  l  independent  quantities  z,  xly  ...,  xn,  pl}  ...,  pn  such 
that  the  variational  relation 

dZ-   I   PidXi  =  p(dz-   2 

i=\  i=l 

(where  p  does  not  vanish)  is  identically  satisfied,  then  the  trans- 
formation defined  by  the  equations 

z'  =  Z,   x'  =  X,   p'  =  P 
is  called  a  tangential  transformation. 

Two  classes  of  tangential  transformation,  viz.,  point-and-point 
transformation  and  the  (reciprocal  polar)  point-and-plane  trans- 
formation, have  already  been  referred  to ;  it  is  of  importance  to 
determine  all  the  classes.  The  analytical  problem  thus  presented 
amounts  to  the  determination  of  Z,  X,  P  as  independent  functions 
of  z,  x,  p  in  the  most  general  form  which  admits  of  the  cha- 
racteristic variational  relation  being  identically  satisfied. 

133.  Since  the  quantities  in  the  two  differential  expressions 
which  occur  in  the  variational  relation  are  two  aggregates  of 
independent  quantities,  each  of  the  expressions  may  be  regarded 
as  a  normal  reduced  form  of  an  unconditioned  Pfaffian  differential 
expression  involving  2n  +  1  variables ;  so  that  Clebsch's  inves- 
tigations (§§  113,  127)  relative  to  the  derivation  of  the  most 

*  Thus  z,  .T,  y  in  ordinary  space  determine  a  point  on  a  surface ;  p  and  q 
determine  the  position  of  an  element  at  the  point ;  so  that  any  element  of  any 
surface  is  denned  by  the  five  quantities  z,  x,  y,  p,  q,  and  the  whole  of  any  surface 
containing  a  given  element  would  be  denned  by  a  single  relation  between  the  five 
quantities,  that  is,  by  a  partial  differential  equation.  It  is  easy  to  infer  the 
corresponding  results  for  configurations  of  less  extensive  type,  e.g.,  for  tortuous 
curves  in  ordinary  space. 

t  Math.  Ann.,  t.  viii.,  p.  220. 
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general  normal  form  from  a  given  normal  form  may  be  applied 
to  the  present  question.  It  is  thus,  in  fact,  that  Lie  discusses 
it*;  he  regards  it  as  a  special  case  of  Pfaff's  problem  and  applies 
Clebsch's  results.  But  as  some  of  the  special  inferences  made  by 
Lie  in  the  theory  of  tangential  transformations  are  applied  by 
him  (of  course  not  unjustifiably)  to  the  discussion  of  PfafFs  problem, 
it  is  (as  also  for  other  reasons)  of  some  advantage  to  have  an  inde- 
pendent establishment  of  the  principal  results.  This  direct 
derivation  of  the  fundamental  formulas  of  the  theory  has  been 
effected  by  Mayerf. 

134.  We  have  then  to  determine  2?i  +  1  algebraically  inde- 
pendent quantities  Z,  X,  P  as  functions  of  2w  4-  1  independent 
variables  z,  x,  p  such  that  the  equation 


dZ  —   2   PidXi  =  p(dz—   2  pidjtA (1) 


is  identically  satisfied,  p  being  a  uon- vanishing  quantity.  Since 
the  variables  are  independent,  the  equation  (1)  is  equivalent  to 
the  set  of  2rc  +  1  equations  constituted  by 


;_ 

to~£lPi'&m'p  .....................  (2X 

=     —  2  P-  =  0-  - 


the  equations  (3)  and  (4)'  holding  for  r  =  1,  2,  ...  ,  n.     Taking  as 

v.  i   dU  i 
a  new  symbol   -,—  to  represent 

(JLOC  f 

dU          dU 

ter+»-* 

for  any  function  U,  the  n  equations  (4)'  may  by  means  of  (2)  bo 
replaced  by  the  n  equations 

Ar  =  f  _  §j',.rf/'  =  o  ......  ,4). 

rfarr      i=1        fwv 
holding  for  r=l,  2,  ...,  n;  and  these  ctiuations  (2),  (3)  and  (4) 

*  Math.  Ann.,  t.  viii.,  pp.  221  et  seq. 

t  Gott.    Nath.   (1874),   pp.    317—331;    reproduced.  Math.   Ann.,   t.    viii..   pp. 
304—312. 
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[134. 


are  sufficient  to  ensure  the  satisfaction  of  the  fundamental  equa- 
tion (1). 

There  are  two  stages  in  the  investigation;  the  first  is  the 
establishment  of  necessary  equations  determining  Z,  X,  P;  the 
second  is  the  selection,  from  these  necessary  equations,  of  such  as 
are  independent  and  sufficient  for  the  determination. 

For  the  first,  we  have  for  any  function  U 


dpr  dps  dps  dpr 

aj  TT  J      3  TT         Q  TT 

CiU  Cl      U  U          U  U 

dpr  dxr  dxr  dpr      "bz  ' 

d   dU      d  dU  > 

5—  j -j-  5-  =  0,  if  r      s, 

opr  dxg  dxs  opr 


Then 


_d_dU___d_dU  = 

dxr  dx*     dxs  dxr 


p 

' 


by  taking  U  =  Z  in  the  first  of  the  foregoing  relations  and  using 
(3).     When  this  is  simplified,  it  gives 


Similarly  using  the  other  relations  in  connection 
with  equations  (3)  and  (4),  we  obtain  the  aggregate 
of  equations 


i=i  \dpr  dxr  dxr  dpr) 

Xi—  ' ?      *  I  —  n  i  f  7*     c 

V   H  ^7  ^7  ^/n        I    '  •£"       ' 

i = 1   \  @pr   dXg  (JvXs   ®Pr  / 


dPi  dXA 
dxs  dxr) 


=  0. 


.(5) 
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Introducing  now  a  set  of  'In  independent  quantities  y, yB> 

zlt  ...,  zn  and  another  set  of  2/t  quantities  «, </,,,  f-|p  ...  PHI 

connected  by  the  linear  equations 

i=i  \dx{    '      dp{ 

n       ,p           ,p         \  («), 

2.      dP.          dPi    \ 

Vi=    S      -T—  Vi  4-  ^ 

t-=i  v«^-         o^,-    /  J 

then  we  have  uniquely,  by  the  use  of  (5),  the  complementary 
equations 

%-p  o  v  \  -, 

0-Tj  0-A  A 

^          *!  [  (7). 


If,  instead  of  using  (5)  to  find  y  and  ^  in  terms  of  u  and  v,  we 
solve  (6)  to  obtain  their  values,  it  follows,  since  the  quantities  y 
and  z  are  independent,  that  the  quantities  u  and  v  are  connected 
by  no  linear  relations  unless  the  determinant  R  of  the  coefficients 
on  the  right-hand  sides  of  (G)  vanishes.  And  from  (7)  it  follows, 
with  the  same  suppositions,  that  R  (also  the  determinant  of  thr 
coefficients  on  the  left-hand  sides)  vanishes  only  with  p,  which  has 
been  supposed  a  non-  vanishing  quantity  ;  so  that  it  and  v  aiv  a 
set  of  2n  independent  quantities. 

Further,  taking  the  Jacobian  0  of  Z,  X,  P  with  regard  to  z,  i,  p 

d/f     ?Z     ?Z 

and  substituting   from   (2),  (3),  (4)    tor  _    >   -r  ,   %-,,  wt%  easily 

find 

®  =  PR, 

which  thus  does  not  vanish;  and  therefore  Z,  X,  P  are  functionally 
independent  of  one  another. 

Substituting  now  the  values  of  y,-  and  z{  as  given  by  equations 
(7)  in  equations  (6),  we  have 


"    (dPj    »    (     dl\         f»A'A     dPj   $    (     dP.  _      dX.\] 
pVj  =  &  fe-    ~.  (U<  fa  '   "*  &)  ~  to  .-i  ('  ^ 
which  must  be  mere  identities  since  there  are  no  linear  relations 
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among  the  quantities  u  and  v.     Hence,  using  the  symbol  [F<&]  to 
denote 


v  _ 

»=i  Wt  dxi      dxi  dpj  ' 
we  have 


=  rP,-AYI,  if  i>i 

(8), 


which  are  necessary  conditions  affecting  the  quantities  X,  P. 

Secondly,  if  @  be  any  function  whatever  of  z,  x,  p,  we  have,  on 
substituting  the  expressions  for  Ar  and  Br,  the  relation 

j\  ......  (9); 

r=l  \        ""^r  KPr/  .7=1 

and  therefore  by  the  relations  (8) 


-j  r  ^  — 

dxr  dprj 

-  A 


In  these  equations  (10),  the  determinant  of  the  coefficients  on 
the  left-hand  sides  is  not  zero  ;  and  therefore,  if  we  take 


pPt  +  [ZPi]  =  0 

the  equations  (10)  lead  to  Ar=  0,  5r  =  0,  that  is,  they  give  equa- 
tions (3)  and  (4)  uniquely.     Hence 


are  sufficient  to  ensure  the  existence  of  (3)  and  (4),  which  with  (2) 
are  equivalent  to  the  fundamental  relation. 

The  combined  results  now  obtained  lead  to  Lie's  theorem  :— 
In  order  that  the  relation 


dZ  —  2  PidXi  =  p  (dz  —  2  pi 

' 


134].  LIE'S  THEOREM  237 

may  be  identically  satisfied,  it  is  necessary  and  sufficient  that  the 
quantities  Z,  X,  P  satisfy  the  equations 

[ZX>]  =  0  =  [XtXj]  =  [PtX,] 


provided  Z,  X,  P  are  functionally  independent  of  one  another;  and 
the  value  of  p  is 

dz    »     dXt 

*i     —    *•>   •*  t  ~~o       » 
02        i=l  OZ 

a  non-vanishing  quantity.     Also,  conversely,  a  non-zero  value  of  p 
is  sufficient  to  ensure  the  functional  independence  of  Z,  X,  P. 

135.  The  aggregate  of  the  conditions  —  each  of  them  a  differ- 
ential equation  —  in  Lie's  theorem  is  large  ;  and,  though  they  are 
necessary  and  sufficient,  no  indication  is  given  of  any  of  them 
being  superfluous  because  not  independent.  To  modify  the  result 
and  reduce  the  number  of  sufficient  and  necessary  conditions  as 
far  as  possible,  Mayer  proceeds  as  follows. 

From  (9)  it  follows,  by  taking  ©  equal  to  Z  and  to  Xit  that 

dZ        ,    dZ\        » 
r  -j  --  Ar  5—    =  2 
dxr          3pr)      j=i 


and  therefore,  if  there  be  n  +  1  algebraically  independent  functions 
Z,  Xl}  ...,  Xn  which  satisfy  the  equations 


there  are  apparently  n  +  1  equations,  n  of  which  are  of  the  form 
2    *"'-,!,  ?-0  for  .'-I  .....  «. 


r=1  r 

the  remaining  equation  being 

dZ 


The  last  one  however  may  be  disregarded  when  the  earlier  n  are 
retained:   for,  multiplying  those  n  equations  by  P,. 
adding,  we  have 
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which  at  once  gives  the  last  equation.  We  thus  have  n  equations 
linear  and  homogeneous  in  the  2n  quantities  A  and  B  ;  and,  if  n 
of  the  quantities  vanish,  the  n  equations  then  involve  the  other 
n  linearly  and  homogeneously.  Now  the  determinants  of  their 
coefficients  do  not  all  vanish,  for  otherwise  there  would  be  a  func- 
tional relation  among  the  quantities  Z  and  X  ;  hence  the  n 
equations  can  only  be  satisfied  by  having  the  n  variables  occurring 
in  them  zero.  Hence  it  follows  that,  when  the  n  +  1  quantities 
Z  and  X  have  been  determined  as  functionally  independent  solutions 
of  the  equations 


then  n  of  the  equations  (3)  and  (4)  can  be  derived  from  the  other  n, 
so  that  the  set  is  equivalent  to  only  n  independent  equations.  These 
equations*  serve  to  determine  the  n  quantities  Pl}  ...,Pn;  and  the 
value  of  p  is  then  determined  by  equation  (2). 

This  is  Mayer's  form  of  Lie's  theorem. 

136.  The  quantities  occurring  in  the  general  tangential  trans- 
formation are  2n  +  2  in  number,  viz.,  p,  Z,  Xl}  ...,  Xn,  Ply  ...,  Pn; 
and  there  are  only  2?i  +  1  equations  to  determine  them,  viz.,  (2), 
(3),  (4).  Hence  some  one  of  the  quantities  will  be  left  undeter- 
mined ;  and,  unless  an  external  condition  be  assigned,  an  arbitrary 
element  will  occur  in  the  solution. 

This  expectation  is  verified  in  the  character  of  the  result  just 
obtained  ;  for  the  equations  which  determine  the  quantities  Z  and 
X  are 


and  the  first  of  the  quantities  thus  determined  may  be  taken  at 
pleasure,  its  form  affecting  that  of  the  others  subsequently  deter- 
mined. 

Ex.  An  important  application  of  this  result  has  been  made  f  relative  to 
the  solution  of  partial  differential  equations.  (See  also  chap,  vii.)  So  far  as 

*  It  may  happen  that  some  set  of  n  equations  chosen  from  the  2?i  may  have, 
owing  to  the  values  of  Z  and  X,  the  determinant  of  the  coefficients  P  zero:  but 
this  will  not  occur  for  all  such  sets,  on  account  of  the  functional  independence  of 
Z  and  X. 

t  Darboux,  Bull,  des  Sc.  Math.,  2me  S6r.  t.  vi.  (1882),  p.  67  for  the  present 
form  ;  but  essentially  the  application  is  Lie's,  Math.  Ann.,  t.  viii.  (1875),  p.  242, 
also  p.  311. 
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the  preceding  general  investigation  is  concerned,  the  quantities  j>,,  ......  ,  pm 

are  algebraically  independent  of  one  another  and  of  .r,,  ......  ,  .!•„;  ami  the 

characteristic  relation 


dZ- 

4=1  (-1 

is  identically  satisfied,  some  one  of  the  quantities  Z  and  X  l>eing  undetor- 
rnined  by  the  conditions. 

Let  then  plt  ......  ,  pn  be  the  derivatives  of  z,  a  supposition  which  doe*  not 

violate  the  general  condition  ;  and  let  a  given  differential  equation  of  the 
first  order  be 

Z=Q. 

Then  we  take  Z  as  the  arbitrary  element  just  indicated,  and  we  determine 
the  quantities  A'  by  the  equations 


which  occur  in  the  ordinary  Jacobian  method  of  solution.     Since 

dz=  2  Pidvi 

i-l 

and  dZ=0, 

the  characteristic  relation  leads  to  the  equation 

2  PjdX^O. 

i=i 

Then  the  equations 

Xi  =  °i>  X2  =  ft,2,  ......  ,  A'B  =  an, 

combined  with  Z=0,  give  on  the  elimination  of  />,,  .....  ,  pn   a   complete 
integral  of  Z=0.     And,  as  remarked  by  Jordan*,  the  equations 

P,  =  0,  P2  =  0,  ......  ,Pn  =  0 

give  a  singular  integral  when  combined  with  Z=0.     The  most  comprehensive 
general  integral  is  given  by 


where  /  is  an  arbitrary  function. 

137.  The  preceding  theory  gives  the  most  general  class  of 
tangential  transformations.  There  are  several  special  classes, 
which  are  of  importance  :  in  particular,  there  are  all  those  consti- 
tuted by  the  transformations  which  give  values  of  Jf,,  . 
...,  Pn  independent  of  z.  These  may  be  called  cylindrical 
tangential  transformations. 

*   fours  d'Anahjte,  t.  iii.  (1««7),  p.  340. 
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By  Lie's  theorem  we  have 


since  P  and  X  are  independent  of  z,  it  follows  that  p  is  independent 
of  z  ;  and  from  equation  (2),  which  now  is 


we  have 


where  II,  independent  of  z,  may  be  some  function  of  Xi,  ...,  xn, 
PI,  ---,pn-     From  (4)'  we  have 

L  $       dX{     dZ 

-  ppr  +   2   Pi  -5-   =  ~- 
?  =  !  d#r        0#r 

=  ^  8p    an 

dxr     dxr 

for  r  =  1,  ...,  n  ;  and  since  the  only  term  in  this  equation  which 
involves  z  is  that  occurring  on  the  right-hand  side,  we  have 

^  =  0 

dxr 

for  r  =  1,  ...,  n;  or  /?  is  independent  of  the  variables  x.     Similarly 
from  (3),  which  is 


it  is  inferred  that  p  is  independent  of  the  variables  p.     Hence  p  is 
a  constant  :  let  its  value  be  denoted  by  A  ;  then  the  form  of  Z  is 

z=Az  +  n, 

where  II  is  a  function  of  x  and  p  only*.     Substituting  this  value 
of  Z  in  the  characteristic  variational  relation,  we  have 


Adz  +  dU  -      PidXi  =  A  (dz  -      pl 


*  The  constant  A  can  evidently  be  absorbed  into  the  variables  Z  and  A",  if 
desirable  ;  the  transformation  would  then  be 

z'-z  =  U, 
a  form  which  suggested  the  proposed  name. 
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and  therefore 

dU-  2  PidXt=-A  2  pfci  .  ...(11), 

1=1  t=i 

in  which  z  no  longer  occurs. 

The  modified  forms  of  the  equations  which  determine  FI.  P.  A' 
are  easily  obtained.     We  have 

d_Y_dx      d      dp     a  „   an 

7         •**•     -     ~0  >  1       •*       -    »J~        I  ^         "    ==      ^ 

«#  9#        ctr         ?r        9/>          f)/> 

d  „    an 

^/=8.,  +  ^'; 
and  therefore,  when  we  take 


we  have 


and  so  we  have  the  theorem  :  — 
In  order  that  the  relation 

dU-i  PidXi  =  -A  2  ptdxi, 

i=l  i=\ 

where  A  is  a  constant  and  U  is  a  function  of  a\,  ...,  xn,  />,  .....  pm, 
may  be  identically  satisfied,  it  i<*  necessary  and  sufficient  that  the 
quantities  H,  P,  X  satisfy  the  equations 


and  the  quantities  X  and  P  are  functionally  independent  of  one 
another. 

1(1 
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Or,  if  we  take  the  second  form  (§  135)  of  Lie's  general  theorem, 
we  have  for  the  present  case : — 

When  the  w  +  1  quantities  II  and  X  have  been  determined  as 
functionally  independent  solutions  of  the  equations 


=     y\ 
=     q}' 


r=l        Vpr 

then  the  quantities  P  can  be  obtained  from  any  n  independent  equa- 
tions of  the  set 

an    •     dxr_          an    »     azr 

o — "   ~~   •*"*   •*  r  "o —  —  —  •fl-Pii     *5 —    "~   ^   •*  r  "^ —  —  *'• 

d#;      ,.=1       ttoj  dp,-      ,.=1       dpi 

138.     JEr.  1.     Some  simple  cases  of  cylindrical  tangential  transformations 
are  given  by  Lagrange  *,  viz :— - 

(i)      Z  =  z-px-qy;   X=     p,    Y=     q 
P  —  —x    O  =  —', 

which  is  often  called  the  Legendrian  transformation  : 
(ii)     Z=z-qy          ;   X=     x,   Y= 

(iii)    Z=z-px         ;    X=    p,  Y= 

P=-x,  Q=     q 

They  are  used  by  Lagrange  to  solve  particular  classes  of  equations  by 
transforming  them  into  other  known  equations. 

Ex.  2.     Two  important  inferences,  used  by  Lie  in  his  theory  of  PfafPs 
problem,  may  be  made  as  follows. 

First,   in  equation   (11)  the  quantities  P  and  X  are  2n  independent 

functions  of  the  variables  #n ,  xn,  plt ,  pn;  and  n  is  another 

function  of  the  same  variables,  such  that  there  exists  a  single  relation  among 
the  quantities  n,  P,  X.  Moreover,  the  constant  -  A  in  that  equation  can  be 
absorbed  into  the  left-hand  side ;  and  hence  we  have  the  theorem : — 

I.     When  a  single  relation  exists  ainong  2?i+l  quantities  y0)  y,,  , 

yn,  qlt ,  qn,  then  the  expression 


can  be  transformed  to 


(This  result  is  a  particular  case  of  Pfaff's  reduction  of  a  differential  ex- 
pression containing  an  even  number  of  variables  :  for,  since  y0  is  a  function 

*  Oeuvres  completes,  t.  iv.,  p.  84. 
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of  q  and  y,  the  differential  expression  will,  after  substitution  in  made  for 
y0,  contain  2n  differential  elements  and  variables  and  the  new  differential 
expression  is  merely  its  reduced  normal  form.) 

A  simpler  form  of  the  result  just  obtained  arises  by  taking  A  =  1   in 
equation  (11),  when  we  have 


dn+  2  pidXi=  2  PidA'i  .  ..  (a). 


When  we  consider  n  as  a  given  function  of  x  and  />,  the  equations  deter- 
mining the  quantities  X  are 


and  the  quantities  P  are  determined  as  in  the  second  form  of  the  theorem 
of  §  137. 

Second,  a  special  supposition  with  regard  to  equation  (a)  just  obtained 
leads  to  another  reduction.     Suppose  it  possible  to  have 

X  —  r  ' 

•"•*  —  •*  n  » 

let  us  find  the  form  of  n  and  the  associated  limitations  on  the  quantities 
P  and  X. 

With  the  given  value  of  Xn,  we  have 


so  that  Xi  is  independent  of  pn.     Also,  for  ?'=  1,  2,  ......  ,  »  -  1,  we  have 

o-CW^. 

so  that  Pj,  ......  ,  Pn-i  are  independent  of  pn;  and  we  have 


so  that  Pn=pn+Q, 

where  6  is  independent  of  pn.     Lastly,  we  have  from  the  equation 


the  relation 

-8n=o, 

<>Pn 

or  n  is  independent  of  pn.    The  equation  (a)  now  becomes 
da+  2  Pid.>~i=  2  PiflXi-p«<te» 


an   equation    explicitly  free    from   the    variable   jv     Now  the  quantities 
P  ,  Pn-  ,  6,  Xi,  ......  »  "Vn  are  2»  functions  of  .»•,,  ... 


16—2 
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Pn-i,  so  that  there  is  one  relation  between  them;  and  therefore  we  have  the 
theorem  :  — 

II.     When  a  single  relation  exists   among  2n  quantities  qlt  ......  ,   qn, 

the  expression 


can  be  transformed  to 

dx0+  2  Pidxi. 
1=1 

(This  is  an  independent  derivation  of  Clebsch's  result  as  to  the  normal 
reduced  form  (§  127)  equivalent  to  a  conditioned  differential  expression.) 

139.  Among  the  cylindrical  transformations  determined  by 
these  theorems  there  is  an  important  class  called  homogeneous. 

If  in  the  equations  satisfied  by  the  quantities  II,  P,  X  we  take 
II  to  be  a  constant,  say  B,  then  we  have 

»       9P-  1 
p.—  £  pv  — 

o  -  i     8  -* 

for  all  values  of  the  index  t.  In  this  case  we  therefore  infer  that 
the  quantities  X  are  homogeneous  in  the  variables  p  and  of  zero 
dimension,  and  that  the  quantities  P  are  also  homogeneous  in  the 
variables  p  and  of  one  dimension. 

Conversely,  let  the  quantities  X  be  homogeneous  in  the 
variables  p  and  of  zero  dimension ;  then  it  follows,  from  the 
equations 


that  the  quantities  P  are  homogeneous  in  the  variables  p  and  of 
one  dimension.     Hence  we  have 


and  therefore  the  equations  determining  II  are 


a  set,  2w  in  number,  which  are  linearly  independent  of  one  another. 
Since  the  conditions  for  coexistence  are  satisfied,  they  form  a  com- 
plete system.  But  the  number  of  variables  is  2n,  the  same  as  the 
number  of  the  equations  ;  and  hence  there  is  no  variable  solution 
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(the  number  of  solutions  is,  by  §  :W,  2/1-2/0,  that  is,  th«-  only 
solution  is  H  =  constant,  say  B. 

Hence  we  have  the  theorem*:  — 

When  Xlt  ...,  Xn  are  homogeneous  functions  of  zero  dimension 
in  the  variables  p,  satisfying  the  equations 

(XiXj^O, 

then  the  quantities  P  are  homogeneous  of  one  dimension  in  the 
variables  p  ;  the  value  of  Z  is  Az  +  B,  where  A  and  B  are  constants, 
and  the  other  equations  to  be  satisfied  are 


Such  a  tangential  transformation  is  called  homogeneous. 

This  result  attaches  itself,  as  the  earlier  ones,  to  Clebsch's  investigation* 
on  PfafFs  problem,  for  it  is  his  generalisation  of  a  given  normal  form  equiva- 
lent to  an  unconditioned  differential  expression.  Substituting  the  value  of 
Z  in  the  characteristic  variational  relation  and  al>sorl>ing  the  constant  A  into 
the  left-hand  side,  it  takes  the  form 


2  PidXi=  2 
<=i  •=! 

Clebsch's  equations  (§  122)  are 

(ATO=0,    (1\)  =  1\, 
and  [JfjAj-]  =  0,  which  is  in  his  notation  the  same  as  the  above 

W>)=o. 

The  two  former  equations  establish  the  homogeneous  character  of  the  trans- 
formation. 

Further,  since  Jf15  ......  ,  A'n  are  homogeneous  of  no  dimension  in  the 

variables  p,  these  variables  can  l>e  eliminated  among  the  quantities  .1",  and 
the  result  will  be  an  equation  of  the  form 

function  (A^,  ......  ,  A'B)  .*•,,  ......  ,  -O*«0, 

which   is   the  foundation   of    Clebsch's    generalisation   of  a  given   reduced 
form. 

140.     The  equations  characteristic  of  a  homogeneous  transfor- 
mation, viz., 


Lie,  Math.  Ann.,  t.  viii..  p.  238. 
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supposing  the  constant  A  absorbed  into  the  variables  X,  are  satis- 
fied by  Xi  =  xi,  Pi=pi\  a  transformation  which  is  merely  iden- 
tical. But  we  may  have  a  transformation  which  causes  only  an 
infinitesimal  variation*  ;  and  its  form  will  be 


where  e,  an  infinitesimal  constant,  may  be  taken  the  same  for  all. 
The  quantities  £  and  IT  are  however  not  necessarily  independent  ; 
in  fact,  as  the  transformation  is  used  with  the  retention  of  small 
quantities  of  the  first  order,  £  and  TT  must  be  such  as  to  satisfy  the 
characteristic  equations  within  the  same  limits. 

The  equation  (XiXj)  =  0  leads  to  the  condition 


the  equation  (PiPj)  =  0  to  the  condition 

87T;  _  B-TTj 

dxj      dxi  ' 
the  equation  (XiPj)  =  0,  with  i  <j,  to  the  condition 


and  the  equation  (PiX;)  —  1  to  the  condition 

&TT,-  _  _  d& 
dpi         dxi  ' 

These  conditions  shew  that   there  exists  some  function  H  such 
that 

ffl 


dH 


and,  since  the  transformation  is  homogeneous,  so  that  £  is  homo- 
geneous and  of  zero  dimension  in  the  quantities  p  while  TT  is 
homogeneous  and  of  one  dimension  in  them,  it  follows  that  H, 

*  Such  transformations,  of  the  linear  or  the  homographic  type,  are  freely  used 
in  the  theory  of  algebraic  forms  and  of  classes  of  functional  invariants  to  establish 
the  partial  differential  equations  characteristic  of  all  invariants. 
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save  as  to  a  negligible  additive  constant,  is  homogeneous  and 
of  one  dimension  in  the  quantities  p.  Hence  we  have  the 
theorem  *  :  — 

Evert/  cylindrical  tangential  transformation,  which  is  homo- 
geneous and  infinitesimal,  is  of  the  form 


dpi  dxj 

where  H  is  a  function  homogeneous  of  one  dimension  in  the  variables 
p,  and  z  is  left  untransformed. 

*  Lie,  Math.  Ann.,  t.  viii.,  p.  240. 


CHAPTER    X. 

LIE'S  METHOD. 

141.  THE  reduction  of  a  Pfaffian  differential  expression  to  its 
equivalent  normal  form  is  made,  in  Lie's  method,  by  means  of  the 
two  theorems  proved  in  §  138,  which  for  convenience  may  here 
be  repeated  :  — 

I.  When  a  single  relation  exists  among  2n  +  1  quantities 
yo,yi,'--,yn,qi,".,qn>  then  the  expression 


can  be  transformed  to 


«=i 

II.     When  a  single  relation  exists  among  2n  quantities  ql}  ..., 
n>  2/i  >  •••>  2/>i>  then  the  expression 


2 

i=l 

can  be  transformed  to 

H-l 

dx0+  2 
1=1 

As  the  transformation  merely  implies  identical  equivalence 
of  the  transformed  expressions,  these  theorems  are  still  true  when 
more  than  a  single  relation  exists  among  the  quantities  q  and  y, 
the  difference  in  the  result  being  that  there  exists  among  the 
quantities  p  and  x  a  corresponding  number  of  relations. 

When  these  two  theorems  are  applied  in  alternate  succession 
to  a  Pfaffian  expression 


s=\ 
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where  the  coefficients  X  are  functions  of  the  variables  j  ,  HO  that 
relations  exist  among  Xlt  ...,  Xm,  a?,,  ...,*,„,  the  result  is  that 
the  expression  ultimately  assumes  either  the  form 


Fndfn> 


where    2n  <  m   and    the   quantities  F  and  /  are  completely  in- 
dependent of  one  another,  or  the  form 

d<f>0  +  <M<£i  +  .  .  .  +  Qn-tdQn-!  , 

where   2n  —  1  <  m  and  the  quantities  <j>  and  4>  are  completely 
independent  of  one  another. 

142.  Let  the  first  of  these  reduced  normal  forms  be  called  of 
even  character  (as  containing  an  even  number  of  independent 
variable  quantities)  and  the  second  be  called  of  uneven  character 
(as  containing  an  odd  number  of  independent  variable  quantities). 
Then  Lie  proves  the  result,  assumed  as  obvious  by  Clebsch,  that  : 

All  reduced  normal  forms  equivalent  to  a  yiven  differential 
expression  are  of  the  same  character  in  the  same  number  of 
functions. 

There  are  three  cases  to  be  considered. 

First,  let  there  be  two  reduced  forms  of  even  character 

2  Ftdfit    2  Gidgt 

e=l  i=l 

m 

equivalent  to   S  Xidxi  ;  then  we  have  identically 


an  equation  involving  n  +  r  differential  elements.  An  identical 
equation  of  this  type,  in  which  the  coefficients  of  the  differential 
elements  do  not  vanish,  can  be  satisfied  only  by  means  of  n  +  r 
relations  connecting  the  quantities  F,f,  G,g.  Of  the  two  numbers, 
suppose  r  not  the  greater;  then  eliminating  from  the  n  -I-  r  relations 
the  2r  quantities  G  and  g,  there  are  n  -  r  relations  left  among 
the  quantities  F  and/  These  quantities  are  independent,  becaum 
they  occur  in  the  reduced  normal  form;  hence  n  -  r  =  0,  or  the  two 


250  INVARIANTIVE   PERSISTENCE   OF  [142. 

normal  forms  of  even  character  equivalent  to  a  differential  ex- 
pression contain  the  same  number  of  functions  *. 

Secondly,  let  there  be  two  reduced  forms  of  uneven  character 

dfti+  I  Fidfi,     dg0  +  i  Gidgi 
i=i  1=1 

equivalent  to  a  differential  expression  ;  then  we  have  identically 
ffo)  +  2  F{df{-  2  G^  =  0. 


This  identical  equation  is  of  the  same  type  as  before  and  can 
therefore  be  satisfied  only  by  means  of  n  +  r  +  1  relations  among 
the  quantities  yo  —  g0  ,  Fi,fi,  GI,  ffi.  Taking  r  to  be  that  one  of 
the  two  numbers  which  is  not  the  greater,  we  have  after  the 
elimination  of  the  2r  +  1  quantities  f0  —  go,  G  and  g  from  these 
relations,  n—  r  relations  left  among  the  quantities  F$  and/";.  But 
these  quantities  are  independent  ;  hence  n  —  r  =  0,  or  the  two 

*  The  question  as  to  the  number  of  independent  integral  equations,  in  virtue 
of  which  an  irreducible  differential  expression 

v^du^  +  Vvdu2  +  ......  +  vndun 

can  vanish  identically,  has  already  (§  69)  been  partially  considered. 

Every  member  of  the  integral  system  will  belong  to  one  or  other  of  three 
classes  :  (i)  equations  involving  the  variables  u  alone,  (ii)  equations  involving  the 
variables  v  alone,  (iii)  equations  involving  the  variables  u  and  v.  Let  the  integral 
system  be  so  modified  that  no  equation  of  the  first  class  can  be  derived  by  means 
of  the  equations  of  the  second  and  third,  in  fact,  so  that  the  variables  v  cannot 
be  eliminated  from  among  the  equations  of  those  classes  :  a  little  consideration  will 
shew  that  any  functional  combination  of  the  equations  of  the  integral  system  is 
permissible. 

Let  there  be  \j.  equations  of  the  first  class,  p  of  the  second  and  a  of  the  third  ; 
then  the  number  of  variables  t;  occurring  in  the  latter  p  +  <r  equations  must  be 
^  p  +  ff,  for  otherwise  elimination  could  take  place.  Evidently  n^.n. 

When  the  p  +  a-  equations  are  differentiated,  they  lead  to  p  +  <r  relations  among 
the  differential  elements  du  and  dv.  Since  the  number  of  the  elements  dv  is  either 
equal  to  or  greater  than  this  number  of  relations,  no  relation  or  set  of  relations 
involving  the  elements  da  alone  can  be  derived  from  them.  Hence  the  only 
equations  which  can  lead  to  relations  among  the  differential  elements  du  are  those 
of  the  first  class,  /u  in  number. 

If  fi=n,  then,  since  the  equations  are  independent,  the  quantities  u  are  deter- 
minate constants,  so  that 

du1_=0,  <Zw2=0,  ......  ,  dun=0, 

and  therefore  the  equation 

V1du1  +  v<,du2+  ......  +vndun=0  ..............................  (i) 

is  identically  satisfied  by  means  of  the  n  equations 

MI  =  constant,  ......  ,  «n=  constant. 
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normal    forms   of  uneven  character  equivalent  to  a  differential 
expression  contain  the  same  number  of  functions. 

Thirdly,  two  reduced  forms  equivalent  to  a  differential  ex- 
pression must  be  of  the  same  character.  For,  if  otherwise,  let 
there  be  two  reduced  forms 


N 


2  F{dji,    dtf)0+  2  <&idd>j 
»=i  t=i 

equivalent  to  the  same  expression ;  then 

»•  u 

d<f>0+  2  <J>irf</>(  —  2  Fidfi  =  0 


is  an  identical  equation,  which  can  be  satisfied  only  by  means 
of  n+r+1  relations  among  the  quantities  <f>,  4>, /,  F.  If  ;•  U- 
>  n,  this  number  of  relations  is  greater  than  2;i,  so  that  the 
elimination  among  them  of  the  2n  quantities  F  and  /  will  leave 
relations  among  the  quantities  <!>  and  <j>,  contrary  to  possibility; 
while,  if  r  be  <  n,  the  number  of  relations  is  greater  than  2r+  1, 

If  fi<n,  then  the  /j.  independent  equations  can  be  solved  so  as  to  express  n  of 
the  quantities  u  in  terms  of  the  remaining  n-  p.,  say  in  the  form 

««=/,-("M-fi> «J. 

where  j  =  l,  2, ,  ^.     Substituting  for  the  quantities  «<,  we  have  (i)  replaced  by 


There  are  no  further  relations  among  the  quantities  «    and  therefore  no  relation* 

ii  •  hence  the  modified  equatio 
only  by  the  equations 


among  the  elements  dii  •  hence  the  modified  equation  can  be  satisfied  identically 


for  p=fi  +  l  .......  ,  M.     These  are  N-A*  in  number;  combined  with  the  former  p 

equations,  they  constitute  an  aggregate  of  K  etiuations. 

For  the  most  general  forms  of  the  functions  /,,  all  the  n  -  M  derived  equation* 
fall  into  the  third  class  of  equations  mentioned;  but  a  member  of  the  second  cUw 
will  occur  for  a  value  of  p  when  all  the  functions  /.  either  are  completely  inde- 
pendent of  u  ,  or  involve  up  only  in  an  additive  term  which  ia  linear  in  n^.  or 
involve  «  only  as  a  linear  factor. 

The  general  result  therefore  is  :  — 

A  n  irreducible  expression 


can  be  made  to  vanish  identically  only  in  virtue  of  a  sy»tem  of  n  inttyral  tquattcm*. 

See  Gauss,  Ges.  Werke,  t.  iii.,  p.  '235;  Grassmann's  AiudehHungtlehre  (1862). 
p.  352;  Lie  (I.e.,  p.  343). 


252  RELATIONS  BETWEEN   ELEMENTS   OF  [142. 

so  that  the  elimination  among  them  of  the  2r  +  1  quantities  <f> 
and  4>  will  leave  relations  among  the  quantities  F  and  /,  con- 
trary to  possibility.  Hence  the  inferred  identical  equation  cannot 
exist  ;  and  therefore  the  two  reduced  normal  forms  of  different 
character  cannot  be  equivalent  to  the  same  expression. 

Kv.    The  following  theorem,  closely  connected  with  what  precedes,  can 
easily  be  proved  : 

If  two  differential  expressions 


(each  in  any  number  of  variables)  have  normal  forms,  which  are  of  the  same 
character  and  contain  the  same  mimber  of  functions,  then  the  expressions  can  be 
transformed  into  one  another. 

Lie's  proof  assumes  the  limitation  m  =  n;  the  modification  to  this  more 
general  form  is  easily  effected. 

143.  The  equations  connecting  the  functions  in  twyo  reduced 
normal  forms,  equivalent  to  a  given  differential  expression,  are 
derived  by  Lie  from  the  results  of  the  theory  of  tangential  trans- 
formations ;  they  are,  of  course,  similar  to  the  corresponding 
equations  in  Clebsch's  theory. 

If  there  be  two  such  forms  of  even  character,  say 


equivalent  to  the  same  expression  so  that 

2  Gidgi=%  Ftdft, 

t  =  l  f=l 

where  all  the  quantities  on  the  same  side  of  the  equation  are 
independent  of  one  another,  then  we  may  apply  the  results  of  the 
homogeneous  tangential  transformation  (§  139).  Taking 


*  /dUdV     dU  dV\ 
t  uv\  —  v 1        _  _  } 


then  the  equations  satisfied  by  the  quantities  G  and  g  are 


1  Ff?£-  =  0 
,.=i       or,. 


EQUIVALENT    NORMAL    FORMS  -J-,:; 

It  is  sufficient  to  take,  for  the  quantities  y,  Mich  homo- 
geneous functions  of  the  variables  F  of  zero  dimension  OH  satisfy 
the  equations 

(ffi>  &)  =  <>; 

and  some  one  of  the  functions,  say  g},  may  be  taken  an  arbitrary 
function  of  the  variables/  and  /"subject  only  to  the  limitation  of 
homogeneity. 

If  there  be  two  reduced  forms  of  uneven  character,  sav 

d<f>0+  2  &id<j>it     dd0  +  2  ®iddi, 
1=1  1-1 

equivalent  to  the  same  expression  so  that 

d00+  2  ®id0i  =  d<l>0  +  2  <t>id<t>i, 

i  =  l  i=l 

where  all  the  quantities  on  the  same  side  of  the  equation  are  in- 
dependent of  one  another,  the  results  of  the  cylindrical  tangential 
transformation  (§  136)  may  bo  applied.  From  those  results,  we 
have 

0o=<£o-n, 

where  II  is  a  function  of  the  quantities  <£,  ,  .  .  .  ,  <£„  ,  4>,  .....  4>n 
alone;  and  the  equations  satisfied  by  II  and  the  quantities  0  .....  , 
6n  are 


C  =  1 

where 

I  fdUdV     ZUd 

=  *\<&rt<t>--tyr 

and  the  quantities  8,,  ...,  «„  aiv  givi-n  by  any  ;i  independent 
equations  of  the  set 


144.     It  is  important  to  determine  n  priori  the  number  of 
functions  which  occur  in  the  normal  form  equivalent  to  a  given 

expression 


1=1 
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In  accordance  with  §  141,  this  may  be  reduced  to  a  form  of  even 
or  to  one  of  uneven  character. 

If  it  have  been  reduced  to  one  of  even  character,  say  to 

I 


where  2n  =  m,  then  it  cannot  be  further  reduced,  unless  some 
functional  relation  subsists  among  the  quantities  F  and  f.  Let 
a.,  ft,  .  .  .  ,  p  be  any  2n  integers  of  the  series  1,  2,  .  .  .  ,  m  ;  then  since 
the  Jacobian 

d  (/i  i   •••}fn,F1,   •  •  •  >  Fn) 


is,  save  as  to  sign,  equal  to  the  Pfaffian  [a,  ft,  .  .  .  ,  p\,  it  follows 

n 

that  the  form  S  Fidfi  can  or  cannot  be  further  reduced,  according 

z=l 

as  all  the  Pfaffians  [a,  ft,  ...,  p]  do  or  do  not  vanish. 

If  the  given  expression  have  been  reduced  to  a  form  of  uneven 
character,  say  to 

n 

d<f>0+  S  4><cfyf, 

i=l 

where  2w  +  1  ^  m,  then  it  cannot  be  further  reduced  unless  some 
functional  relation  subsist  among  the  quantities  <f>  and  4>.  Let 
a,  b,  ...,  i,  ...,  I  be  any  2?i  +  1  integers  from  the  series  1,  2,  ...,  m  : 
then  the  quantities  <£  and  ^  are  or  are  not  independent,  accord- 
ing as  all  the  Jacobians 


d(xa,  xb,  ....  ..............  ,    xj) 

do  not  or  do  vanish.     Now  this  Jacobian  is  equal  to 


rr\ 

Xi  being  omitted  in  the  new  Jacobian  V,-  which  multiplies  ^-°  : 

OXi 

and  hence 


As  before,  V^  is  the  Pfaffian  [...,  I,  a,  b,  ...]  of  order  2n,  save  as  to 
a  sign  which  is  the  same  for  all  the  quantities  Vt-  :  thus 

*,[...,*,  a,*,...], 


i=a,  b,  ...,  I 
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where  the  symbol  of  the  Pfaffian  begins  with  the  integer  in  the 
series  a,  b,  .  .  .  ,  I  next  after  i  and  does  not  contain  i. 

If  all  the  quantities 

2       Xi  [...,?,  a,6,  ...] 

i=a,  6,  ...,  ? 

do  not  vanish,  the  form  cannot  be  further  reduced  :  while,  if  they 
all  do  vanish,  a  reduction  can  be  effected. 

Combining  these  two  results,  we  have  the  following  conditions 
determining  the  number  of  functions  in  the  reduced  normal 
form  :  — 

If  all  the  Pfaffians,  constructed  from  the  coefficients  of  the 
differential  expression,  of  orders  higher  than  2n  but  not  all  those  of 
ordei'  Zn  vanish,  then  the  reduced  normal  form  contains  either  2n 
or  2n  +  1  functions.  It  is  of  even  or  of  uneven  character,  that  w, 
it  contains  Zn  or  2n  +  I  functions,  according  as  all  the  expressions 

2       Xt[...,l,a,b,...], 

i=a,  b,  ...,  I 

for  every  combination  of  2n  +  1  integers  a,b,  ...,  I  from  the  series 
1,  ...,  m,  do  or  do  not  vanish*. 

145.  Suppose  then  that  a  differential  expression  in  2;»  -I-  7 
variables 


=   2 
1=1 


has  a  reduced  normal  form  of  the  character 

2  Frdff, 

>•  =  ! 

containing   2n  functions,  necessarily  independent. 

Pfaffians  of  order  2n  do  not  vanish :  let  a  non-vanishing  Pfaffian 

be  [1,  ...,  2n],  that  is,  one  in  which  the  variables  of  differentiation 

are   4,   .'..,  oc^.      Then  there  is  no   relation   among  /,, 

p  f     x  x»n+  ;  for  the  non-evanescent  Pfaffian  just 

mentioned  is  equal  to  the  Jacobian  of/,,  - 

*  This  result  is  not  enunciated  by  Lie,  but  it  can  be  inferred  from  his  inT«ti. 
gations:  and  it  is  more  explicit  and  definite  than  the  gradual  pro 
him  (I.e.,  §  3,  p.  352). 
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regard  to  aslt  ...,  x.2n.     Further,  at  least  two  of  the  quantities  W 
of  §  59  do  not  vanish;  let  one  of  them  be  Wm,  so  that  the  quantity 


3,  ...,  2n-  1,  1]  +  ... 

+  X^[l,  ...,  2n-2] 
is  different  from  zero.     Now 


where  a,b,  ...,k  are  n  —  1  integers  of  the  series  1,  2,  ...,  n,  and 
the  summation  on  the  right-hand  side  extends  to  the  n  terms 
which  correspond  to  the  n  ways  in  which  those  integers  can  be 
chosen.  Also 

Y  —   V    W    Jr  - 
*        _,     'a*' 

,.  =  1  V<bt 

hence,  substituting  in  W.M,  we  have 

•m-       _  rr  5  (/i.  -^2»/2>  ffj>/3,  •••»  Fn,  fn) 
"  2?i  —  *  1  o~?  -  \ 


,  157        s>  -3i3>  •••>    n,n,    ^j    t 


—  i 


,     p    ^  (fn  >  Fufi,  •••>  Fn-i  ,  fn-i) 

'  '  '  "~ 


_  p 


Since   W2n  does  not  vanish,  the  Jacobian  does  not  vanish ;  and 
therefore  the  quantities 

/!,/,,...,/„,—,  .  ,    — l~J  ,    X»n ,    0".yn  ,    CC^l 

are  independent  of  one  another. 

Similarly,  if  the  differential  expression  in  2w  +  q  variables  have 
a  reduced  normal  form  of  the  character 


containing  2«  +  1  independent  functions,  then  not  all  the  expres- 
sions 

2       Xi[...,  I,  a,  b,  ...] 

i  =  a,  b  .....  I 
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vanish  ;  let  a  non-vanishing  expression  be 


Further,  not  all  the  Pfaffians  of  order  2;i  can  vanish,  otherwise  the 
above  expression  would  vanish  ;  let  such  a  non-vanishing  Pfaftian 
be  [1,  ...,  24  Since  this  is  equal  to  the  Jacobian  <>f  <£,  .....  <£„. 
<l>i  ,  .  .  .  ,  <!>„  ,  it  follows  that  the  quantities 


are  independent  of  one  another. 

146.  The  process  adopted  by  Lie  for  the  construction  of  the 
normal   form  is  composed    of  three  distinct   kinds  of  operations. 
The  first  is  the  modification  of  the  given  differential  expression. 
the  character  of  whose  normal  form  has  been  inferred  by  the  tests 
of  §  144,  so  that  it  becomes  an  unreduced  and  unconditioned  ex- 
pression with  the  smallest  number  of  differential  elements  con- 
sistent with    the    existence  of  such   a  form.     The  second   is  the 
construction    of  the    normal    form    of    that    modified   expression. 
The  third  is  the  transition  from  that  normal  form  to  the  normal 
form  of  the  original  expression.    The  construction  is  gradual;  and 
the  different  operations  are  applied  in  alternating  succession  in 
that  gradual  reduction. 

The  method,  which  is  most  nearly  akin  to  Lie's,  is  Clebsch's 
first  method  (§§  117  —  119)  when  it  is  combined  with  Mayer's 
method  of  solution  of  the  systems  of  partial  differential  equations 
which  occur  therein.  The  characteristic  variation  in  the  present 
method  is  the  application  to  the  differential  expression  itself  of 
the  Cauchy  substitutions  before  any  of  the  subsidiary  equations 
are  constructed. 

147.  Suppose  then  that  the  differential  expression 

2»  +  9 

n=  2  Xidxt 

i=1 

in  2n  +  q  variables  is  recognised  by  the  tests  of  §  144  to  have  a 
normal  form  of  even  character  involving  '2n  functions,  say 

n=  2  Fidfi, 

1  =  1 

where  the  functions  /  and  F  are  independent  of  one   another. 

17 
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Then  a  non-  vanishing  Pfaffian  (§  145)  of  order  2w  may  be  taken  to 
be  [1,  2,  ...,  2w],  and  also  an  expression 


may  be  supposed  not  to  vanish,  thus  implying  that  the  quantities 


are  independent  of  one  another. 

To   change    H  into  an  expression  containing  2??   differential 
elements,  we  make  the  substitution 

V-2n+k  =  a»n+k  +  (%»n  ~  a2»)  #fc 

for  k  =  1,  2,  ...,</;  and  we  consider  the  quantities  yt  as  invariable*. 
If  X^,  after  the  above  substitutions  have  been  made,  be  denoted 
by  Y^,  we  have  H  modified  to  O'.>,,,  where 


ft's»  =  S   Ft-  cfo,-  +  (  F2,,  +  T/J  Y.m+1  +  ...+yq  F2,1 
t=i 

Then  the  normal  form  of  IK,,  contains  2n  functions.  For,  since 
the  Pfaffian  [1,  ...,  2n]  associated  with  f!  does  not  vanish  and  is  the 
Jacobian  of/*i,  ...,  Fn  vfiih  respect  to  ar,,  ...,  ,r.2n,  the  new  Pfaffian 
[1,  ...,  2n]'  associated  with  n'2H  must  be  the  Jacobian  \vith  respect 

/y\ 

to  .TJ,  ...,  ^2»  of  the  modified  functions  /j,  ...,  Fn,  say  of/  ,  .... 
J?7  .  Now  this  new  Jacobian  may  not  vanish  :  for  there  would 

n 

then  be  a  relation  among  /  ,  .  .  .  ,  F  involving  (it  may  be)  the 
quantities  y  and  a.  When  in  the  quantities  fv>  ...,  F  we 

'    1  n 

substitute  for  y,  they  change  into  flt  ...,  Fn  respectively,  so  that 
the  inferred  relation  changes  into  one  between  flt  ...,  Fn  and  a 
number  of  arbitrarily  assumed  constants  a  and  y,  but  independent 
of  ajj,  ...,  #2U.  This  result  is  excluded  by  the  supposition  that 
^,Fdf\&  the  normal  form  of  ft  ;  and  therefore  there  is  no  relation 
among  the  quantities  /«"  and  FM,  or  the  Pfaffian  of  order  2n  of 
H'j,,  does  not  vanish.  Hence  the  normal  form  of  n'2n  contains  In 
functions.  Thus  :  — 
The  substitutions 


*  Lie  uses  the  symbol  X  instead  of  y;  the  above  notation  is  used,  in  accor- 
dance with  Mayer's  (§§  35,  41),  the  fiist  substitution  (which  is  merely  identical  viz., 
xjn=j/)  being  omitted. 
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for  k  =  l,  2,...,  q.  change  fl  into  an  exjwesmon  fi'..,,,  the  normal 
form  of  which  contains  2?i  functions. 

The  importance  of  the  transformation  is  due  to  the  fact  that 
from  the  normal  form  of  fi'.,,,  we  can  deduce  the  normal  form  of 
fi  merely  by  algebraical  operations:  to  the  proof  of  this  we  now 
proceed. 

148.     Let  it  be  supposed,  then,  that  a  normal  form  of  fi',,,  is 


where  the  quantities  <£  and  <£  are  2n  independent  functions  of  the 
variables  &\,  ...,  &2n  and  of  the  quantities  ?/  and  a:  and  denote 
the  normal  form  of  fi  b 


When  the  substitutions  for  the  variables  are  made  in  fi  and  in 
2/W/  it  follows  that  ZF^df""  is  a  normal  form  of  fi',,,  and  thus 

4>  4>  _ 

that  <6,,        .  d>,,,  are  2n  —  1  independent   functions 

cj)  <4> 

jlG/)  rr'ff) 

of  /*'       . ,  /** 

1  n        w\V'  V 

ti  » 

Denoting  F^IF*  by  /H+M  tor  /*  =  !,  2,  .     ,//-!,  wo  have  the 
quantities 

•C  f       f  f  V  T      . 

/,,...,  /„ ,  /„+, ,  . . . ,  /,»-. ,  a-«  -  •  •  • .  «9H-9 
independent  of  one  another;  and  therefore  the  system  of  e., nation. 

JK/"  '/-"-" /I.  =  0 


for   J;.  =  Q,    1,    ...,   q    possess    the    2n  -  1     independ.-nt 

f-f     f  f  Moreover  „        -    ..cotu-s  (inly  in    Ak/:    the 

J.—Jl>J*i    •    •»/»»-]  f'-Tju+A 

equations  are  therefore  algebnvirally  independent  of  one  another 

These   equations  are   linear  and  homogeneous  in   tho   |»rtial 
differential  coefficients  of/ and  they  do  not  involve  the  depei 
variable  /itself:  they  are   thus  of  the    type    to  whicl 
method    may  be   applied.     The  system  contains  ,y  * 
and  the  number  of  variables  occurring  is   '2n+q; 
known   that    there    are    2,*  -  1  (=  2«  +  <?  -  9  -  D    ^epe, 
solutions.      Hence  the  system  is  a  complete  syst 

17 — 2 
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The  equation 
may  be  written 


[148. 


@ 


Akf=0 

V     -Vrr 


where 


TT  -  _Zi '__'  •  •  >  /gft-i 

U  ks  —   \    / 


the  subscript  in  ds  impl}dng  that  xs  is  omitted  from  the  series 
of  variables  x  in  the  determinant,  and 


3  (ah,  ••-,  ««i-i) 

being  the  same  for  all  the  equations.  When  Mayer's  method  is 
applied  with  the  simplest  substitutions  (§  35),  the  single  equation 
which  serves  to  determine  an  integral  system  is 


2n-l 


where  © (y]  is  the  value  of  0  after  these  substitutions  are  made  in 
(*),  and  the  coefficients  Y  are  given  by  the  equations 

Y  ==  U 11  -4-  iji  Ui  -\- 11  n  C/o  ~l~ . .       ~\~  v  TT 


(.•^ii  •••>  •"an+i) 


But 


and 


for /*  =  1,  ...,  2w-l; 


30 


Hence  we  have 


and 


K/ 

Y — 

-*  «  ~      o  /„ 


)  -Or) 


,    ^2»»— l) 


ttfl 
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so  that  the  single  subsidiary  Mayer-equation  is 


"  ,...,/*'    ,/  \ 

1  '•'fti-l'*  /    _Q 

V  (El  >  ' 


an  equation  in  2n  variables  and  having,  therefore,  2/t  —  1  indepen- 

dent solutions.     One  evident  system  of  solutions  is  f  '        ,  f 

J  J  \  '  •'in-i 

any  system  of  2n,  —  1  independent  functions  of  these  quantities  is 
also  a  system  of  solutions.     Such  a  set  of  independent  functions  is 

4>  4>  _ 

constituted  by  <j>1}  ...,  <£„,  ,-1  ,  ...,     'll,  a  set  of  functions  already 

™n  ^n 

supposed  to  be  known  because  a  normal  form  of  n'2,,  is  supposed 
known. 

It  thus  appears  that  a  full  integral-system  of  the  subsidiary 
equation  is  known. 

Then,  by  Mayer's  theorem  (§  41),  one  system  of  integrals  of 
the  system  of  equations  Akf=  0  is  given  by  forming  the  equations 


for  /»  =  !,  2,  ...,  2?i-l,  the  quantity  </>n+A  denoting  <I>A  <t>n.     In 
these  equations  the  variables  y  are  replaced  by  their  values  in 
terms  of  the  variables  x ;  the  2/z  -  1  equations  are  solved  for  the 
2/i  —  1  quantities  h  with  results  of  the  form 
h   =  k   (x  £..      ), 

where  the  function  on  the  right-hand  side  becomes  J-M  by  the  sub- 
stitutions x,n+k  =  x,n+k  for  k  =  0,  1,  . . . ,  <j.  These  are  the  principal 
integrals  of  the  system  of  equations  Akf  =  0 ;  and  the  functions 
/n  ...,/,„_!  are  2/i  -  1  independent  functions  of  these  princijwil 
integrals. 

149.     We  now  pass  to  the  construction  of  a  normal  form  of  f 
We  have 
i 

n  = 

substitution  on  the  right-hand  side  for  the  functions  /„ 
in  terms  of  the  principal  integrals  h,  leads  to  a  result 

2»-l 

n  =  P2 
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where  p  and  the  functions  H,  are  unknown.  In  this  equation 
we  make  ^+/A  =  oun+f<.  for  /*  =  0,  1,  2,  ...,5;  then  hi  =  a'{,  so  that 
we  have 


2    X;  (Xl  ,  ...,  XM-!  ,  0,H  ,  .  .  .  ,  OU>l+q)  dXi  =  pa    2    Htfa,  ...,  #2w_i)  dxf. 
i=l  '  =  1 

This  is  merely  an  identity,  so  that,  if  era  denote  pa  when  the  quan- 
tities x  are  replaced  by  the  quantities  h,  we  have 

2»-l  2«-l 

2  X{  (hl;  ...,  /*..,„_!  ,  otan,  ...,  a.M+q)  dh{  =  <ra  2  Hi  (/<!,...,  /<,>„_!)  (//<,-, 
1=1  t=i 

and  thence 

ov2'4"1 

fl  =  —  2  Xifa,  ...,  /^,i_!,  a2/l,  ...,  a.2n+g)dhi. 
p  i=\ 

Returning  to  the  modified  form  of  fi,  we  have 


taking  x.2n  =  OL.n  so  that  x.,n+j  =  a2n+;,  we  have,  as  the  new  form  of 

2w-l 

fl'2rt,  2    JT,-^,  ...,  KM-!,  a»n,  ....  a.m+q}dxi,  and  therefore 

i=l 

2»-l 

2  JST,-  (^  ,  .  .  .  ,  a'2/i-i  ,  a2»i  ,  •  •  •  > 

i  =  l 

tl 

=         >- 


Since  this  is  merely  an  identity,  we  have  also 

2rt-l 

2  Xi  (h,  ,  .  .  .  ,  //,„_!  ,  ci.n  ,  ...,  a.2n+ 
>=i 
a 

=  2  «!>,•(/«,,  .  .  .  ,  /<,„_!  .  a.H  ,>/1,.. 
i»i 

and  therefore 
<r    '* 

n  =  —  2  <i>(-  (/h,...  ,/<,»_!  ,a.M,yi,---  , 

P  ?=i 
which  is  a  normal  form  of  the  original  expression. 

The  value  of  <ra//o  is  given  by  any  one  of  the  equations 

<7      H 

ZA  =  -^  2  4>f  (A!,  ...,  /io,,-!,  «„,,  yn  ....  y«) 


—  <h(h 


for  \=  1,  2,  ...,  2n +q. 
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Since  the  quantities  hly  ...,  /«2rt-i  are  derivable  from  </>  and  <1>  by 
merely  algebraical  operations,  it  follows  that  the  above  given 
normal  form  of  Q  is  determinately  derived  from  the  nornml  form 
of  the  modified  expression  ft'.^.  Hence  the  construction  of  the 
normal  form  of  even  character  of  a  conditioned  differential  expres- 
sion depends  upon  the  normal  form  of  an  unconditioned  differential 
expression  in  accordance  with  the  following  theorem,  due  to  Lie: — 

When  a  differential  expression  in-  2n  +  q  variables 

Zn+q 

0=2.  Xidxi 

i  =  \ 

has  a  normal  form  of  even  character  in  °2n  functions,  the  substitu- 
tions 


wJiere  the  quantities  y  are  invariable  and  k  =  \,  ... ,  q,  transform  f 
into  an  expression  ft'2H  with  a  similar  normal  form.  If  this  normal 
form  of  ft'2ft  be 

n 

where  <f>  and  <I>  are  functions  of  the  variables  x  and  of  the  quanti- 
ties a.  and  y,  then  the  normal  form  o/ft  is 


ft>  i 


i-l 

where  o>  is  determined  by  any  one  of  the  equations 


and  the  2n-l   quantities  h,  being  independent  function*  of  the 
variables  and  of  a  and  y,  are  determined  by  the  'In  -  I  equations 

*(*?!,  ....  ^_,,  XM,  ylt  ...,  y,)  =  ^  (/',,  -.,  /'•-•«-..  «»».  y>- 

the  functional  symbol  **  denoting  ^,,  ....  0«,  *i'*«, 
frwrn.     -4wd  <Ae*i  a  ^transformation,  by  substituting  for  >, 
of  the  variables  x,  leads  to  an  explicit  expression  for  tie  nor 
form  of  ft. 

Ex.  1.     The  tests  of  §  144  shew  that  the  expression 

(.ty'-> + -ivi's)  dxl  +  (a,-,2 + wJ  dxt + -W& -3 + .f  ,^^1 

+  (•  V6  +  -I'./)  d*  * + (-'V  s + -"-V^)  ^  -  ° 
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has  a  normal  form  of  the  general  type  Fdf+Gdg     We  have  the  Pfaffian 
[1256]  not  zero,  as  well  as  the  expression 


and  therefore  f,  g,  -^,,  :c6,  x3,  xt  are  independent. 

Substituting 

.V3  =  a  +y  (x6  -  e),  x^  =  ft  +  z(x6 

in  Q  (with  y  and  z  invariable),  the  new  form  is 

O'  =  (xjje^+XfC^)  dxl  +  (.fj2  +  x.ft'd)  dx.y  +  (jCjjc6  +  A'22)  dx6 


A  normal  form  of  Q'  is 

xid 
where 

<p2  =  A'l^e  +  A'g^'n  > 

za)  x6 


Hence  we  take 

Za)  e  -  yst 


From  these  we  have 


......  )  =  ^Ag  +  0,33,4  +  o:5.r6  -  a3«4  ; 

where  «3  and  «4  are  the  values  of  x3  and  ,r4  respectively  when  .rg  =  0. 

Now 

0  =  «{*,(/*„  ......  )d<t>1(hl,  ......  )  +  *a(*i,  ......  )^2(/?i>  ......  )J 

=  o>'  I  rf  (^-g  +  o,y;4  +  ^5.t-6  -  a3a4)  +  ^2  rf  (a?^,  +  a?^)  J  , 
where  «'  denotes  a)*j  (/tj,  ......  ).     To  find  a>'  we  have 

X^X^  ~p  .V^-^'g  ==  ^v  j 


so  that  «'  =  .»•,.     Also  the  constant  «3«4  may  be  dropped,  on  account  of  the 
differentiation  ;  and  therefore  a  normal  form  of  O  is 


All  equivalent  normal  forms  can  be  obtained  by  the  equations  of  §  143. 
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« 
Ex.  2.     Discuss  similarly  the  expression  2  A^fAr,,  where 


150.  The  homogeneous  linear  partial  differential  equations, 
which  have  as  their  system  of  integrals  the  quantities/,,  ...,/»,_, 
occurring  in  the  normal  form  of  fl,  have  in  §  148  been  given  with 
unknown  forms  occurring  explicitly ;  but  by  the  properties  similar 
to  that  in  §  145  the  expressions  can  be  changed  so  that  only 
known  forms  shall  occur. 

The  system  of  equations  is 

8(  f  £  t'\ 

,      ,  _         V/i)  •••>  J-in-i>  J  1      _  ,. 

which  may  be  written 

z*n  JT-^—  +  2  zk>*  ^  =  0, 
where 

9"          =     — ^~— 

-"•  O  / 

0  \Xl ,  ...,  &m—\) 
and 


the  subscript  in  d6  implying  that  xs  is  omitted  from  the  sequence 

MI  ,  .  .  .  ,  d/sn—  i  >  ^n+fc- 

In  §  145  it  was  proved  that 


and  similarly  it  may  be  proved  that 

=F3(/..-.)=Tx[--+i  ......  -u 


where  on  the  right-hand  side  the  summation  extends  to  the  terms 
for  which  r  =  l,  ...,«-!,*+  1.    ...  2/i  -  1,  2u  +  *.     Hence  taking 


y  = 
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for  each  of  the  quantities  z,  the  equations  become 

•Zf          2w-l  £/• 

'  V1  ./  A  /   \  \ 

for  £  =  0,  1,  ...,  q* ;  and  in  this  form  of  the  equations  all  the 
coefficients  of  derivatives  of/'  are  expressed  in  terms  of  the  quan- 
tities A"  which  occur  in  fi.  In  particular,  that  equation  of  the  set 
(A),  which  corresponds  to  k  =  0,  may  be  written 


replacing  yM  by  y*;  it  is  implicitly  the  same  as  the  system  of 
equations  which  occur  in  Pfaff's  reduction  and  as  the  first  equation 
in  Clebsch's  system  *f*. 

*  These  equations,  except  that  for  which  A-  =  0,  are  not  given  by  Lie;  each  of 
them  contains  only  2n  partial  differential  coefficients,  instead  of  2n  +  l  such 
coefficients,  as  is  the  case  with  the  succeeding  equations  and  with  Clebsch's 
system. 

t  The  remaining  equations  in  Clebsch's  system  may  be  obtained  as  follows. 
The  equations 


f= 


for  A-  =  l,  2,  ...  ,  q,  are  satisfied  by  f=J\,  ...  ,  /„,  Flt  ...  ,  FH,  that  is,  they  are  a 
system  of  q  equations  in  2n  +  q  variables  with  '2ft  solutions  independent  of  ouc 
another  and  they  are  therefore  a  complete  system.  Now  in  Btf  the  coefficient  of 

cf 


is 
ex, 


xlt  ...  ,  x,_lt  xf+l,  ...  ,  j-2ll 
=  [1,  ...,  s-1,  s~  1,  ...  ,  2n,  2n+k], 
a  Pfaffian  of  order  2u  ;  and  therefore  the  equation  is 

B*/=l"'2+*^£[l,  ....  s  -!,*•  +  !,...,  2n, 
•=i    Cxt 

each  equation  containing  2n  +  1  derivatives  of  /. 

These  equations  may  be  proved  to  be  identical  with  Clebsch's  system  of  similar 
equations,  by  means  of  properties  of  determinants.  As  in  Clebsch's  theory,  the 
quantities  /,  ,  .  .  .  ,  /;>„_]  are  determined  by  the  q  equations 


together  with 

which  form  also  a  complete  .system. 


2  = 

i      ex. 
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151.  In  order  to  complete  the  reduction  of  a  differential 
expression  which  has  a  normal  form  of  even  character,  it  remains 
to  construct  the  normal  form  of  an  unconditioned  differential 
expression  in  an  even  number  of  variables. 

Let  such  an  expression  be 


then  the  single  partial  differential  equation  determining  the  n 
functions,  which  give  the  differential  elements  of  the  normal 
form,  and  the  n—l  independent  ratios  of  the  coefficients  of  those 
differential  elements,  is 

df  df  df 

y*dk+y*&+  .....  +^air°' 

where,  as  above, 


and  s+l,  ...,  s  —  l  are  the  integers  1,  2,  ...,  2/<  in  cyclical 
succession  with  s  and  r  omitted  and  beginning  with  the  integer 
next  after  s. 

Let  an  integral  of  this  differential  equation  be 

#1  (#1  ,  ...,  £-2,1)  =  constant  =  a,  ; 

and  suppose  this  equation  solved  so  as  to  give  A-.M  explicitly  in  the 
form 

#2/1  =  7i  (xi  y  •••>  x*n-i  >  «i)- 

When  substitution  for  x.M  takes  place  in  fl,n,  it  becomes  a  dif- 
ferential expression  in  2n  -  1  variables,  say  li'a,,-!,  the  normal 
form  of  which  contains  2n  —  2  functions.  If  we  have 


then,  replacing  c^  wherever  it  occurs  by  #,(#!,  ...,  #sn),  we  have 


where  Gj  is  at  once  obtainable  when  the  normal  form  of  fl',,,.,  is 
known. 

Since  the  normal  form  of  O'3/l_,,  which  involves  2/i  -  1  variables, 
contains  only  2w  -  2  functions,  we  apply  a  single  substitution  as  in 
§  147  and  change  it  into  an  unconditioned  expression  n2,,_3,  from 
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the  normal  form  of  which  that  of  ft'2/l_i  can  be  derived  by  the 
process  of  §  149. 

The  new  expression  fi2,j_2  is  treated  in  the  same  manner  as 
was  fi^  ;  and  so  on  in  succession,  until  we  come  to  an  expression 
in  two  variables  alone,  which  can  be  expressed  in  the  form  Gndgn. 

Let  the  combination  of  the  three  operations  which  make  the 
normal  form  of  fl2ll  depend  on  that  of  n.>n_2,  viz.,  (i)  the  derivation 
of  some  solution  of  the  equation  subsidiary  to  ftSH,  (ii)  a  substitu- 
tion in  fi2M  f°r  one  variable  by  means  of  that  solution,  (iii)  a 
single  Cauchy  transformation  applied  to  the  expression  modified 
by  (ii);  be  termed  a  reduction  of  order  2n. 

152.  Then  the  method  of  Lie  for  the  reduction  of  a  Pfaffiau 
expression    fi  in  2n  +  q  variables,  which  has  a   normal  form  of 
even  character  in  2n  functions,  is  generally  as  follows  :  — 

The  expression  ft  is  transformed  to  ft^  by  q  Cauchy  trans- 
formations ;  ft2rt  is  made  to  depend  upon  ft2Jl_2  by  a  reduction 
of  order  2n;  ft2u_2  upon  ft2,i_4  by  a  reduction  of  order  2n—  2;  and 
so  on  in  succession,  until  an  expression  ft2  is  obtained.  When 
this  is  integrated  into  a  single  term,  then  definite  and  explicit 
operations  lead  to  the  normal  forms  q/*ft4,  ft6,  ...,  ft2n,  ft2n+9. 

153.  We  now  pass  to  the  discussion  of  the  supposition  which 
is  the  alternative  of  that  adopted  in  §  147,  viz.,  that  a  differential 
expression 

•2n+q 

ft  =  2  Xidxi 

i  =  l 

is  recognised,  by  the  tests  of  §  144,  to  have  a  normal  form   of 
uneven  character  in  2/i  +  1  functions,  say 


df0+  2 
1=1 

The  method  is  the  same  as  that  already  adopted  in  §§  147  — 
152.  As  the  analytical  details  of  the  proofs  of  the  various  results 
are  very  similar  to  those  in  the  investigation  just  completed,  it 
will  be  sufficient  merely  to  state  these  results. 

154.     It  is  assumed  (§  145)  that 
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does  not  vanish  and  that  the  coefficient  of  X>,,+,  in  this  expression, 
the  Pfaffian  [1,  ...,  2n],  does  not  vanish. 

(i)     The  substitutions 


for  k  =  2,  ...  ,  <7,  when  applied  to  H,  transform  it  into  an  expression 
£l'»n+i  in  2?i  +  1  variables,  the  normal  form  of  which  contains 
2n  +  1  functions. 

(ii)     Let  a  normal  form  of  n'2)l+,  be 

n 

d(f>n+  2  <M<£/, 

7=1 

where  the  quantities  </>  and  4>  are  functions  of  the  variables 
a?!,  ...,  a»rt+1  and  of  the  quantities  y  and  a;  and  solve  the  2r? 
equations 


<><«?,,  ...,  #2W,  wm+1,  y,,  ...,  yq  =     i 

for  the  2w  quantities  /jj,  ...,  ^  as  functions  of  the  variables.  After 
their  values  have  been  found,  replace  the  i/'s  by  their  values  in 
terms  of  the  variables  x  :  suppose  that  the  equations  are 

"'     —  ''        &        •  •  • 


for  fi  =  1,  2,  .  ..  ,  2».    Then  a  normal  form  of  the  original  expression 
is 


t=l 
where  <^>0  is  determined  by  a  quadrature 


,  =       2    Z£^v  -  2  4>,-  (A,  y,)  ^  (A,  y)  . 
J  d=i 


t=i 


(iii)  Let  0ktS  denote  the  Pfaffian  [s+  1  .....  8—  1],  where  5  +  1, 
...,  s—  1  are  the  integers  1,  2,  ...,  2n,  2n  +  k  in  cyclical  order 
with  the  omission  of  s  and  begin  with  the  integer  next  after  8  in 
the  succession.  Then  the  system  of  q  equations  which  have 
/i.  •••tfn>  F\,  •••,  Fn  as  their  integral  system  is 


2n  d/"  9/1 

=  2  ^4-l,...,2n-     -  =  0. 
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(iv)  To  obtain  the  normal  form  of  an  unconditioned  expression 
£l2n+i  in  2?i  +  1  variables,  the  process  is  a  series  of  reductions 
as  in  §  152. 

Let  any  integral 

<7i(*i>  •••'  ffsn+i)  =  «i 
of  the  single  subsidiary  equation 


2n 


be  obtained,  and  be  solved  for  #2/J+1  in  the  form 

«Wi  =  7i(#i>  —i  ®»n,  «i)- 

When  substitution  is  made  for  x»n+1  in  n,,l+1  by  this  equation,  the 
new  expression  involves  2w  variables  and  has  2n  —  1  functions  in  its 
normal  form.  Applying  to  this  new  expression  a  single  Cauchy 
substitution  as  above,  we  obtain  an  expression  fi2,i_i  in  2n  —  1 
variables  with  a  normal  form  which  has  2?i  —  1  functions,  i.e.,  it  is 
unconditioned.  This  group  of  operations  enabling  us  to  pass 
from  fi2M+1  to  fl2n_!  may  be  called  a  reduction  of  order  2n  +  1. 

(v)  A  reduction  of  order  2?i  +  1  is  applied  to  H'2n+1  of  (i)  and 
leads  to  H'^-i  ;  a  reduction  of  order  2n  —  1  is  applied  to  n'2,,_,  and 
leads  to  fl'2rt_3;  and  so  on  in  succession,  until  we  come  to  H',  which 
is  a  perfect  differential.  Then  definite  operations  lead  to  the 
normal  forms  of  fl'3,  fi'5,...,  fi^i  and  thence,  by  (ii),  to  the 
normal  form  of 


Ex.     There  is  an  immediate  corollary  from  Lie's  method  for  a  Pfaffian 
expression,  in  the  form  of  a  process  for  integrating  an  exact  equation. 

• 

Let  2  Xid.ri  =  0  be  an  exact  equation,  so  that  the  differential  expression 

on  the  left-hand  side  can  be  put  into  the  form  QdB.     Applying  the  substi- 
tutions 


for  r  =  3,  ......  ,  m,  the  expression  takes  the  form 

Fjfl 
Let 


r,  £?.'-!+  y<fi.r. 

where  </>  and  *  are  functions  of  .»•,  ,  xt  and  of  the  quantities  a  and  if.     Then 
solving  the  equation 

*  ('n  -r«  .'/.-»  ......  »  .'/»,)  =  0  (a,,  /«,  .i/,,  ......  ,  yw} 
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for  h  and  eliminating  the  quantities  y  from  the  expression,  it  follows  at  once 
from  the  general  theory  that 


where  H  is  some  function,  which  can   be  determined  at  once  from  any 
one  of  the  equations 


and  thus  an  integral  of  the  equation  is  given  by 

h  =  constant, 
to  which  all  integrals  (§  3)  are  equivalent. 


CHAPTER    XI. 

FROBENIUS'  METHOD. 

THE  investigations  of  Frobenius  in  the  formulation  and  solution  of  PfaflPs 
problem*  deal  rather  with  the  general  theory  of  the  reduction  of  the  ex- 
pression to  a  normal  form  than  with  any  processes  for  the  integration  of 
equations  which  occur  in  the  reduction;  and  the  interest  lies  chiefly  in  the 
purely  algebraical  association  of  the  number  of  terms  in  the  reduced  form 
with  the  critical  conditions  —  the  same  in  number  and  form  as  Natani's  — 
satisfied  by  the  coefficients  of  the  original  expression. 

n  n 

155.     Let  the  expression  5  Xidxi  become  S  X{  dxj  by  means 

7=1  7  =  1 

of  transforming  relations 


so  that,  if  Xij  denote  dxj/dxj',  the  differential  elements  are  connected 
by  the  linear  relations 


dxa  =  2  xai  dxi  (a  =  1,  .  .  .  ,  n). 

7  =  1 


In  the  equation 


2   XidX;  =  2  . 

1=1  1=1 


the  system  of  variations  dx  (and  therefore  also  the  system  dx')  are 
arbitrary  and  independent  so  far  as  the  variations  are  concerned  ; 
so  that,  if  Sx  (with  Sx  in  consequence)  be  other  variations,  we 
have  also 


*  The  chief  part  of  his  exposition  is  contained  in  his  memoir  "  Ueber  das 
Pfaff'sche  Problem,"  Crelle,  t.  Ixxxii.  (1877),  pp.  230—315;  otber  amplifications 
were  given  by  him  in  another  memoir  "Ueber  homogene  totale  Differentialglei- 
chungen,"  Crelle,  t.  Ixxxvi.  (1879),  pp.  1—19. 
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Now  taking  variations  of  each  of  these  pairs  of  equal  quantities  in 
the  forms 


8  2  (Xidxi)  =  S  2  (Xi'dxt'), 

i=l  f=l 


we  have 

S  2  Xidxi  -  d  2  XtSast  =  8  2  Xi'dan'  -  d  2  Z/&r/, 
»=i  »=i  1=1  »=i 

or,  since 

d8x  =  Bdx 

because  the  variations  are  arbitrary,  it  follows  that 

2  (BXida;,-  -  dXiSati)  =  I  (SXi'da*'  -  dX  /&*'), 

i=\  »=1 

and  therefore 


j 

so  that 

2  Oy  dxi  BXJ  =  2  a,y'  datf  Sac/, 

i,j  i,j 

an   equation   which   is  a  necessary  consequence  of  the  original 
variational  equations.     Thus  the  expression 

2  a,j  daii  BXJ 

i,j 

is  a  bilinear  covariant,  associated  with  the  original  differential 
expression. 

If  we  take  a  third  variation  A.r,  different  from  and  independent  of  the  two 
already  adopted,  and  proceed  as  above  from  the  equations 

tij  dxi  8  ,TJ  =  ASctij  dA\'  8  .r/, 


j  =  dZdij'  8  .?•('  A.r/, 

combining   them   so  as  to  have  a  trilinear   covariant,   the    coefficient   of 
dxibxbxic  is 


and  therefore  is  zero.      Hence  for  the    Pfaffian    expression    the   trilinear 
F.  18 
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covariant  is  evanescent;  and  so  for  all  successive  multilinear  covariants*; 
and  therefore  we  need  only  consider  the  linear  expression 

$Xdx 
(which  implies  also  2X&r)  and  the  bilinear  expression 

2ao  d.fi  8.ry, 
which  are  covariantive  functions  of  index  zero. 

The  original  system  of  linear  and  bilinear  expressions  is  said  to  be  equi- 
ralent  to  the  transformed  system. 

156.  Now  if  we  replace  daci  by  u{  and  £#,-  by  vit  so  that  the  us 
and  vs  are  two  sets  of  variables  which  are  independent  of  one 
another  and  are  transformed  by  the  same  substitutions 

n 

Ma  =  2  Xai  Ui, 
i=l 

then  the  original  forms  are 

n 

2  Xaua,     ZdijUiVj. 

o  =  l  i,j 

When  these  are  subjected  to  the  foregoing  linear  transformations, 
they  take  the  similar  and  equivalent  forms 

2  Xa'ua',     2a0V»/, 

o  =  l  i,j 

where 


so  as  to  make 


Xa'  =  2 
1=1 


ttij   =  2  Xai  Xfi  doff  J 
a,/S 


so   that  we   have  a   merely  algebraical   transformation   between 
equivalent  systems  of  two  simultaneous  forms. 

If  now  we  take  the  converse  question  and  assume  that  two 
simultaneous  forms 

n 

^*    v  /       '  ^?        /       /      ' 

2,  A0  ua,        2  00  Ui  Vj, 

o  =  l  i,j 

are  equivalent  to  the  two  forms 

n 

2  X&ua,         2  dijiijVj, 

o=l  i,j 

For  bilinear  expressions  and  associated  covariants,  not  connected  with 
linear  Pfaffians,  see  Christoffel,  Crelle,  t.  Ixx.  (1869),  pp.  46—70;  Lipschitz,  ffc., 
pp.  71—102. 
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then  it  is  first  necessary  to  find  all  the  algebraical  transformations 
which  render  this  equivalence  possible.  It  does  not  however 
follow  that  such  an  algebraical  transformation  leads  to  a  differen- 
tial transformation  which  will  give  the  equation 


the  algebraical  transformation  is  useful  for  our  purpose  only  if  the 
inferred  differential  transformations  leave  the  expressions  for  the 
elements  dx  perfect  differentials.  Such  as  do  this  necessarily 
reproduce  the  bilinear  differential  covariant. 

It  thus  follows  that,  in  order  to  effect  the  transformation  of  a 
Pfaffian  expression  by  this  method,  there  are  two  parts  in  the 
investigation.  One,  purely  algebraical,  is  the  derivation  of  all  the 
substitutions  which  will  change  a  system  of  two  forms 


into  an  equivalent  system  ;  the  other  is  an  examination  of  the 
analytical  capability  of  such  transformations  when  they  are  changed 
into  differential  substitutions. 

157.     When  the  linear  substitutions  are  made  in  the  bilinear 
form 

n 

W  =  2,  OijUtVj, 

',  i 
so  as  to  transform  it  to 


then  the  coefficients  in  the  two  forms  are  connected  by  the  rela- 
tions 


and  any  determinant*  of  the  mth  order  in  the  coefficients  a{j  is  a 
homogeneous  linear  function  of  determinants  of  the  ?/ith  order  in 
the  coefficients  0,$. 

The  reciprocal  of  this  relation  occurs  when  the  inverse  substi- 
tutions are  applied  to  W. 

*  Scott's  Determinants,  p.  53. 

18—2 
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Hence  the  determinants  of  any  one  order  in  the  coefficients  ay 
and  those  of  the  same  order  in  the  coefficients  a,j  vanish  together, 
and  therefore  the  highest  order  of  non-vanishing  determinants  of 
coefficients  is  the  same  for  the  transformed  as  for  the  original 
bilinear  expression,  that  is,  the  highest  order  of  non-vanishing 
determinants  of  the  coefficients  is  an  invariant  for  the  linear 
substitutions. 

In  order  to  consider  the  simultaneous  transformation  of  the 
forms 


UiVj,    2  XiUi,  2  XiV{, 


it  is  convenient  to  construct  a  new  bilinear  form 

n  n  n 

®  =  2  ctijiiiVj  +  vn+1  2  XiUi  +  iin+l  2  XiVi  +  Aun+1vn+l, 

i,j  i=l  i=l 

where  A  denotes  an  arbitrary  unchanging  magnitude  and  the  new 
variables  are  subject  to  the  transformations  ?tn+1  =  u'n+lt  vn+i  =  v'n+1. 
Then  the  order  in  the  coefficients  of  ©  of  the  highest  non-  vanishing 
determinants  is  an  invariant  for  the  linear  substitutions. 

158.  Now  all  these  determinants  are  minors  of  the  complete 
determinant  of  order  n  (in  the  second  case  of  order  n  +  1)  involving 
all  the  coefficients  ;  and  therefore  there  are,  in  the  present  case, 
two  invariantive  integers.  The  first,  say  m,  is  the  order  of  the 
highest  non  -vanishing  minor  in  the  skew  determinant 


The  second,  say  m',  is  the  order  of  the  highest  non-  vanishing  minor 
in  the  determinant 


,     Ct»n  »     -A  2 


X\, 


,    ann,   Xn 

,  Xn,  A 


where  A  is  arbitrary.     Now  this  order  does  not  depend  upon  the 
value  of  the  arbitrary  quantity  and  must  be  the  same  whatever 
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value  be  assigned  to  A.  Taking  then  zero  as  the  value  and 
changing  the  signs  of  all  the  terms  in  the  last  line  so  as  to  make 
the  determinant  explicitly  skew,  we  have  the  second  invariantivc 
integer  m'  as  the  order  of  the  highest  non-vanishing  minor  in  the 
skew  determinant 


&11  , 

Qn*. 

n               Y 

doi  , 

(Z«i  , 

-*T 

-Xa. 

-X«.  0 

The  integers  m  and  m'  must  be  even.  For,  among  the  non- 
vanishing  minors  of  these  orders  there  must  be  piincipal  minors, 
which  are  skew  determinants  since  A:  and  A3  are  skew ;  let  such 
an  one  for  Ax  be 


Then  its  order  must  be  even;  and  hence  we  take  m,  the  invariant! ve 
integer  associated  with  Ax,  to  be  2r.  Similarly  for  m',  the  invari- 
antive  integer  associated  with  A2.  Now  m'  cannot  be  less  than  2r; 
and  it  cannot  be  greater  than  2/1  +  2,  for  all  determinants  of  order 
greater  than  m  +  2  would  then  have  non-vanishing  minors  of  order 
greater  than  m  which  would  at  the  same  time  be  minors  of  A: . 

If  all  the  minors  in  A2  of  order  2r  +  2  vanish,  then  all  those  of 
order  2r  +  1  vanish  ;  so  that,  if  m'  be  not  2r  4-  2,  it  must  be  2r,  for 
by  the  hypothesis  as  to  Ax  the  minors  of  A2  of  order  2r  cannot  all 
vanish. 

There  are  thus  two  cases  which  arise  : — 

(i)     the  invariant! ve  integer  of  Aj  being  2r,  that  of  A2  is  2r  +  2; 

(ii)    the  invariantive  integer  of  A!  being  2r,  that  of  Aa  is  2r. 

If  instead  of  considering  the  two  invariantive  integers  of  either 
of  the  cases,  we  consider  their  arithmetic  mean,  this  mean  is 
sufficient  to  determine  the  two  integers.  For,  if  it  be  an  even 
number,  the  invariantive  integers  are  equal  and  so  the  second  case 
occurs ;  and,  if  it  be  an  uneven  number,  the  invariantive  integers 
are  unequal  and  so  the  first  case  occurs.  Hence  it  is  sufficient  to 
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consider  only  a  single  invariant  p,  the   arithmetic   mean  of  the 
invariantive  integers  associated  with  Ax  and  A2  respectively*. 

The  invariance  of  the  integer  p  is  a  necessary  inference  from 
the  equivalence  of  two  systems  of  forms  ;  we  now  proceed  to  shew 
that  it  is  a  sufficient  condition  for  their  equivalence,  by  obtaining 
(on  the  assumption  of  the  invariance)  equations  of  transformation. 

159.  Let  zly  z.2,  ...,  zk  be  k  independent  functions  of  x1}  ...,  xn 
which  by  the  (at  present  unknown)  transformations  become 
.z/,  z»,  ...,  ZK  ;  then  the  expression 

n  k  n+k 

x0  S  Xidxi  +  S  xn+idzt  or,  say,  S  Yfdxi 

i=\  i=\  i  =  0 

changes,  by  those  transformations  together  with 


into 


TO  k  n+k 

x0'  2  Xi'dx/  +  2  a/n+t  cfo;'  or,  say,  into  S 

!  =  1  ?  =  1  1=0 


Hence  there  is  an  invariantive  integer,  being  the  order  of  the  high- 
est non-vanishing  minors  of  the  determinant,  which  is  associated 
with  the  expression 

Now 


k          fe. 
Yr  =  x0Xr  +  S  xn+i  y-±      (r  =  1,  .  .  .  ,  M)  ; 

i  =  l  OiCr 

and  therefore,  when  we  take  the  elements  of  the  associated  de- 
terminant in  the  form 


*  It  is  easy  to  infer  from  Natani's  conditions  (§§  99,  100)  that,  if  p  be  even, 
there  is  an  even  number  p  of  independent  functions  in  the  normal  form  of  a 
1'fallian  expression  and  that,  if  p  be  odd,  there  is  an  odd  number  p  of  such 
functions  in  the  normal  form.  The  combination  of  this  method  of  statement  of 
Natani's  conditions  with  the  invariantive  character  of  p  inferred  by  Frobenius 
leads  to  some  of  Lie's  results  (§  142)  relative  to  the  persistence  of  character  of  a 
normal  form. 
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for  s,  t  =  0,  1,  . . . ,  n  +  k,  the  determinant  is 


X 

92, 

92* 

ii,                 ,       (An,          i, 

9a;,  ' 

'  a*, 

r  n                         Y  a            Y 
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92* 
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'   9ar, 
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0  n1'     '     A°aw    •*»> 

9a;  ' 

'  fa 

-Z,,  ,        ,    -Xn,    0, 
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,  o 

_92,           _a,1_    Q 
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_  92*               _  92*     0 
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,   0 

Non-evanescent  determinants  which  are  minors  of  A3"  are  of  order 
less  than  n ;  and  all  such  contain  some  power  of  x0  as  a  factor  and 
contain  #0  only  in  that  form.  Hence,  so  far  as  the  order  of  vanish- 
ing minors  is  concerned,  we  may  take  x0  =  1  ;  and  the  correspond- 
ing form  of  A3'  will  be  denoted  by  A3 ,  so  that 

A3  =  A3',  when  x0  =  1. 

Let  the  invariantive  integer  of  A2  be  m  (=  2r),  so  that  the 
invariantive  integer  of  A,  is  either  2r  or  2r  —  2.  Then  the  invari- 
antive integer  of  A3  is  in  general  greater  than  2r,  so  long  as  the 
functions  z  are  perfectly  arbitrary ;  but  it  can  be  diminished  by  de- 
termining the  quantities  z,  so  that  they  satisfy  the  partial  differential 
equations  which  are  the  conditions  for  the  diminution  of  the  highest 
order  of  non-vanishing  minors.  It  cannot,  however,  be  reduced 
below  2r,  on  account  of  the  hypothesis  which  has  been  made  about 
A2;  and  therefore  we  shall  suppose  that  the  invariantive  integer  of 
A3  is  2r,  the  same  as  that  of  A2.  Thus  zlt ...,  zk  will  satisfy  a  number 
of  partial  differential  equations  ;  and  we  proceed  to  determine  the 
greatest  possible  number  of  functions  z,  which  will  make  the  inva- 
riautive  integer  of  the  associated  determinant  A:,  the  same  as  that 
of  A2,  viz.,  2?-. 

160.  Suppose,  then,  that  k  functions  z  independent  of  one 
another  have  been  obtained  (k  may  be  zero),  such  that  all  minors 
in  A3  of  order  m  +  1  vanish  but  not  all  those  of  lower  order, 
so  that  m  is  the  invariantive  integer  of  A3.  If  a  determinant, 
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similar  to  A3  but  containing  k  + 1  functions  z,  be  constructed  in 
the  form 

~y        vZ\  vZjfjj.-i         . 

&ii  >  j    Mm  >  •&•  1  >     o~  '      '    ~a     " 

C/u/i  OXi 

V 
&ni  >  >     ^»»  >  -^  n  >     o       >      

-*i,       ,   -Xn,        0,       0,      ,     0 

-|i,     ,   -^,        0,       0,      ,     0 

-8||+1,  ,   -^'     °'       °'      '     ° 

then,  in  order  that  its  invariantive  integer  may  be  2r,  the  same  as 
that  of  A2,  it  is  necessary  and  sufficient  that  Zk+l  should  satisfy  the 
linear  equations 

for  all  values  of  the  quantities  u  which  allow  the  relations 

n  k     fiz.  ^ 

S  OriUi  +  Xru  +  2  ^-  un+j  =  0         (r  =  I,  . . . ,  n) 
ZXM  =0  h    ...(2) 

to  be  satisfied.  But,  on  account  of  the  fact  that  minors  of  A2  or 
A2'  of  order  higher  than  m  vanish  and  the  consequent  non- 
independence  of  equations  in  (2),  it  follows  that  all  values  of  the 
quantities  u,  which  allow  the  relations  (2)  to  be  satisfied,  allow  also 
the  relations 

ft  n       f\Z'  "\ 

2  x0ariUi  +  Xrti  +  2  5^-  iin+}  =  0         (r  =  1,  . . . ,  n)  I 


1=1 


=  0 


=o 


to  be  satisfied.  And  now  the  new  quantity  zkJrl  satisfies  the 
system  of  differential  equations  (1)  for  all  values  of  the  quantities 
u  limited  by  the  relations  (2)'. 
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161.  Now  when  we  bear  in  mind  the  invariantive  character 
of  the  determinants  A,,  A2,  A3,  and  the  relations  of  the  linear  and 
the  bipartite  forms  to  the  Pfaffian  and  its  bilinear  covariant  and 
when  we  notice  that  these  determinants  are  eliminants  of 

quantities  of  the  form  = —  for  of  quantities  of  the  form  s— )i 

where  TV  is  a  bipartite  form,  we  see  that  the  conditions  of  §  156 
can  be  satisfied  as  follows.  It  is  necessary  that  merely  algebraical 
transformations  shall,  when  modified  into  substitutions  for  the 
original  Pfaffian,  furnish  elements  da  which,  by  being  complete 
differentials,  will  lead  to  integral  equations  of  substitution  for  the 
Pfaffian;  and  this  will  be  effected  if,  in  the  equations  (1)  and  the 
relations  (2)'  we  actually  replace  the  variables  u  by  differential  ele- 
ments dx,  these  elements  being  taken  to  be  complete  differentials. 

When  this  modification  is  made,  the  result  of  §  160  is  that 
2k+1  satisfies  the  equation 

|^<fe.+ +  jtdxn  =  0 (I) 

OXi  OXn 

for  all  variations  dx  which  are  consistent  with  the  equations 


z. 

S  x^ridxi  +  X4xQ  +  S  5^  dacn+j  =  0  (r  =  1,  ... ,  n) 

f=l  j=\0®r 

=  0 


>  (ID. 


The  initial  hypothesis  implied  that  all  the  functions  z  were  to 
be  functions  of  xl}  ....  xn  alone;  and  therefore  equation  (I)  takes 
the  form 


or  zk+1  is  an  integral  of  the  system  of  equations  (II).  Also  it  w 
manifest,  from  the  same  reason,  that  zlt  ...,  zk,  derived  from  the 
last  k  equations  of  (II),  are  also  integrals  ;  so  that,  regarding  (II) 
as  a  system  of  equations  to  be  integrated,  we  have  the  functions  z 

as  integrals  of  this  system. 
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The  coefficients  of  the  differential  elements  on  the  left-hand 
sides  of  the  equations  (II)  are  the  various  quantities 


where   Yr  and  Ys  (for  r,  s  —  0,  1,  .  .  .  ,  n  +  k)  are  any  two  of  the 

n+k 

coefficients  of  a  Pfaffian  expression  2   Yidxi  ;  and  therefore  (Ex., 

t=0 

§  31)  the  system  is  complete.  Moreover,  since  the  minors  of  order  m 
in  the  determinant  of  the  left-hand  sides  do  not  all  vanish  while  all 
minors  of  order  higher  than  m  do  vanish,  there  are  in  equations 
(and  not  more  than  m  equations)  independent  of  one  another; 
and  therefore  the  system  is  equivalent  to  an  exact  system  of  m 
equations.  Hence  the  system  (II)  has  m  independent  integrals. 

The  functions  z  are  to  involve  only  the  variables  xly  ...,xn; 
the  system  (II)  involves  not  alone  these  variables  but  also 
#o,  #n+i>  •••>  #n+*>  the  integrals  of  the  system  must  therefore 
include  the  whole  aggregate  of  variables.  The  m  independent 
integrals  can  be  replaced  by  m  independent  functional  combina- 
tions of  them  ;  and  if  we  choose  such  functional  combinations  as 
to  include  the  greatest  possible  number  of  equations  which  are 
free  from  the  variables  x0,  xn+l,  ...,  xn+ii,  we  shall  have  m  —  k—  1 
equations  independent  of  one  another  and  involving  only  the 
variables  xly  ...,  xn  and  constants,  and  k  +  1  equations  independent 
of  one  another  and  involving  the  variables  x0,  xn+1  .  ...,  #„+*.  Now 
each  of  these  leads  to  an  integral  of  (II),  that  is,  to  a  function  z 
such  that 

dz=0 

in  virtue  of  the  equations  (II)  and  the  system  of  integrals  of 
these  equations  ;  there  are  therefore  m  —  k  —  1  independent 
integrals  of  the  system  (II)  which  involve  only  the  variables 
xl  ,  ...,  xn  and  are  therefore  of  the  type  of  functions  z. 

But  k  such  functions  z  have  been  supposed  to  be  obtained, 
the  supposition  being  placed  in  evidence  by  the  last  k  equations  of 
(II);  hence  there  are  (in  —  k  —  V)  —  k,  that  is,  m—  2k—  1  further 
integrals  of  the  required  type.  When  m  is  2r  and  k  is  r  —  1  (so 
that  r  —  1  integrals  are  supposed  known),  the  value  of  m  —  2k  —  I 
is  unity,  and  therefore  one  more  integral  can  be  found.  Hence  it 
follows  that  r  independent  functions  zl}  ...,  zr  can  be  found  such 
that  all  minors  of  order  greater  than  2r  in 


161.]  THE    ELEMENTS   OF   TRANSFORMATION  283 

Y      "dz\  dzr 

oxn  oxn 

Xi ,-xn,  o,   o  , o 

..-&    0,0,          ,0 

n't*  /-)/»• 

t/4*q  0/vC'fl 

% -I?-  o.   0- o 

l/U'i  V*Ji"ii 

162.  Since  all  minors  of  order  higher  than  2r  vanish,  it 
follows  that,  among  others,  all  principal  minors  of  order  2r  4-  2 
vanish.  If  then  a,  . . . ,  e  be  any  selection  of  r  +  1  integers  from 
the  series  1,  2, ...,  n,  such  a  minor  is 

y       ozl  dzr 

re,     0,    0    , ,  0 

^,0,0    , 0 

rf,    0,0  , ,  o 

the  value  of  which  is  the  square  of 

i  Y  y  i  • 
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and  therefore  all  such  minors  as  may  arise  from  selections  of  r  + 1 
integers  from  the  series  1,  ...,  n  vanish,  that  is,  all  the  deter- 
minants of  the  (r  +  l)th  degree  of  the  system 


X, 

Z,  ,  .... 

dzi 

'dzl 

9^ 

9V 

9V  " 

'  dxn 

dzf 

dzr 

dzr 

'tfV 

9V  "" 

'  ar 

V<hn 

vanish.     Hence  r  quantities,  say  Zl}  ...,  Z,.,  can  be  determined 
such  that  the  n  equations 


for  s=  1,  2,  ...,  n  are  satisfied:  and  from  these  we  have 


n       r          J}~. 

2      2     Zi-dXs, 


8  =  1 


because  zi  is  a  function  of  xl ,  ...,  xn  only  and  the  quantities  dx  are 
perfect  differentials. 

Further,  since  all  principal  minors  of  order  less  than  2r  -I-  2  do 
not  vanish,  we  cannot  establish  a  system  of  relations  of  the  form 

Y   —   "?    7       * 

s~    i     a# 

1  =  1  V^g 

involving  a  number  of  functions  z  less  than  r ;  and  therefore  we 

n 

cannot  infer  a  transformation  of  2  Xsdxs,  which  shall  involve  a 

s=l 

number  of  differential  elements  dz  less  than  r. 

163.  Hitherto  we  have  used  the  single  assumption  (§  159) 
that  the  invariantive  integer  of  A2  is  2r;  we  now  must  consider 
the  invariantive  integer  of  A1;  which  may  be  either  2r  or  2r  —  2. 
The  two  cases  will  be  taken  in  turn. 

164.  (i)     First,  let  the  invariantive  integer  of  ^  be  2r;  so 
that  the  minors  of  order  2r  in  ^  do  not  all  vanish.     Now 
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»=1 

from  the  above  values  obtained  for  Xg;  and  therefore  the  minors 
of  A!  of  order  2r  are  obtained  by  multiplying  some  one  determi- 
nant of  order  2r  of  the  system 

Izj  for 


by  a  determinant  of  order  2?-  of  the  system 
Z-i  ()Zr        "dzi 


for  5,  t  =  l,  2,  ...,  n.  Since  then  the  products  do  not  all  vanish, 
the  determinants  of  order  2r  of  these  systems  do  not  all  vanish ; 
and  therefore  the  quantities  zlt  ...,  zrt  Zl,  ...,  Zr  are  independent 
of  one  another. 

By  the  invariance  of  the  two  integers,  each  2r,  associated  with 

n 

Aj  and  A,,  it  follows  that  an  expression  2  Xgdxg,  which  is  derived 

8  =  1 

n 

from  the  expression  2  Xsdxs  by  the  (unknown)  equations  of  trans- 
1=1 

formation,  can  be  expressed  in  the  form 

r 

2,  £i^  (jiZ{  , 
t=l 

where  the  2r  quantities  Zi,  ...,  zr',  Z{,  ...,  Zrf  are  independent  of 
one  another ;  and  this  result,  it  may  be  repeated,  is  a  consequence 
of  the  simultaneous  invariance  of  the  two  integers.  Now,  as 
explained  in  §  158,  these  two  integers  may  be  replaced  by  the 
single  invariantive  integer  p,  their  arithmetic  mean,  which  in  the 
present  case  is  equal  to  2r. 

Since  the   2r  quantities  z  and   Z  are   independent  of  one 
another,  as  are  also   the  2r  quantities  /  and  Z',  the  simplest 

r  r 

equations  of  relation  which  will  transform  2  Z{dz{  into  2  Zldz{ 

t=i  f=i 

are 
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Substituting  for  z,  Z,  z',  Z'  their  respective  values  in  terms  of  x 
and  of  of,  we  have  equations  of  relation  which  are  sufficient  to  give 
the  equation 

I  XgdxK  =  I  Xg'dxg'; 

s=l  *=1 

and  these  equations  have  been  obtained  on  the  assumption  of  the 
invariantive  persistence  of  the  even  integer  p  =  2r,  which  is  thus 
proved  to  be  a  sufficient  as  well  as  a  necessary  condition  for  the 
equivalence  of  the  two  expressions. 

165.  (ii)  Secondly,  let  the  invariantive  integer  of  Aj  be 
2r  —  2,  so  that  p  =  2r  —  1.  Then  all  the  minors  of  order  2r  of  Aj 
vanish  ;  so  that  since  they  are,  as  before,  the  products  of  determi- 
nants of  order  2r  of  the  system 

dz-i          dzr     dZj.          dZr\  /«_i    o          ~\ 

«•>       y    ••'  >  o       '     "5        y   •••  y  5          I  •  •  "  \5  —  *•»*»•••»  *V 

dxs          oxs     oxg  oxg  i 

by  determinants  of  the  same  order  of  the  same  system  differently 
arranged,  all  the  determinants  of  order  2?'  of  this  system  vanish. 
Hence  there  is  one  identical  functional  relation  among  the  quanti- 
ties z  and  Z\  and,  since  the  quantities  z  are  independent  of  one 
another,  at  least  one  of  the  quantities  Z  must  occur  in  the  relation, 
which  may  thus  be  taken  in  the  form 


By  the  invariance  of  the  two  integers,  2r  —  2  and  2r  associated 
respectively  with  Aj  and  with  A2,  it  follows  that  an  expression 

n  n 

S  XgdtCs,  which  is  derived  from  the  expression  2  Xsdxt  by  the 
«=i  *=i 

(unknown)  equations  of  transformation,  can  be  expressed  in  the 
form 


where  the  r  quantities  z'  are  independent  of  one  another,  and  one 
identical  functional  relation  subsists  among  the  2r  quantities  z' 
and  Z'  ',  which  must  involve  at  least  one  of  the  quantities  Z'.  The 
functions  A"  not  necessarily  (nor  generally)  being  the  same  func- 
tions of  the  variables  x'  as  X  are  of  the  variables  x,  this  relation  is 
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not  necessarily  of  the  same  form  as  the  previous  one,  and  it  will  in 
general  be  different,  say  of  the  form 

t(j/.  ...,*',  4'.  ....43-0, 

where  ^r  is  different  from  $. 

The  difference  of  these  functional  relations  prevents  the  system 
of  equations 


which  would  transform  S^e^into  'SZidzj,  from  being  a  consistent 
system*;  and  therefore  the  process,  which  is  effective  when  the 
single  invariant  p  is  even,  does  not  necessarily  prove  effective 
when  the  single  invariant  p  is  odd. 

166.  In  order  then  to  obtain  an  effective  process  for  the  case 
of  a  single  invariantive  odd  integer,  we  reduce  the  case  to  that  of 
an  invariantive  integer  which  is  the  next  lower  even  number: 
this  will  require  that  the  invariantive  integer  to  be  associated  with 
Aj  shall  be  2r  —  2,  the  same  as  before,  and  that  the  integer  to  be 
associated  with  A2  shall  be  2r  —  2,  less  than  that  which  we  had 
before.  Hence  Aj  may  be  left  unchanged,  and  A2  must  be  changed. 

Adequate  changes  will  be  obtained,  if  we  change  the  coefficients 
X  by  such  decrements  as  shall  leave  the  quantities  a,,  unaltered  ; 
and  so  we  replace  X{  by  a  new  quantity 

„        dz 


where  z  is  a  function  of  xlt  ...,  xn.  The  determinant  Aj  is  not 
altered  by  this  modification;  and  therefore  the  invariantive  integer 
associated  with  it  is  still  2?-  —  2.  We  determine  the  introduced 
function  z  so  that  the  integer  associated  with  the  modified  A,,  say 
with  V2,  in  the  form 


dz 


**-n 


0 


dz 


*  The  system  ceases  to  be  inconsistent,  if  <t>  and  \f>  be  the  same  functions.     In 
particular,  this  occurs  when  Zm=l,  and  Zm'  =  l;  see  §  126. 
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shall  be  2r  —  2,  being  the  even   integer  next  lower  than   that 
associated  with  A2. 

71 

The  effect  of  this  change   on  the   expression  2  Ar,-ffot-  is  to 
replace  it  by 


?=i 


that  is,  by 


i  —  dz  ; 


and  then,  when  z  has  been  determined  in  accordance  with  the 
preceding  condition,  the  single  invariantive  integer  of  the  new 
expression  is  even  and  equal  to  2  (?•  —  1),  so  that  by  the  preceding 
result  we  have 

n  r—\ 

2  Xidx;  -  dz  =  2  Ysdys, 

i=l  s=l 

where  the  2(r  —  1)  quantities  y  and  Y  are  independent  of  one 
another  ;  and  this  is  the  smallest  number  of  quantities  which  can 
occur  on  the  right-hand  side.  As  in  §  162, 


Y          z  -        V       * 
•A-  i  ~  o —  —  **   •*  I  o —  > 
OXi       s=i        dXi 


and 


Hence  the  minors  of  order  2r  of  Ae,  which  is 


Oil, 


,,    «!„,  Xi        , 


cm,... 
-Xi, 


•  >    " nn  >        **  n 

,  -xn,  o 


are  obtained  by  multiplying  some  one  determinant  of  order  2?'  of 
the  system 


o  -  _     "j 

8a?!  '    8^ 


ayr-!    3F, 


0  eL 

1, 


dxn  ' 
,     0   ,...,        0 
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by  some  one  determinant  of  order  2r  of  the  system 


dz 

O1 

)Fr_,         9yi               9yr_! 

9^ 

C'*«>j                 C/*2/j                            C/^] 

dz 

o  8Fl         c- 

>Fr_,        3yt               9yr_j 

0 

,  1.  F", 

Yr-i                 0      ,                         0 

the  same  as  the  other  but  differently  arranged.  Now  since  2?-  is 
the  invariantive  integer  associated  with  A4,  so  that  the  minors  of 
order  2r  do  not  all  vanish,  it  follows  that  the  determinants  of 
order  2r  of  the  foregoing  repeated  system  do  not  all  vanish  ;  and 
therefore  the  functions  z,  yl,  ...,  ?/,._!,  F^  ...,  Fr_j  are  independent 
of  one  another,  being  functions  such  that 

n  r—1 

S  XidfCj  =  dz  +  2  Ygdys. 

?=i  *=i 

On  account  of  the  persistence  of  the  invariantive  integers,  2r— 2 
and  2?1  associated  with  A,  and  A.,  respectively,  it  follows  that  an 

n  n 

expression  2  Xjdxi,  which  is  derived  from  S  Xidx;  by  the  (un- 

»=i  1=1 

known)  equations  of  transformation,  can  be  expressed  in  the  form 

dz'  +  'lY.'dy,', 

s=l 

where  the  2?-  -  1  quantities  /,  y,', . . . ,  .?/',._, ,  F,',  . . . ,  F'r_,  are  inde- 
pendent of  one  another. 

Since   the  2r  —  1  quantities  z,  y,   Y  are  independent  of  one 
another,  as  are  also  the  2r  —  1  quantities  z',  y',  Y',  the  simplest 

r-l 

equations   of   relation   which    will    transform   dz  +  S  F,-dy,-   into 

»'=! 

Y/dyt'  are 

l 

*  =  /;2,.  =  2//,  F,-=F/        (t  =  l,2,...,r-l). 

Substituting  for  z,  y,  Y,  z',  y',  Y  their  respective  values  in  terms 
of  x  and  of  x',  we  have  equations  of  relation  which  are  sufficient 
to  give  the  equation 

2  Xidxt  =  2  Xjdaa' 

j=i  /=i 

F.  19 
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and  these  equations  have  been  obtained  on  the  assumption  of  the 
invariantive  persistence  of  the  odd  integer  p  =  2r  —  1,  which  is  thus 
proved  to  be  a  sufficient  as  well  as  a  necessary  condition  for  the 
equivalence  of  the  two  expressions. 

Hence  the  theorem  enunciated  in  §  158  —  that  the  equivalence 
of  the  expressions  is  established  by  the  existence  of  the  invariantive 
integer  p  —  is  proved. 

167.  On  account  of  the  fundamental  importance  of  this 
integer,  Frobenius  classifies  the  PfafBan  expressions  according  to 
the  integer  associated  with  them.  An  expression,  which  has  p  for 
its  invariantive  integer,  is  said  to  be  oftheptb  class;  the  preceding 
investigation  shews  that  there  are  p  independent  functions  in  the 
reduced  form  equivalent  to  the  expression,  which  is 


f  or   dz  +   2    Yidy{, 

1=1  7=1 

according  as  p  is  even  or  uneven*. 

168.  Though  the  present  method  is  concerned  chiefly  with 
the  general  theory  of  the  transformation  of  Pfaffian  expressions 
into  one  another,  and  not  primarily  with  their  reduction  to  a 
normal  form  and  the  thence  infeiTed  system  of  integrals,  yet 
the  normal  form  enters  as  an  essential  part  of  the  investigation  by 
leading  to  the  formation  of  the  minimum  number  of  independent 
equations  which  render  the  transformation  possible.  No  novel 
method  is  given  for  the  solution  of  the  partial  differential  equa- 
tions which  determine  the  differential  elements  of  the  normal 
form;  the  following  summary,  however,  of  the  derivation  of  those 
equations  may  be  convenient. 

Let  2r  be  the  highest  order  of  non-vanishing  minors  of  the 
determinant 


»     ann   ,  A  n 

>  —  Xn,   0 


*  See  note  to  §  158. 
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201 


then  either  2r  or  2r  —  2  is  the  highest  order  of  non-vanishing 
minors  of  the  determinant 


,  o,n 


The  arithmetic  mean  p  of  the  integers  associated  with  the  two 

determinants  is  an  invariant,  which  determines  the  class  of  the 

n 
Pfaffian  expression  S  X;dxi  ;  in  one  case  p  is  even  and  equal  to 

i  =  \ 

2?*,  in  the  other  p  is  odd  and  equal  to  2r  —  1. 
In  the  case  when  p  =  2r,  the  normal  form  is 


the  quantities  Z  are  determined  from  any  r  independent  equations 
of  the  set 


and  the  quantities  z  are  determined  by  the  r  sets  of  partial 
differential  equations,  which  express  the  conditions  that  the 
minors  of  order  2?-  +  2  in  the  determinants 


0,0,  0 

0,0,  ,0 


0  ,    0 


all  vanish  ;  the  successive  quantities  z  being  obtained  by  assigning 
to  k  in  succession  the  values  1,  ....  r.    Not  more  than  r  quantities 
z  can  be  thus  determined;  and  the  2?-  quantities  Z  and 
functionally  independent  of  one  another. 

19—2 
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In  the  case  when  p  =  2r  —  1,  the  normal  form  is 

r-l 

dz+  S  Tidyi; 

i  =  l 

the   quantities   Y  are   determined   from   any  r  —  1  independent 
equations  of  the  set 


the  quantity  z  is  determined  by  the  set  of  partial  differential 
equations,  which  express  the  conditions  that  the  minors  of  order 
2r  in  the  determinant 

X  -  — 

Q>n\         >  >  Q--nn          >    •**•  n  ~  6 

OXn 

Y  .I.  ^Z  Y    i.  f> 

"    ^ \-  1      "T"     .    .    .    i    .    .  "~~    ^L    »        |~     V/ 

all  vanish ;  and  the  quantities  y  are  determined  by  the  r  —  1  sets 
of  partial  differential  equations,  which  express  the  conditions  that 
the  minors  of  order  2r  in  the  determinant 

ttii          ,  ,  dm  >    -A  i  —  o —  >      5      '  ......   jj~ - 

y       9s       9t/!  9?/j 

•1  +  ^> ,-Xn  +  j*-,        0        ,      0  , ,    0 

'  >        -^      »        0,0, ,    0 

l/o/j  IA*/71 

9j/ifc  97/jt 

-^ —     ,  ,        — ^ —  0  0  ,  ,0 

ox\  oxn 

all  vanish;  the  successive  quantities  y  being  obtained  by  assigning 
to  k  in  succession  the  values  1,  ...,  r-l.  Not  more  than  r-l 
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quantities  y  can  be  thus  determined;  and  the  2r—  1  quantities* 
s,  y,  Y  are  functionally  independent  of  one  another. 

Ex.  1.    The  following  results  given  by  Frobenius*  are  easily  obtainable  :  — 

(a)  If  the  class  of  a  Pfaffian  differential  expression  be  altered  in  conse- 
quence of  multiplication  of  the  expression  by  a  factor,  the  change  in  an 
increase  or  a  decrease  of  one  unit  according  as  the  class  is  odd  or  even. 

(6)  If  the  class  of  a  Pfaffian  differential  expression  be  altered  in  conse- 
quence of  addition  to  the  expression  of  a  perfect  differential,  the  change  in 
a  decrease  or  an  increase  of  one  unit  according  as  the  class  is  odd  or  even. 

(c)  Hence  deduce  the  effect  produced  on  the  class  of  an  unconditioned 
Pfaffian  differential  expression  by  (i)  multiplying  it  by  a  factor  (ii)  increasing 
it  by  the  addition  of  a  perfect  differential. 

Ex.  2.     The  coefficients  of  the  differential  elements  in  the  expression 


are  homogeneous  functions  of  the  /i"1  degree  ;  and  A'  denotes  the  homogeneous 
function 

A>!  +  ......  +  A>n. 

Shew  that,  if  A'  be  a  constant  different  from  zero,  then  the  class  of  the 
original  expression  is  odd;  that,  if  A'  be  zero  and  /*  not  equal  to  -  1,  the 
class  is  even  ;  and  that,  if  X  be  zero,  the  expression  can  be  a  perfect  differ- 

ential only  if  /z  be  —  1. 

(Frobeniiw.) 

Ex.  3.  Shew,  with  the  notation  of  the  last  question,  that,  if  A"  vanish, 
then  the  class  of  the  Pfaffiau  expression  is  less  than  «,  if  either  »  be  odd  or 
fi  be  -  1. 

Shew  also  that,  if  X  vanish,  while  /*  is  not  equal  to  -  1  and  the  ex- 
pression is  unconditioned,  its  class  is  diminished  by  one  unit,  if  the  expression 
be  divided  by  an  arbitrary  homogeneous  function  of  degree  ji  +  1. 

(Frobenius.) 

Ex.  4.     If  n  functions,  given  by  the  equations 


independent  of  one  another,  be  such  as  to  satisfy  the  relation* 

At{At(fY,  =  At{At(f)}, 
then 


is  a  perfect  differential,  the  n2  quantities  A  being  functions  of  the  variables 

x  subject  only  to  the  indicated  limitations. 

(rrooeniiw.; 

•  Crcllc.  t.  Ixxxvi.  (1879).  pp.  1— 1». 


CHAPTER    XII. 
ABSTRACT  OF  DARBOUX'S  METHOD. 

THE  investigations  of  M.  Darboux  on  Pfaff  's  problem  are  con- 
tained in  a  memoir*  published  in  1882,  though  most  of  it  which 
bears  directly  on  the  theory  was  written  in  1876.  He  deals  more 
with  the  theory  of  the  forms  than  with  the  methods  of  integration 
of  differential  equations  which  occur  in  the  theory  ;  in  this  respect 
he  resembles  Frobenius.  Moreover  in  his  process  there  is  a  certain 
similarity  to  that  adopted  by  Frobenius,  for  the  basis  is  the 
invariantive  character  of  certain  expressions,  in  particular,  of  the 
associated  bilinear  covariant  :  and  therefore  in  point  of  publication 
Darboux  has  been  considerably  anticipated  by  Frobenius.  The 
remainder  of  the  memoir  deals  with  the  theory  of  the  tangential 
transformation  :  and,  though  the  method  adopted  for  it  is  distinct, 
the  results  of  the  theory  were  already  known  from  the  earlier 
published  memoirs  of  Lie  and  Mayer. 

Under  these  circu  instances  I  shall  state  merely  the  results, 
without  proof,  so  as  to  give  an  indication  of  the  course  of  the 
memoir. 

169.    (i)    He  takes 


»=i  t=i 

and  proves 


which,  being  independent  in  value  of  the  particular  set  of  variables, 
is  an  invariant  for  change  of  variables. 

'  "Sur  le  probteme  de  Pfaff,"  Comptes  Eendus,  t.  xciv.  (1882),  pp.  835—837 
Darb.  Bull.,  2"'  S£r.  t.  vi.  (1882),  pp.  14—36,  49—68. 
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(ii)  The  first  step  towards  the  construction  of  the  normal 
form  is  the  choice  of  new  independent  variables  such  that,  when 
®d  is  expressed  in  terms  of  them,  there  shall  be  fewer  differential 
elements.  For  this  purpose  the  subsidiary  system  of  equations 

On  dxi  +  ...  +  anl  dxn  =  \Xl  dt 


alnda;1+  ...  +  ann  dxn  =  \Xn  dt 

is  used.     It  is  an  invariantive  system  :  and  it  can  be  replaced  by 
the  single  equation 

S®d-d®s  =  \®idt, 
supposed  true  whatever  be  the  variations  Bx. 

(iii)  When  n  is  even  and  the  determinant  A  of  the  coefficients 
of  the  quantities  dx  in  the  subsidiary  system  is  not  zero,  then  the 
?i  —  l  integrals  yl  ,  .  .  .  ,  yn_i  of  the  equations,  which  are  independent 
of  t,  are  taken  as  new  independent  variables  ;  and  with  them  is 
associated  an  arbitrary  function  yn  of  the  original  variables,  so  that 
ylt  ...,  yn  are  n  independent  variables.  Then  by  the  invariantive 
property  of  the  subsidiary  equations  it  is  easily  proved  that 

e^-y.Vr/d^, 

r=l 

where  the  coefficients  Yr°  are  independent  of  yn. 

(iv)  When  n  is  odd,  so  that  A  necessarily  vanishes,  then,  if 
the  first  minors  do  not  all  vanish,  A,  is  taken  to  be  zero  in  the 
subsidiary  system  ;  the  ratios  of  the  differential  elements  are 
determinate,  and  n  —  1  integrals  of  the  consequent  equations  are 
obtainable.  If  these  integrals  be  denoted  by  ylt  ...,  yn_,,  then, 
when  they  are  associated  with  a  new  arbitrary  and  independent 
function  yn,  we  may  take  the  n  quantities  as  a  set  of  n  indepen- 
dent variables.  It  is  proved  that 

Qd  =  d9  +  *27r'dyr, 

r=l 

where  the  coefficients  Yr°  are  independent  of  yn. 

Two  cases  occur.  If  ¥  contain  yn,  it  may  itself  be  taken  as  ynt 
so  that 


r=l 
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If  ^  be  independent  of  yn,  then  Bd  can  be  expressed  in  the  form 
e<-V7?di*. 

r=l 

(v)      Should  the  subsidiary  system,  even  with  the  limitation 
X  =  0,  not  be  determinate  but  contain  only  p  distinct  equations, 
then  Darboux  makes  it  determinate,  as  in  the  preceding  cases,  by 
the  association  with  it  of  n  —  p  —  1  equations 
d<f>i  =  0,  ......  ,  ttyn-p-!  =  0. 

The  argument  proceeds  as  before  ;  and  the  general  result  of  the 
first  transformation  is  that  an  expression  ©d  can  always  be  changed 
into  one  or  other  of  the  three  forms 

rt-i 
yn  2   Yrdyr, 

r=l 
n-l 

2  Yrdyr, 

)•=! 
n-l 

dyn  +  2   Yrdyr, 

r  =  l 

the  variables  yl}  ...,  yn-i,  yn  being  independent  and  the  coefficients 
Y  depending  only  on  the  variables  yl  ,  .  .  .  ,  yn-i  • 

(vi)     Hence  an  expression  Sd  can  always  be  brought  to  one  or 
other  of  the  types 

dy-  2  zrdyr, 


>•=! 


2  zrdyr, 

/•  =  ! 

where  the  quantities  y,  2i,  y/  are  functions  of  all  the  variables  in 
Bd  and  are  independent  of  one  another  ;  and  2p  +  l  or  2/?,  accord- 
ing as  the  type  is  the  first  or  the  second,  is  not  greater  than  n. 

The  former  or  the  latter  is  the  type  to  which  ©d  can  be 
reduced,  according  as  the  subsidiary  equations  cannot  or  can  be 
satisfied  by  taking  X  different  from  zero.  The  integer  p  is  deter- 
mined as  one-half  of  the  number  (necessarily  even)  of  independent 
equations  in  the  subsidiary  system,  and  the  2p  quantities  y(  and  Zi 
are  a  set  of  integrals  of  these  independent  equations.  For  the 
former  type,  the  quantities  y  and  z  are  necessarily  independent  of 
X,  which  has  been  made  zero  for  the  associated  subsidiary  system  ; 
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for  the  latter  type,  the  ratios  of  the  quantities  z  are  independent 
of  X. 

(vii)  Darboux  adopts  Cauchy's  method  of  integration  of  the 
subsidiary  equations ;  and  he  is  led  to  results,  which  are  similar  to 
Lie's  (§§  147,  154),  relating  to  the  transformation  of  the  expression 
to  an  equivalent  unconditioned  form ;  they  are  as  follows. 

(a)  If  the  canonical  form  of  the  expression  be 

£ 

-  *rdyr, 

r=l 

then  the  subsidiary  system,  consisting  of  2/j  independent  equations, 
has  2/>  —  1  integrals  independent  of  X.  There  must  thus  be  at 
least  n—  *2p  +  1  variables,  say  x^,,  . ..,  xn,  which  are  not  integrals 
of  the  system.  If  then  the  2p  —  1  integrals  be  taken  in  the  form 
of  principal  integrals  and  be  denoted  by  ult  ...,  u^-i,  so  that 
ult  ...,  Map-!  reduce  to  xly  ...,  x^t_l  respectively  when  constant 
values  Og,,  ...,  On  are  assigned  to  x.,p,  ...,xtl,  the  equivalent  uncon- 
ditioned form  is 

ed=jrViu«r, 

r=l 

where  Uf  is  the  value  of  Xr,  when  xg  is  replaced  by  u,  for 
6-  =  1,  . . . ,  2p  —  1  and  by  as  for  s  =  2p,  . . . ,  n. 

(b)  If  the  canonical  form  of  the  expression  be 

dy-  2,  2rdyr, 

r=l 

then  X  =  0  in  the  subsidiary  system,  and  the  set  of  "2p  independent 
equations  has  '2p  independent  integrals.  There  must  thus  be  at 
least  n  —  2p  variables,  say  x._v+l,  ...,  xtl,  which  are  not  integrals  of 
the  set.  If  the  '2p  integrals  be  taken  in  the  form  of  principal 
integrals  and  be  denoted  by  <*,,  ...,  u.y,  so  that  ult  ...,  M._7,  reduce 
to  #!,...,  ar.jp  respectively  when  constant  values  0^^,  ...,  an  are 
assigned  to  Xyp+1 ,  . . . ,  xn,  the  equivalent  unconditioned  form  is 

®d  =  dH+  I  Urdur, 

r=l 

where  Ur  is  the  value  of  Xr,  when  xg  is  replaced  by  uf  for 
s=l,  ...,  2p  and  by  ag  for  s  =  2p+  1,  ...,  n,  and  H  is  a  function 
which  vanishes  for  the  last  set  of  substitutions  of  constants  for  the 
n  —  '2p  variables  x. 
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170.  These  results  are  applied  to  the  solution  of  partial 
differential  equations  of  the  first  order  (§  136). 

The  remainder  of  the  memoir  is  devoted  to  an  investigation  of 
the  relations  which  are  the  basis  of  Clebsch's  method  of  integra- 
tion (§125)  and  to  the  establishment*  of  the  theory  of  tangential 
transformations  proceeding  (as  in  the  earlier  part  of  the  memoir) 
from  two  simultaneous  sets  of  variations.  It  is  superfluous  to 
reproduce  the  investigation  here  ;  the  results  agree  with  those 
earlier  established  by  Lie  and  independently  by  Mayer  and  already 
discussed  in  Chapter  IX. 

Ex.  Prove  that,  with  the  ordinary  notation  used  in  connection  with 
Pfaffian  differentials,  the  two  expressions 


a 

...,«.,  ,P, 

ft         T* 

0 

9V  

cxn 

obtained   by  taking,  first,  Pl,  ...,  Pn  =  ^,  ...,   .V,,  and,  secondly,  Plt  ..., 

C^f  O^f 

Pn=^-)...t^     ,  are  invariants  for  change  of  the  independent  variables,  the 
Pfaffiau  expression  being  supposed  unconditioned. 

Shew  that  these  expressions  are  the  quantities  denoted  by  Clebsch  by  the 
symbols  (<£)  and  (<£>//•)  in  his  theory  of  Pfaff's  problem. 

(Darboux.) 

*  This  part  of  his  investigation  is  followed  by  Jordan,  Cours  d' Analyse,  t.  iii. 
(1887),  pp.  339—348. 


CHAPTER  XIII. 

SYSTEMS  OF  PFAFFIANS. 

IT  will  be  seen  that  in  the  theory  of  systems  of  unconditioned  Pfaffians 
hardly  any  advances  have  been  made.  In  fact,  there  are  very  few  investi- 
gations which  deal  with  systems  of  simultaneous  non-exact  equations;  and 
even  those  which  are  published  discuss  for  the  most  part  such  exact  integrals 
as  the  systems  may  possess.  The  following  are  the  principal  sources  of 
information  on  the  subject : — 

BIEKMANN;  "Ueber  n  simultane  Difterentialgleichungen  der  Form 
2ArMcfoM  =  0,"  Schlom.  Zeitschrift,  t.  xxx.  (1885),  pp.  234—244. 

BOOLE  ;  "  On  simultaneous  differential  equations  of  the  first  order  in 
which  the  number  of  the  variables  exceeds  by  more  than 
one  the  number  of  the  equations,"  Phil.  Trans.,  1862,  pp. 
437—454. 

"  On  the  differential  equations  of  dynamics,"  Phil.  Trans., 
1863,  pp.  485—501. 

Supplementary  volume  of  Treatise  on  Differential  Equa- 
tions, 1865,  pp.  74 — 89. 

ENGEL  ;  "  Zur  Invariantentheorie  der  Systeme  von  Pfaffschen  Gleichun- 
gen,"  Leipz.  Sitzungsb.,  (1889),  pp.  157—176,  ib.,  (1890),  pp. 
192—207 ;  this  connects  itself  with  §§  128,  129  of  Lie's  Theorie 
der  Tramformationsgruppen  (Leipzig,  1888),  which  deal  with 
the  character  of  the  transformations  of  which  such  a  system 
admits. 

FROBENIUS  ;  "  Ueber  das  Pfaff'sche  Problem,"  Crelle,  t.  Ixxxii.  (1877) ; 
especially  pp.  287 — 289  of  the  memoir. 

IMSCHEMETSK.Y;  "Integration  des  equations  aux  derivees  partielles  du 
second  ordre  d'une  fonction  de  deux  variables,"  Grun.  Arc/i., 
t.  liv.  (1872) ;  specially  pp.  290—314  of  the  memoir. 

TANNER;  "Preliminary  note  on  a  generalisation  of  PfafFs  problem," 
Lond.  Math.  Hoc.  Proc.,  vol.  xi.  (1880),  pp.  131—139  *. 

Voss ;  "  Ueber  die  Differentialgleichungen  der  Mechanik,"  Math.  Ann., 
t.  xxv.  (1885) ;  especially  pp.  258 — 263  of  the  memoir. 

*  For  various  reasons.  I  am  unable  to  accept  the  results  obtained  by  Prof. 
Tanner  in  this  paper. 


300  THREE   CLASSES   OF  [171. 

171.  The  system  of  n  equations  linear  in  the  differential 
elements  of  the  variables  (and  the  coextensive  system  of  associated 
partial  differential  equations  linear  in  the  derivatives  of  the 
dependent  function),  which  were  discussed  in  Chapter  II.,  subsisted 
as  a  simultaneous  exact  system  on  the  hypothesis  that  the 
conditions  given  in  §  26  as  the  criteria  of  exactness  were  satisfied  : 
and  on  this  hypothesis  there  was  inferred  the  existence  of  an 
equivalent  system  of  n  integral  equations  of  the  type  ur  =  cr. 
Each  such  equation  is,  in  and  by  itself,  an  integral  of  the  system 
of  differential  equations  ;  that  is  to  say,  restricting  ourselves  to 
the  system  of  n  equations,  the  inferred  equation 

du,  =  0 

is  completely  satisfied  by  means  of  the  original  differential  equa- 
tions, there  being  no  need  to  use  for  the  purpose  of  satisfying 
it  any  of  the  other  integral  equations  :  and  such  an  equation  as 

dur  =  0 

is  merely  a  linear  combination  of  some  (or  all)  of  the  given 
differential  equations. 

When  the  whole  system  of  n  integrals  is  considered  simul- 
taneously (each  of  them  being,  in  and  by  itself,  an  integral  of  the 
system),  we  obtain  n  equations 


each  of  these  is  satisfied  in  virtue  of  the  original  equations  and  is 
a  linear  combination  of  those  equations.  But  the  n  integrals  are 
independent  so  that  the  n  equations  du  =  0  are  independent  :  that 
is,  the  linear  combinations  of  the  foregoing  equations  are  inde- 
pendent of  one  another,  and  therefore  the  original  equations  can 
be  derived  from  the  equations  du  =  Q  which  are  an  immediate 
consequence  of  the  integral  system.  Hence  the  system  of  n 
inferred  integrals  and  the  system  of  n  original  differential  equa- 
tions are  completely  equivalent  to  and  coextensive  with  one 
another;  provided  that,  as  already  remarked,  the  conditions  of 
Chapter  II.  —  there  proved  sufficient  and  necessary  —  be  all  satisfied. 
The  system  is  said  in  that  case  to  be  completely  integrable. 

But  the  system   of  ordinary  differential   equations   will   still 
subsist  as  a  simultaneous  system,  when  only  some,  or  even  when 
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none,  of  the  conditions  of  integrability  are  satisfied.  In  the  former 
case,  when  some  of  the  specified  conditions  are  satisfied,  the 
system  of  equations  may  have  some  exact  integrals  ;  that  is  to  say, 
there  may  be  some  equations  of  the  form  u  =  c  such  that 

du=  0 

is  satisfied  solely  by  means  of  the  system  of  differential  equations 
without  reference  to  any  integral  relations  among  the  variables. 
The  number  of  these  exact  integrals  must  be  less  than  n,  otherwise 
the  system  would  be  completely  integrable  :  and  each  of  them 
(necessarily  supposed  to  be  independent)  leads,  when  differentiated, 
to  a  linear  combination  of  the  system  of  equations,  the  various 
combinations  being  independent.  When  such  a  system  possesses 
a  number  of  exact  integrals,  the  number  being  less  than  the 
number  of  equations,  it  is  said  to  be  incompletely  integrable. 

It  is  evident,  after  the  earlier  explanation,  that  the  set  of 
exact  integrals  possessed  by  an  incompletely  integrable  system  is 
not  an  equivalent  of  the  system  of  differential  equations.  In  fact, 
as  each  member  of  the  set  leads  to  a  linear  combination  of  the 
system  of  equations,  we  have  a  number  of  independent  linear 
combinations  of  the  members  of  the  system  less  than  the  number 
of  members;  and  therefore  the  system  of  differential  equations 
cannot  be  inferred  from  the  exact  integrals.  The  supply  of  this 
deficiency  from  an  integral  equivalent  of  the  differential  equations, 
and  the  use  of  the  exact  integrals  for  the  modification  of  the 
differential  system,  will  be  subsequently  discussed. 

Lastly,  it  may  happen  that  the  given  system  of  equations 
possesses  no  exact  integral,  that  is,  that  there  is  no  linear  com- 
bination of  the  equations  which  can  lead  to  an  equation 


In  this  case  the  system   is  said  to  be  non-integrable  :    and,  as 
before,  a  question  as  to  its  integral  equivalent  will  arise. 

172.  The  integration  of  a  completely  integrable  system  has 
already  been  discussed:  we  proceed  to  the  discussion  of  the 
characteristics  of  an  incompletely  integrable  system.  Naturally, 
the  first  step  is  the  determination  of  the  number  and  the  form  of 
the  exact  integrals. 
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We  take  the  system  of  n  equations,  involving  m  +  n  variables, 
in  the  form 

ft,  =  -  dxm+1  +  A  A  +  Al2dx2  + +  Aimdxm  =  0 

ft  =  - 


the  coefficients  -4  being  functions  of  the  variables  x. 

Let  <£  =  c  be  an  exact  integral  of  the  system  (I)  ;  then  the 
differential  equation 

d<f>  =  0 

is  a  linear  combination  of  the  n  equations  £1  =  0  and  is  satisfied  in 
virtue  of  those  equations.  The  form  of  the  combination  is  obvious, 
being 


r=l 


and  so  we  have,  after  substituting  the  full  expression  for  d<f)  and 
transposing  the  right-hand  side,  the  equation 


«=1         g  r=l   vm^r    «=1 

which  is  satisfied  in  connection  with  (I).  But  this  equation  in- 
volves only  the  differential  elements  dxl,  ...,  dxm,  among  which  no 
relation  is  given  by  (I);  and  therefore  the  coefficient  of  each 
element  must  vanish,  so  that  we  have  the  m  equations 

^-+i^-o  ...............  (ID 


(for  *=1,  ...,  m)  satisfied  for  an   exact  integral  <£  of  the  given 
system  (I);  and  they  must  be  satisfied  by  every  such  integral. 

Now  this  system  (II)  is  in  form  the  same  as  the  corresponding 
system  (II)  of  §  38;  but  the  present  one  is  not  complete  (in  the 
Jacobian  sense),  for  the  conditions  for  coexistence  and  the  pos- 
session of  common  solutions  are  not  all  satisfied,  as  they  are  for  the 
earlier  system.  Thus  the  quantities 

(A,,A,.)  =  (A,.A,.-AA)4> 

do  not  all  vanish  in  virtue  of  (II);  and  so  we  may  have  new  non- 
vanishing  expressions  V«^>,  all    linear   and   homogeneous  in  the 
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partial  first  differential  coefficients  of  <f>  with  regard  to  xmJrl  ,  ..., 
&m+n-  In  order  that  functions  <j>  of  the  kind  indicated  may  exist, 
the  ordinary  theory  requires  that 


for  each  non-evanescent  operator.  Hence  new  differential  equa- 
tions are  introduced  into  the  system  :  and  we  must  continue  the 
application  of  the  Jacobian  conditions  in  the  form 

(A.,VI)  =  0,        (V.,Vt)  =  0, 

retaining  every  non-evanescent  and  unsatisfied  condition  as  a  new 
equation  to  be  combined  with  the  system  already  obtained,  until 
no  new  equations  are  thus  formed.  The  system,  thus  increased,  is 
now  a  complete  system  :  and  the  members  of  the  system  are 
linearly  independent  of  one  another. 

The  original  system  (II)  contained  m  equations:  let  the 
members,  necessary  to  make  it  a  complete  system,  be  p  in  number, 
say 

v^=  i  5   .*-  =  o  ..................  (iii) 


for  s  =  1,  ...,  p  :  then  the  function  <f>  is  a  solution  of  the  m+p 
simultaneous  linear  homogeneous  partial  differential  equations  of 
the  complete  system  constituted  by  (II)  and  (III). 

If  p  be  less  than  n,  then  the  complete  system  of  m  +  p  equa- 
tions involving  m  +  n  variables  has,  by  §  38,  n  —  p  functionally 
independent  solutions;  and  therefore  the  original  system  (I)  of 
differential  equations  has  n  —  p  exact  integrals. 

If  p  be  equal  to  n,  then  since  the  equations  (II)  and  (III)  are 

linearly  independent  and  are  linearly  homogeneous  in  the  m  +  n 

•~\i 
quantities  ~-  ,  they  can  be  satisfied  only  by  having  each  of  the 

derivatives  of  <£  zero  ;  and  therefore  <f>  itself  must  be  a  mere  con- 
stant, a  result  nugatory  so  far  as  concerns  exact  integrals. 

Similarly,  if  p  be  greater  than  n,  the  complete  system  can  be 
satisfied  only  by  zero  values  of  the  derivatives  of  </>,  which  also  lead 
to  a  result  nugatory  so  far  as  concerns  the  possession  of  exact 
integrals. 

Hence  it  appears-  that  the  given  system  (I)  possesses  exact  inte- 
grals only  if  the  associated  system  (II)  of  partial  differential  equa- 
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tions  can  be  rendered  complete  by  the  addition  of  fewer  than  n  new 
equations  ;  and  if  for  this  purpose  p  new  equations  must  be  added, 
then  the  number  of  exact  integrals  is  n  —p. 

1  73.  Thus  the  conditions  for  the  possession  of  n  —  p  exact  integrals  are 
the  conditions  that  the  system  (II)  of  associated  partial  equations  should  be 
rendered  complete  by  the  addition  to  them  of  p  derived  equations.  The 
express  form  of  these  conditions  for  the  most  general  case  can  be  inferred 
from  the  form  of  the  conditions  for  the  following  particular  case. 

Consider  the  equations 

dv  =  r,  d.i\  +  C.2  d.r.2  +  U3  d.v3  +  C't  d.rt  ~\ 
dr  =  I'j  dj\  +  F2  d.?2+  V3  d.r3  +  V±  dx^  \ 
dw=  Wldx1  +  W<plx2+  W3dx3  +  W4d,v4  I 

UK  a  system  ;  the  associated  partial  equations  which  correspond  to  (II)  are 


for  r=l.  2,  3,  4.     Let 

A;/1,-  A,  /><  =  />,.,. 

(for  P=  U,  Ir,  IF)  ;  then  the  conditions  for  the  coexistence  of  the  four  equa- 
tions and  for  the  possession  of  common  solutions  are  the  six  equations 


some  of  which  must  neither  be  evanescent  nor  be  satisfied  in  virtue  of  the 
earlier  system.    Again,  let 

A*  P0-A0Pt  =*/>,.,. 
for  any  symbol  /•  ;  let 


for  any  symbol  6,  and  so  on  :  and  let  the  rectangular  array 


for  all  values  1,  2,  3  of  »,  j,  /-,  I.  m,  n,  p,  q  be  formed,  there  being  seven  types 
of  quantities  in  the  array. 

Then  in  order  that  the  original  system  may  have  three  exact  integrals 
it  cannot  have  more  than  three)  independent  of  one  another,  it  is  necessary 
mid  sufficient  that  all  the  determinants  of  one  constituent  formed  from  the 
quantities  of  the  type  occurring  in  the  first  expressed  column  of  the  above 
array  vanish :  in  other  words  that  all  the  quantities  To,  Fy,  Wi}  vanish. 
These  we  shall  call  tho  conditions  for  three  integrals. 
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In  order  that  the  original  system  may  have  only  two  exact  integrals  it  is 
necessary  and  sufficient,  first,  that  the  conditions  for  three  integrals  shall  not 
all  be  satisfied;  second,  that  all  the  determinants  of  22  constituents  formed 
from  the  quantities  of  the  types  occurring  in  the  first  three  expressed 
columns  of  the  array  shall  vanish.  These  we  shall  call  the  conditions  for 
two  integrals;  they  secure  that  one  new  equation  shall  be  added  to  the 
original  system  of  four  partial  equations. 

In  order  that  the  original  system  may  have  only  one  exact  integral  it  is 
necessary  and  sufficient,  first,  that  the  conditions  for  two  integrals  shall  not 
all  be  satisfied  ;  second,  that  all  the  determinants  of  32  constituents  formed 
from  all  the  quantities  in  the  array  shall  vanish.  These  we  shall  call  the 
conditions  for  one  integral;  they  secure  that  two  new  equations  shall  be 
added  to  the  original  system  of  four  partial  equations. 

Finally,  in  order  that  the  original  system  may  have  no  exact  integral  it 
is  necessary  and  sufficient  that  not  all  the  determinants  of  32  constituents 
specified  in  the  conditions  for  one  integral  shall  vanish. 

The  generalisation  to  the  system  (I)  is  now  evident.  It  would  be 
necessary  to  form  a  rectangular  array  of  n  rows;  the  number  of  types  of 
quantities  occurring  in  the  array  would  be  2"  -  1  ;  the  number  of  quantities 
of  any  type  would  depend  upon  m  and,  after  the  first  type  *,  also  upon  n. 
The  conditions  that  the  system  should  have  only  n-p  exact  integrals  are 
that  the  determinants  of  p1  constituents  formed  from  the  quantities  of  type 
of  the  first  2p  —  1  columns  should  vanish,  but  not  all  determinants  of  a  smaller 
number  of  constituents. 

Ex.  1.     Infer  (or  otherwise  prove)  that  the  simultaneous  system 


where  6  is  any  function  of  all  the  seven  variables,  has  no  exact  integral. 
Ex.  2.     The  conditions  that  the  two  equations 


dx<i  =  &3d.i'3  +  ;84e?#4 

may  have  one  exact  integral  or  no  exact  integral  are,  first,  that  the  quantities 
yl  =  ^304-^40,,    72  =  ^3^4-^4^3, 

where   A,=  ^  +«,£  +&^  and  Af=  jL  +"4^+^,   do    not    both 
vanish  ;  and,  second,  that  the  determinants  of  the  second  order  in 


•  o  3 

where  B  =  y1  ~  —  hy2  3—  >  do  all  vanish  or  do  not  all  vanish.     (Engel.) 

*  The  number  of  the  first  type  is  \m  (m  -  1). 
F.  20 
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Ex.  3.     Consider  the  equations 


z  -Zx)dx  +  (zt  -y)dy 
a  simultaneous  system  *.     The  associated  partial  differential  equations  are 


Forming  the  Jacobiau  condition  we  have,  in  the  notation  of  the  last  example, 

3xz-  1  -  y), 
-3.vz-  1  -  y; 
so  that,  rejecting  the  algebraical  factor,  the  Jacobian  condition  is 


The  three  equations  A<£  =  0,  A'</)  =  0,  A"^>  =  0  are  easily  proved  to  be  a  com- 
plete system  ;  as  they  involve  four  independent  variables,  they  have  one 
integral. 

The  easiest  way  to  obtain  this  integral  is  as  follows.     From  the  equations 
we  have 


dz 


and  therefore 

d(t>  =      (d*  ~  xdt-ydy  - 


Since  e&£  and   d  (z  -  xt  -  .r3  -  £y2)  are   perfect  differentials,  it  follows  that 
90          « 

g2  is  some  function  of  z  -  xt  -  x3  -  $y2  alone :   and  therefore  we  may  effect- 
ively take 

u  —  z  —  xt  —  x3  —  1ty2=c 
as  the  one  integral  required. 

Ex.  4.     Treat  similarly  the  equations 

dx+dy+dz  +  (x  +  l)dt  =  0  | 

xdx  +  y  dy + zdz  -  xdt  =  0  /  ' 

(Mansion) ; 

'  Boole,  Phil.  Trans.  1862,  p.  450. 
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also  the  equations 

=xt  (Xj  -  xj  -  Xj  (xa  +a?4)  *2  (*2 

1  />>  2  _  -r  2  ' 


2  _  -r  2 


Ex.  5.  The  following  investigation*  is  of  considerable  importance  in  the 
theory  of  partial  differential  equations  of  the  second  order. 

In  the  usual  Monge-Boole  method  of  solving  the  equation 
R'r  +  2S's  +  T't  +  U'  (rt  -  a2)  =  F', 

where  R',  S',  T',  U',  V  are  functions  of  x,  y,  0,  p,  q,  it  is  assumed  that  the 
equation  possesses  an  intermediary  integral  ;  and  it  is  known  t  that,  to 
secure  this  possession,  two  conditions  must  be  satisfied  by  the  quantities 
R',  S',  T',  U',  V.  These  conditions  may  be  obtained  as  follows. 

In  order  to  form  the  intermediary  integral  u  =  f(v),  it  is  necessary  to 
obtain  two  integrals  u  =  a,  v  =  b  (that  is,  exact  integrals  in  the  sense  of  the 
preceding  paragraphs)  of  the  system  of  equations 

U'dy+\lTdx+\1U'dp  = 


qdy-         dz=Q) 
where  Xx  and  X2  are  the  roots  of  the  equation 

X2  (R'T'+  U'V')  +  2\U'S'+  U'*  =  0. 

For  the  present  purpose  we  have  to  assign  the  conditions  that  the  foregoing 
system  of  equations  should  have  two  exact  integrals. 

Writing  M=-i,   T'=-U'T,   S'=-U'S,  R'=-U'R,   V'=-U'V  and 

A 

assuming  that  U1  does  not  vanish,  the  equations  are 

dz  =  pdx+  q  dy\ 
dp=Tdx+pldy[  , 
j 


*  It  is  substantially  due  to  Imschenetsky,  "Integration  des  (-q  nations  aux 
derives  partielles  du  second  ordre  d'une  fonction  de  deux  variables,"  Grun. 
Arch.,  t.  liv.  (1872),  especially  §§  13,  14  being  pp.  290—314.  He  has  amplified 
and  extended  Boole's  investigation  (I.e.  pp.  451,  452):  the  relation  between  them 
will  be  indicated  below.  Imschenetsky  has  however  left  the  conditions  (p.  309)  in 
the  form  of  two  equations  involving  a  dependent  variable  :  without  proof,  these 
cannot  be  taken  as  merely  two  conditions  applying  to  quantities  which  do  not 
involve  that  dependent  variable.  The  explicit  conditions  are  obtained  in  this 
investigation. 

t  See  Treatise,  §  230  :  the  result  will  evidently  apply  in  the  same  terms  for  the 
case  when  U  does  not  vanish. 

J  Treatise,  §§  232—234. 

20—2 
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where  /*,  and  /*<,  are  the  roots  of 


The  partial  differential  equations  associated  with  the  system  are 


being  two  equations  which  involve  five  variables.     Every  solution  common  to 
the  two  must  also  satisfy 


Now  Boole  (l.c.)  investigates  the  question  as  to  the  conditions  necessary  that 
the  original  system  may  be  completely  integrable,  so  as  to  have  three  exact 
integrals.  For  this  purpose,  the  new  equation  obtained  —  being  the  Jacobian 
condition  to  be  satisfied  by  the  first  two  —  must  vanish  identically;  hence 
/*2  =  /*!  =  £,  leading  to  the  condition 

S*  =  RT+V; 
and  also 

AS=A'7;     A#  =  A'£, 

which  are  the  necessary  and  sufficient  conditions.  If  these  be  satisfied, 
then  there  are  three  exact  integrals,  say  u  =  a,  v  =  b,  w  =  c;  when  p  and  q 
are  eliminated  between  them,  we  have  a  relation  between  xt  y,  z,  a,  6,  c,  which 
is  an  integral  of  the  original  differential  equation  and  can  be  generalised  by 
Imschenetsky's  method*. 

Suppose,  however,  that  we  assume  that  the  system  is  incompletely  in- 
tegrable and  that  it  has  two  exact  integrals.  Then  the  new  equation 
must  not  vanish  :  and  the  preceding  conditions  must  therefore  not  all  be 
satisfied.  Assuming  that  the  roots  of  the  quadratic  in  /*  are  unequal,  and 
taking 

A^-AT  AJg-AVg 

'  —  *i  —  V» 

^2-Ml  M2~Ml 

the  new  equation  is 


so  that  there  are  now  three  equations  to  be  satisfied  by  <£.  As  there  are 
to  be  two  integrals,  the  system  must  be  complete;  and  therefore  the  further 
equations 

(A"A-AA")<£  =  0,   (A"A'-A'A")<£  =  0 

*  Treatise,  %  271. 
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must  be  satisfied  iu  virtue  of  the  preceding  three.     When  these  are  formed, 
they  are 


so  that  the  necessary  conditions  are  evidently  derivable  from  a  comparison 
with  A"(£  =  0  alone,  and  are 

O2=  -P<2  +  A"/*i-  A'P  =  0,  Q4=  -  Q*  -hA"/2  -  A'(j>  =  0, 
apparently  four  in  number. 

Hence  the  necessary  and  sufficient  conditions  that  the  differential  equa- 
tion should  possess  an  intermediary  integral  are  that  the  conditions 

should  be  satisfied ;  and  these  are  equivalent  to  two  independent  conditions, 
as  they  are  connected  by  the  relations 

QQi  -  2PQ2  +  PQ3 = A  Q2  -  A'Gj 


J=AO2-A'Q1| 
;  =  A'Q3-  AQ4  J 


which  relations  are  not  difficult  to  obtain. 

It  has  been  assumed  that  the  roots  of  the  quadratic  in  /*  are  unequal.  If 
they  be  equal,  then  it  is  not  difficult  to  prove  that,  if  the  quantities 
A<S*  —  A' T  and  A^£  —  A'$  do  not  both  vanish,  the  simultaneous  system  has 
not  more  than  one  exact  integral;  and  some  conditions  are  requisite  to 
secure  the  possession  of  one  exact  integral.  For  instance,  if  &.S-  b!T  vanish, 
then  in  order  that  the  system  may  have  one  exact  integral  we  must  have 


as  the  condition  of  equality  of  roots  ;  and  S  and  T  must  be  of  the  forms 


16 


where  6  is  any  function  of  #,  y,  z. 

Similarly  it   may    be   shewn    that   the   conditions   necessary  that   the 
equation 

r+2Ss+Tt=  V 

should  have  an  intermediary  integral  (without  the  subsidiary  equations  being 
a  completely  integrable  system)  are 
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where 

A>         n 
C7=  -  ;,     f  — 


in  which  ft  and  //  denote  the  roots  (supposed  to  be  unequal)  of 

p*-2Sp  +  T=0, 
and  A,  A',  A"  are  defined  by  the  equations 


and  A'' 

The  inferences  as  to  the  extent  of  the  four  conditions  and  the  modifi- 
cations in  case  the  roots  are  equal  need  hardly  be  stated. 

174.  The  number  of  exact  integrals  of  the  given  system  of 
differential  equations,  supposed  to  be  incompletely  integrable,  is 
the  number  of  solutions  of  the  system  of  associated  partial 
differential  equations  rendered  complete.  Methods  have  already 
been  given  for  the  solution  of  a  complete  system  of  such  equa- 
tions ;  and  they  will  now  therefore  be  assumed  known,  say  in  the 
forms 

Wi  =  Cj  ,  Mj  =  Cy  >  ......  ,  UH—  p  =  Cn—p  > 

the  quantities  c  being  constants. 

These  results  being  known,  they  can  be  used  to  modify 
the  system  of  equations.  Each  of  them  leads  to  a  differential 
equation 

du=0, 

which  is  a  linear  combination  of  the  original  equations  ;  and, 
as  the  n  —  p  quantities  u  are  functionally  independent,  the 
n  —  p  linear  combinations  are  also  independent  and  may  there- 
fore be  taken  as  replacing  n  —  p  of  the  original  equations 
appropriately  chosen  from  those  which  occur  in  the  linear  com- 
binations. Now  let  the  variables  be  transformed,  so  that  n  —p  of 
the  new  iu  +  n  variables  are  ult  ...,  wH-p'>  the  equations  are  of  the 
same  linear  character  as  before.  The  first  n  —  p  of  them  are 


the  remaining  p  are  linear  and  involve  ul}  ...,  un-.p  with  the  other 
HI  +p  variables  ;  and  the  system  so  modified  is  coextensive  with 
the  original  system. 
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Now  take  the  n  —  p  exact  integrals  in  the  forms 

Wi  =  Ci  > >  ^n—p  =  Cn_ p , 

and  substitute  these  in  the  remaining  p  equations;  we  shall 
then  have  only  a  system  of  p  equations  in  m+p  variables  alone 
and  constants.  Moreover  this  new  system  cannot  have  an  exact 
integral;  otherwise,  a  retransformation  to  the  old  variables  would 
lead  to  another  exact  integral  of  the  old  system. 

Hence  an  incompletely  integrable  system  of  n  equations  pos- 
sessing n— p  exact  integrals  can,  by  means  of  those  integrals,  be 
replaced  by  a  non-integrable  system  of  p  equations ;  and  whatever 
may  be  the  integral  equivalent  of  the  non-integrable  system,  that 
integral  equivalent  combined  with  the  set  of  -exact  integrals  is 
the  integral  equivalent  of  the  incompletely  integrable  system 
from  which  it  was  derived. 

175.  By  this  result  and  by  the  remaining  question  of  §  171 
we  are  led  to  the  consideration  of  the  character  of  the  integral 
equivalent  of  a  non-integrable  system  of  linear  equations.  Such  a 
system  is  an  obvious  generalisation  from  the  case  of  a  single 
Pfaffian  equation:  and  it  is  natural  to  expect  that  the  integral  equi- 
valent of  such  a  system  will  consist  of  more  than  the  n  equations, 
of  which  it  would  be  composed  were  the  system  completely  in- 
tegrable. As  in  the  case  of  a  single  equation,  it  is  desirable  to 
have  the  integral  equivalent  of  the  system  as  general  as  possible. 
This  generality  will  be  maintained  by  two  properties :  first,  the 
integral  equivalent  must  contain  the  smallest  possible  number  of 
integral  equations  sufficient  to  lead  uniquely  to  the  differential 
equations,  for  thus  the  variations  of  the  variables  will  be  least 
restricted ;  second,  the  equations  in  such  a  system  must  be  of  as 
general  a  form  as  possible.  Three  points  are  thus  raised : 

(i)  the  determination  of  the  number  of  equations  in  the 
integral  equivalent  of  a  non-integrable  system ; 

(ii)  the  deduction  of  some  simple  integral  equivalent  of  such 
a  system ; 

(iii)  the  generalisation  of  such  an  integral  equivalent  when  it 
has  been  obtained. 

Present  analysis  however  seems  able  to  solve  only  the  first  of 
these  three  problems. 
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Ex.    The  system 


where  ylt  fa,  ys,  y^  are  functionally  independent,  is  easily  seeu  to  be  11011- 
integrablc:  its  integral  equivalent  must  therefore  contain  more  than  two 
equations.  One  set  of  integrals  is  evidently  given  by 

yl  =  const.,  3/2  =  const.,  y3  =  const.  ; 

another  by 

y4=2«,  a  constant, 


and  the  most  general  by 


where  $  is  any  arbitrary  function.  Each  of  these  sets  leads  to  the  two  given 
differential  equations,  and  only  to  them  so  far  as  the  given  variations  are 
concerned  ;  the  geometrical  interpretation  is  obvious. 

176.     Suppose   then   we   take   the   system   of  equations  (I), 
assuming  them  to  be  non-integrable  :  they  are 


ii  =  —  d&m+l  +  Au  d&i  +  Ar2dx.2  + +  AJm  dxm  =  0  ^ 

C,H  =  0 

MD, 

1H=  —dxm+n+  Amdxl  +  An.,dn'»+ +  Anmda;m=  0  > 

the  coefficients  A  being  functions  of  the  variables. 

We  first  proceed  to  find  the  smallest  possible  number  of 
equations  from  which  there  can  be  constructed  an  integral 
equivalent  of  (I) ;  and  for  this  purpose  we  use  a  generalisation  of 
the  method  adopted  by  Xatani  for  the  similar  question  in  the  case 
of  one  equation*,  viz.,  the  introduction  of  new  variables  so  chosen 
as  to  leave  in  the  equations,  when  transformed,  as  few  differential 
elements  as  possible. 

This  question  appears  to  have  been  solved  first  by  Biermann,  "Ueber  H 

winiultanc  Differentialgleichungen  der  Form  "2*  A'  dx  =0,"  Schlom.  Zeitschr.,  t. 

M=l    ' 
xxx.  (18»,3),  pp.  234—244. 
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Let  the  new  variables  be  ^,  %,  ......  ,  up;  vl}  v»,  .......  vr, 

where 


it  is  of  course  assumed  that  these  variables  are  functionally  in- 
dependent. Then  each  of  the  old  variables  x  is  expressible  in 
terms  of  the  new,  and  so  we  have 

~  _«  OX    »  _*   OX  p, 

OX  =  2,  ~ —  OUg  +  2,  £—  OVf 

Considering  these  as  arbitrary  variations,  we  have 

\?    'N     O  V    S 

_    \i\l{=    2*    O 

i=l  *=1 


for  all  quantities  X,.  When  we  pass  from  variations  that  are 
arbitrary  to  such  as  satisfy  the  differential  equations,  the  right- 
hand  side  of  the  new  equation  must  vanish.  Since  the  quantities 
it  and  v  are  functionally  independent,  this  can  take  place  owing 
only  to  one  or  other  of  two  causes  :  either  a  differential  element 
must  vanish  or  the  coefficient  of  a  differential  element  must  vanish. 
Let  then  the  variables  u  be  those,  which  have  vanishing  differen- 
tial elements,  and  the  variables  v  be  those,  the  differential 
elements  of  which  have  vanishing  coefficients. 

The  second  of  these  conditions  gives,  for  each  of  the  r  values 
of  t,  the  equation 


m     n 


5.    .          m+i    ,     ^     ^   \    A          J  —  O  • 
—  A  Af  —  x-  --  h  2,    Z,   A-iAij  a—  —  U  , 
i  =  l  OVt         j=i  i=i  OVt 

and  then,  for  the  arbitrary  variations,  the  new  form  of  the  above 
equation  is 

n  p  (       n         ar  m     n 

2  Ml;=  2  &J-2  XT4^+  2  2 


Since  this  equation  is  valid  for  all  quantities  X,  we  have 

faWi  _    ^     A.?X3  /A\ 

-W&A  ljdvt  ' 

for  t  =  1,  2,  ...,  r  and  i  =  l,  2,  .  .  .  ,  n  ;  and  also 

P  (      r)r       •         m  r) 

fl  -  2  811     --**+*  i    ^    A- 

\L;  —    —>    OUg  <•  •  -^  |-    _    xtf/  ^ 

y 
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for  t  =  l,  2,  ...,  n.  Variations  consistent  with  the  differential 
equations  make  ft,-  zero:  hence  we  have  n  equations  linear  and 
homogeneous  in  the  p  differential  elements.  Solving  these  so  as 
to  express  n  of  the  elements  in  terms  of  the  remaining  q  (where 
p  —  n  =  q),  we  have  n  new  equations  of  the  form 


T,  =  -  duq+l  +  2,   Ulr  dur  =  0 

r=l 
q 

T2  =  -  duq+2  +  I,  U2rdur  =  0 

r=l 


q 


•(I)', 


Tn=  -  duq+n  +  2,  Uqr  dur  =  0 

r=l  ' 

which  are  coextensive  with  (I),  the  relations  between  them  being 
of  the  form 


(B) 

A=l 

for  the  n  values  oft,  which  are  1,  2,  ...,  n. 

Taking  any  one  of  the  n  equations  in  (B),  and  comparing 
the  variations  of  the  variable  on  the  two  sides  of  it,  we  have 
m  +  n  equations  ;  and  these  m  +  n  equations  involve 

(i)     the  n  multipliers  ph  ,  pi2,  pi3,  ...,  pin  ; 
(ii)    the  p  quantities  u  ; 
(iii)  the  nq  quantities  U. 

Eliminating  the  n  multipliers  from  the  m  +  n  equations,  we  have 
m  equations  left  involving  the  p  quantities  M  and  the  nq  quantities 
U.  These  m  equations  survive  for  each  one  of  the  n  equations  in 
(B);  and  therefore  we  have  ran  equations  left  involving  the 
quantities  u  and  U. 

Taking  the  most  general  case  by  assuming  that  these  mn 
equations  are  independent  of  one  another,  we  must  have 

mn  <p  +  nq, 
for  otherwise  conditions  would  need  to  be  satisfied  ;  and  therefore 


It  thus  appears  that  the  least  value  of  p  is  -     -_-  (ra  +  n),  which 

n  +  l  ^ 

it   may  be  noticed   is  greater  than  n  in  all  the  cases  at  present 
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under  consideration :  we  are  taking  a  system  of  equations  which  is 
not  "  ordinary  ",  and  therefore  m  >  1. 

Now,  as  in  the  corresponding  case  of  a  single  equation,  the 
integrals  of  the  system  (I)  or  (I)'  are 

Ul  =  Ci ,    M2  =  C%,  ,    Up  =  Cp  , 

and  we  desire  to  make  the  number  of  equations  as  small  as  possible. 
Hence  we  take  the  smallest  possible  value  of  p. 

YL 

If  then (m  +  n)  be  an  integer,  we  take  that  integer  to  be 

?Z-  ~T"  -I- 

the  value  of  p. 

If  this  quantity  be  a  fraction,  we  take  the  next  greater  integer 
to  be  the  value  of  p.     Let 


n  (m  +  n)  _  *r  _     ^ 
?i  +  l  n  +  1 ' 


where  X  may  be  0,  1 ,  . . . ,  n,  according  to  the  value  of  m ;  then  we 
take  the  number  of  quantities  u,  that  is,  the  number  of  equations 
in  the  integral  equivalent  of  the  differential  system,  to  be  N. 

177.  To  render,  in  the  present  form,  the  integral  equivalent 
as  general  as  possible,  we  shall  retain  for  the  quantities  u  as 
many  arbitrary  possibilities  as  may  be,  for  thereby  the  variations 
of  the  variables  will  be  less  limited.  Hence  all  the  quantities  U 
will  be  determined,  being 

n(N-n) 

in  number;  and  thereafter  the  mn  equations  will  suffice  to  deter- 
mine 

mn  —  n  (N  —  n) 

=  N-\ 

of  the  quantities  u.  Since  the  total  number  of  the  quantities  u  is 
N,  it  follows  that  X  of  them  are  left  undetermined  and  so  may  be 
taken  arbitrarily. 

Hence  we  have  the  theorem : — 

The  most  general  integral  equivalent  of  a  non-integrable  uncon- 
ditioned system  of  n  Pfaffian  equations  in  m  4-  n  variables  is  com- 
posed of  N  equations  of  which  X  are  arbitrary,  where  N  is 
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equal  to  -  —,  when  this  quantity  is  an  integer,  and  then  \  is 

)]/  ~T~    L 

zero;  and  N  is  the  integer  next  greater  than  this  quantity,  when 
it  is  not  an  integer,  and  then  the  value  of\  is  given  by 

n  (m  +  n)  =  ,r 


n  +  l  n+l 

This  result  agrees  with  the  result  obtained  by  Biermann  (I.  c.), 
who  uses  Natani's  method  with  different  analytical  details  ;  his 
result  is  as  follows  :  —  If 

m  +  n  =  k  (n  +  1)  +  K, 

then  there  are  nk  determinate  and  K  arbitrary  integrals,  K  being  less 
than  n  +  l.     In  fact 

n  (m  +  n)        ,         nic 
>-  =  nk  + 


n+l  n+l 


=  (nk  +  K)- 


n+l' 
shewing  the  identity  of  the  two  forms  of  result. 

An  important  corollary  in  connection  with  the  value  of  \  may 
be  inferred.     We  have 


m+  n  =k(n 
and  X  is  less  than  n  +  1. 

The  number  \  must  be  less  than  m  ;  for  if 

A,  =  m  —  I  +  fi, 
we  have 

n+  1  -  fj,  =  k(n+  I), 

whence  k,  which  is  an  integer,  must  be  zero  unless  //,  is  zero  or 
negative.  It  therefore  follows  that  the  number  of  arbitrary  inte- 
grals must  be  less  than  the  smaller  of  the  two  numbers  m  and  n  +  1. 

178.  Evidently  m  =  I  gives  a  system  of  ordinary  simultaneous 
differential  equations  ;  and  n  =  1  gives  the  former  case  of  a  single 
Pf'affian  equation.  In  the  general  case,  as  in  the  case  of  a  single 

Note  that  \  must  be  taken  so  that  the  denominator  of  the  fractional  part  on 
the  ri^ht-haud  side  is  n  +  1  :  the  fraction  "  (Ml  +  n)  must  not  be  reduced  to  lower 

71  +  1 

terms,  when  such  reduction  is  possible. 
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equation,  it  may  happen  that  the  system  of  differential  equations 
may  satisfy  certain  conditions,  which  will  reduce  the  number  of 
equations  in  the  integral  system  to  be  less  than  N  though  not  in 
such  a  way  as  to  leave  any  such  equation  exact. 

When  the  system  is  incompletely  integrable,  so  as  to  have 
n  —  p  exact  integrals  and  to  be  replaced  by  means  of  these  exact 
integrals  by  a  non-integrable  system  of  p  equations  in  m  +  p 
variables,  then  the  whole  number  of  equations  in  the  system  of 
integrals  equivalent  to  the  original  differential  equations  is 


if  this  quantity  be  an  integer,  or,  if  it  be  not  an  integer,  the 
number  of  integrals  is  the  next  greater  integer.  By  taking  this 
quantity  in  the  form 

»  +  jTTT(m-1)' 

we  see  at  once  that,  unless  a  system  of  n  differential  equations  of  the 
type  considered  is  completely  integrable,  an  integral  equivalent  con- 
tains more  than  n  equations. 

Thus  for  Ex.  3  of  §  173  we  have  n  =  2,  w  =  2.  It  is  there 
proved  that  n  •  —  p  =  1  for  the  system  of  equations  ;  hence  it  is 
replaceable  by  a  single  equation  (non-integrable)  in  three  variables, 
and  the  integral  of  this  equation  consists  of  one  arbitrary  equation 
and  one  definite  equation,  partially  dependent  on  the  arbitrary 
equation.  Hence  the  integral  system  of  the  original  system  contains 
three  equations,  viz.,  one  absolutely  definite,  being  exact:  one 
quite  arbitrary  :  one  relatively  definite,  partially  dependent  on  the 
arbitrary  equation. 

Ex.     We  may  apply  the  general  result  of  §  177  to  the  case  of  a  system 
of  r  partial  differential  equations  of  the  first  order  involving  s  independent 
and  r  dependent  variables,  say  xly  ......  ,  xt  ,  aP\  ......  ,  z^rl     When  the  r  equa- 

tions are  solved  for  ptW,  ......  ,  p,(r\  we  have  results  of  the  form 


and  so  we  have,  as  a  system  of  simultaneous  Pfamans,  the  r  equations 
-  ofeW  +  pi^cki  +  ......  +  />._!<')<&•,_  !  +  0,-cZr.  =  0 

for  i=  1,  ......  ,  r.     The  number  of  variables  is 

r  for  the  quantities  z, 

+*  .......  x, 
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and  therefore  is  rs  +  s;   hence  the  number  of  equations  in  the  equivalent 
integral  system  is 


that  is,  the  number  is  rs.  These  equations  involve  the  variables  z,  x  and 
the  r(*-l)  variables  p;  when  these  variables  p  are  eliminated,  we  have  r 
equations  left  involving  only  the  variables  z  and  x.  These  r  equations 
constitute  the  integral  system  of  the  original  set  of  r  partial  differential 
equations  of  the  first  order. 

179.  In  the  case  of  a  single  unconditioned  Pfaffian  in  an  odd 
number  2n  +  1  of  variables,  it  was  proved  (§  69)  that  the  integral 
system  contains  a  single  arbitrary  integral  and  a  set  of  n  deter- 
minate integrals  ;  and  in  some  of  the  processes  the  arbitrary 
integral  is  used  to  remove  from  the  equation  one  of  the  variables 
both  in  itself  and  in  its  differential  element.  The  new  equation 
is  an  unconditioned  Pfaffian  in  an  even  number  of  variables  and 
so  its  integral  system  consists  solely  of  determinate  integrals. 

In  the  case  of  a  set  of  unconditioned  Pfaffians,  a  similar  use 
may  be  made  of  arbitrary  integrals  when  it  is  known,  as  by  §  177, 
that  such  integrals  occur  in  the  integral  system.  If  there  be 
X  arbitrary  integrals,  they  can  be  used  to  remove  from  the 
equations  X  of  the  variables  occurring  in  themselves  and  in  their 
differential  elements.  And  this  is  the  only  way  in  which  such 
integrals  can  be  used  in  modification  of  the  system  of  equations  : 
they  cannot  be  used  to  diminish  the  number  of  equations,  for  such 
a  result  would  imply  either  that  an  exact  integral  could  be 
framed,  a  conclusion  excluded  by  our  initial  hypothesis,  or  that 
an  equation  became  evanescent  owing  to  relations  derived  from 
those  integral  equations  when  they  were  differentiated. 

That  the  latter  is  impossible  is  an  immediate  inference  from 
the  result  of  §  177  (Jin.)  that  the  number  of  arbitrary  integrals  is 
less  than  the  smaller  of  the  two  integers  in  and  n  +  1.  Since 
each  equation*  in  the  original  system  (I)  contains  ra+  1  differential 
elements,  it  cannot  be  made  evanescent  by  means  of  a  number  of 
equations  of  the  form 

ety  =  0, 

which  are  in  number  less  than  either  m  or  n  +  1. 

Hence  the  X  arbitrary  equations  in  the  integral  system  may 
be  used  to  eliminate  X  of  the  variables  from  the  set  of  differential 
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equations;  and  the  transformed  equivalent  system  consists 
still  of  n  members  and  involves  m  +  n  —  X  variables.  Since 
ra  +  n  —  \  =  k(n  +  1),  the  integral,  equivalent  to  the  new  system, 
contains  nTc  determinate  equations  and  no  arbitrary  equations ; 
that  is,  the  arbitrary  integrals  can  be  used  to  transform  the  system 
of  differential  equations  to  a  new  system,  the  integral  equivalent  of 
which  is  composed  entirely  of  determinate  equations. 

If  then  any  given  system  possess  arbitrary  integrals,  we  shall 
suppose  that  this  transformation  is  effected. 

180.  Care  must  be  exercised  in  particular  cases.  Thus  in  Ex.  1,  §  173, 
the  value  of  m  is  4  and  is  not  2,  although  only  two  differential  elements 
occur  on  the  right-hand  side ;  the  fact  is  that  dx6  and  dx?  must  be  considered 
as  occurring  on  each  right-hand  side  with  a  zero  coefficient. 

Also,  in  connection  with  such  an  equation,  it  is  desirable  to  assign 
arbitrary  integrals  in  such  a  way  that  they  may  lead  to  determinate  equa- 
tions of  a  general  type  and  not  of  a  type  corresponding  to  singular  solutions 
in  ordinary  equations.  Thus  if,  as  the  three  arbitrary  equations  for  the 
quoted  example,  we  take 

<£  to,  #2,  #3)=a,  +(#!,  #2>  #3)=/3 

with  some  other,  which  for  the  present  remarks  need  not  be  specified,  then 
the  first  equation 

^3  =  X\  ^X\  ~t~  X 5  ^2 

will  be  satisfied  either  by  a  relation 

d(f)      3<£      3^> 
'         ' 


which  is  of  the  type  of  a  singular  solution  for  it  contains  no  new  arbitrary 
element ;  or  by 

#3  =  constant, 

which,  with  the  other  two,  gives  also 

xl  =  constant,  #2= constant, 

as  replacing  the  two  former  equations.  And  then,  in  connection  with  the 
latter,  we  have  from  the  other  two 

a?4= constant,  #6= constant. 

The  total  number  of  these  integrals  is  thus  five,  being  one  less  than  the 
number  to  be  expected  according  to  §  177;  but  they  constitute  a  set  of  very 
limited  variations,  and  'they  are  independent  of  x6  and  #7,  so  that  they  can 
hardly  be  entitled  to  rank  as  more  than  a  special  set  of  integrals. 
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The  set  of  equations  just  considered  are,  when  expressed  in  ordinary 
notation, 

dz  =.pd.v+qdy\ 

dp=rdx+8dy>, 

dq=6dz+tdy) 

the  set  subsidiary  to 

s  =  6= function  of  #,  y,  z,  p,  q,  r,  t, 

a  partial  equation  of  the  second  order  with  two  independent  variables.  The 
theory  indicates  that  the  integral  equivalent  consists  of  a  set  of  six  equations, 
three  of  which  are  arbitrary ;  and  these  equations  involve  the  seven  variables 
.r,  y,  z,  p,  q,  r,  t.  When  from  the  six  equations  four  quantities  (say  p,  q,  r,  t) 
are  eliminated,  there  remain  two  equations  in  z,  .r,  y  alone,  which  two  equa- 
tions are  the  integral  equivalent  of  the  equation 

s  =  0(.v,y,z,  p,  q,r,  t); 

that  is,  the  most  general  partial  differential  equation  of  the  second  order  in 
two  independent  variables  has  two  equations  for  its  integral  equivalent. 

Geometrically  interpreted,  this  result  is  that  the  original  differential 
equation  8  =  0  represents  some  property  of  a  surface  at  points  which  lie 
on  its  line  of  contact  with  another  surface  having  the  same  curvature  at 
such  points ;  and  the  character  of  each  of  these  surfaces  affects  that  of  the 
other. 

There  are  generally  six  equations  in  the  integral  equivalent,  for  the  system 
possesses  no  exact  integral  (Ex.  1,  §  173).  But  it  may  happen  that,  for 
particular  forms  of  0,  one  of  the  arbitrary  equations  is  isolated,  so  that  it 
does  not  affect  the  forms  of  the  determinate  equations.  Then  the  result  of 
elimination  is  to  leave  one  equation,  after  p,  q,  r,  t  are  eliminated  from  the 
other  five,  and  this  equation  involves  z,  .r,  y ;  in  its  form  it  is  affected  by  the 
arbitrary  characters  of  two  of  the  assumed  integrals  and  so  there  will  be 
two  arbitrary  elements  in  it,  but  it  is  entirely  independent  of  the  remaining 
arbitrary  equation  which,  when  substitution  is  made  for  jo,  q,  r,  t,  comes  to 
be  an  equation  in  z,  ./•,  y  and  so  is  the  equation  of  a  new  surface  with  an 
entirely  arbitrary  formal  element.  The  integral  system  really  consists  of  the 
two  equations;  but  the  second  is  an  isolated  equation  and  the  differential 
equation  is  satisfied  by  the  first  alone. 

Geometrically  interpreted,  this  result  is  that  the  original  differential 
equation  s  =  6  represents  some  property  of  the  surface,  determined  by  the 
one  integral,  along  all  curves,  which  are  its  lines  of  contact  with  the 
arbitrary  surface  determined  by  the  other  integral.  As  the  latter  is  by  its 
arbitrary  character  independent  of  the  former,  the  curves  of  contact  are  all 
that  can  l>e  drawn  on  the  former  surface;  and  thus  the  indicated  property 
may  be  regarded  a«  a  property  of  the  whole  of  that  surface. 

Hence,  according  to  the  foregoing  theory,  the  following  would   be  the 
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solution  of  the  partial  differential  equation  of  the  second  order.  The  sub- 
sidiary equations  are 

dz  =pdx  +  qdy  +  Odr  +  Odt  ^ 
dp=rdx+0dy+0dr+0dt  >, 
dq=  6dx+  tdy+Qdr+Qdt  ) 

where  6  is  a  function  of  the  quantities  z,  p,  q,  x,  y,  r,  t  determined  by 
the  given  differential  equation.  There  are  three  arbitrary  integrals  of  the 
system  :  let  them  be 

r  =/i  (*•  *>  P,  sO  ' 
t=Mx,z,p,q) 

y  =  fz(x,z,  p,q) 

When  these  are  substituted  the  equations  become  a  system,  the  integrals  of 
which  are  determinate  ;  when  they  are  solved,  they  take  the  forms 


where  P,  Q  Z  are  functions  of  x,  z,  p,  q  and  involve  the  functional  forms 
°f  /u  /2>  /s-     When  these  are  integrated,  their  integrals  are  of  the  form 


the  elimination  of  p  and  q  from  which  and  from 

MX,  p,q,z}  =  y 
will  leave  two  integrals,  being  the  necessary  number. 

A  similar  theory  will  apply  to  partial  differential  equations  of  other 
orders,  and  also  to  a  system  of  two  (or  more)  partial  differential  equations 
of  the  second  order*.  We  then  have  as  subsidiary  equations 

dz  =pdx+qdy+Qds\ 
dp  —  ddx+sdy  +  Ods  I, 
dq  =sdx  +  (j)dy  +  0ds  J 

a  system  with  three  determinate  and  two  arbitrary  equations  in  its  integral 
system  in  general. 

181.  Biermann  (1.  c.  §  176)  declares  that  Pfaffs  method  of 
integration  —  a  process  of  successive  reduction  —  cannot  be  used 
for  an  unconditioned  system  ;  and  he  shews  that  Clebsch's  second 
method  will  not  apply,  by  taking  (I)'  as  the  equivalent  of  (I)  and 
proving  that  a  process  similar  to  Clebsch's  does  not  lead  to 

*  The  cases  in  which  the  equations  are  of  the  complete  type  have  been  con- 
sidered by  Valyi,  Crelle,  t.  xcv.,  pp.  99  —  101. 

F.  21 


322  GENERALISATION    OF  [181. 

equations  for  u  that  are  the  same  as  the  equations  for  the  ratios 
of  the  quantities  U.  This  is  naturally  to  be  expected,  for  there 
are  n*(k—  1)  quantities  U  and  only  m  +  n  -  nk  independent 
variables  other  than  a  in  the  entirely  transformed  system,  and 
in  the  cases  at  present  under  consideration  (n  >  1  and  m>  1)  it  is 
easy  to  see  that  »2  (k  —  1)  —  1  is  greater  than  m  +  n  —  nJc. 

The  following  process,  as  an  attempt  to  effect  a  reduction,  is  a 
generalisation  of  Natani's  process  for  the  case  of  a  single  Pfaffian  ; 
it  suffices  to  shew,  as  is  remarked  at  the  end  of  the  investigation, 
that  the  generalisation  is  not  effective  for  the  desired  purpose. 

Consider  the  series  of  equations  (I)  and,  after  the  explanations 
of  §  179,  assume  that  all  the  integrals  are  determinate,  so  that 
m  +  n  is  divisible  by  n  +  1  ;  let  m  +  n  =p  +  1. 

Then  in  any  transformation  of  the  equations  it  will  be 
necessary  to  take  p  +  1  new  variables;  let  these  be  vlt  ...,  Up,  v. 
As  desiderata  of  the  new  transformation,  suppose  first  that  each 
of  the  expressions  ni5  fi2)  —  H,,  is  independent  of  dv;  the 
subsidiary  equations  are 


for  i  =  l,  ...,  n.  Then  it  will  follow  that  any  linear  combination 
of  the  transformed  expressions  ft  is  independent  of  the  differential 
element  dv. 

Now  take  such  a  linear  combination 


it  does  not  involve  dv  ;  suppose  that,  if  possible,  the  coefficients  X 
(which  are  variable  quantities)  are  so  determined  that  the  new 
expression  is  independent  of  v  also.  This  requires  that,  for 
arbitrary  variations  of  the  variables,  the  equation 


should  be  satisfied  ;  and  therefore 


2  A^,+       X,.       A+  2  x;  2 
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Now,  when  in  (1)  substitution  for  the  quantities  x  in  terms  of 
MI,  ...,  itp,  v  is  effected,  the  result  is  an  identity;  and  therefore 
any  arbitrary  variation  of  the  left-hand  side  is  zero.  Hence  for 
each  value  of  i 

ej  vXm+i         5      A     *  °X*    ,     V          *  X  A       —  fl 
—  6    -~  -  +   2   AjgO  -=  --  h   2,    -—  oAit  =  U. 
0V  s=i  0V         ,=  i  0V 

Multiplying  this  by  X,-,  summing  for  all  the  values  of  ?',  and 
remembering  that,  as  8  implies  an  arbitrary  variation, 

9      /5      v  £   dx 

5-  (ox)  =  6  =-  , 
dv  v  dt; 

we   have,  from  a  comparison  of  the  parts  of  the  two  equations 

o 
which  involve  the  quantities  ^-  (&r),  the  relation 


satisfied  for  arbitrary  variations  &     Now 

M*-w5;WMi«?^ 

dv         =1  "bx     dv 


m+n  2  A  . 

84,,=  2       * 


and  therefore 


5   JU.  f  T  /8X'  >!      j.^     V    a^"  aa^+<4.^    5^      8*<Vv-0 
>,  da-,     2,  [^~Ar>t  +  \r  Z  5—      -^--  +  A.r  i  c«t-aT    i  -°. 

«=i        lr=i\oy  i=ioxm+i    ov  /=i       tn; 


where 

Mn 


Since  this  equation  is  to  hold  for  arbitrary  variations  of  the 
variables,  the  coefficients  of  the  separate  variations  must  vanish  ; 
and  therefore 


(2) 
r=i  fc 

for  i  =  l  .....  n  and 


v  r 

0  =  2, 
r=lL 


for  s  =  1  ,  .  .  .  ,  m.     There  are  therefore  m+n  equations. 

21—2 
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We  now  have  in  (1),  (2),  (3)  a  total  of  m  +  2n  equations  to 
determine  the  m  +  n  quantities  x  as  functions  of  v  and  the  n 
coefficients  X.  Each  of  the  equations  is  linear  in  the  derivatives 
of  m  +  2n  quantities  with  regard  to  v,  and  so  it  'would  at  first 
appear  as  if  elimination  would  at  once  lead  to  one  relation 
between  the  quantities  X  and  the  variables  x  which  would  be 
obtainable  without  any  integration  whatever. 

The  explanation  of  this  point  is  that  the  set  of  m  +  2n 
equations  is  subject  to  one  linear  relation,  which  is  easily  seen 
to  be 

m  "Zrf.         n 

2  *.  p  =  2 

•.I         <H>       r=l 

where  fl'r  =  0,  ©r  =  0,  <!>,<  =  0  are  respectively  the  equations  (1), 
the  equations  (2)  and  the  equations  (3).  Hence  the  whole  system 
of  equations  is  equivalent  to  in  +  2?i  —  1  independent  equations, 
linearly  homogeneous  in  m  +  Zn  quantities  to  be  determined. 

Taking  new  quantities  0.2,  ...,  0n  defined  by  the  equations 

Xr  =  ^rXi,     (r=2,  ...,n), 

and  assuming  the  equations  to  be  soluble,  their  solutions  can  be 
expressed  in  the  forms 


dv       dv  dv          dv  dv 


2im         YI  Yn 

d\  ,      1  9X2  1_  d\n 

dv      Xj  dv  Xj  dv 


where  Xlt  ...,  Xm,  F1;  ...,  Fn,  Plt  ...,  Pn  are  functions  of  the 
variables  x  and  of  the  n—l  variables  0  alone. 

The  system  must  first  be  changed  so  as  to  give  equations  in- 
volving the  variables  to  be  determined.     We  have 

]Ld\s_d0r  1.9X1 

\!  dv~  dv  "*    'X,  8»  ' 

and  so  we  obtain  the  transformed  system 

3#i  dx       dx  dx 


dv  __  dv          dv  dv 

1  **•  7ft  JL  1  -*  71 
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9#2  9  #3  9#n 

dv  dv  dv 


P2  —  #2  P!       P3  —  03Pl  Pn  —  6nPi  ' 

a  system  of  (m  +  n)  +  (n  —  1)  —  1  equations. 

First,  we  find  the  n—  I  quantities  0  as  functions  of  the 
variables  as  ;  their  expressions  will  involve  an  aggregate  of  n  —  1 
arbitrary  independent  constants.  When  values  thence  derived  are 
substituted  in  the  first  m  +  n  —  1  equations,  the  latter  come  to  be 
equations  in  the  m  +  n  variables  x  alone  ;  and  as  in  the  cor- 
responding case  of  a  single  Pfaffian  equation  treated  by  Natani's 
process,  the  m  +  n—  I  integrals  of  these  equations  are  the  new 
variables  Wj  ,  .  .  .  ,  up,  which  are  p(=  m  +  n  —  1)  independent  functions 

OI  HI  ,  .  .  .  ,  Xm+n  ' 

So  far  as  concerns  the  remaining  variable  v,  the  sole  condition 
which  applies  to  it  is  that  it  must  be  a  function  of  the  variables  x 
independent  of  ult  ...,  up.  Subject  to  this  condition  we  may 
choose  it  at  will  and  so  we  may  take  v  =  x^,  an  assumption 
similar  to  Natani's  for  the  corresponding  case  ;  the  value  of  Xj  is 
then  determined  by  a  quadrature  and  the  values  of  X2,  ...  ,  X,t  are 
thence  inferred  through  the  values  of  B2,  ...,  6n. 

Ex.  1.     The  equations  subsidiary  to  the  system 


Y=dz+  2 

(being  the  conditions  for  transformation  such  that  O  and  Y  are  both  free 
from  dv  and  that  XO+/iY  is  free  also  from  v)  are 

9X  "3  Yi  dxi         "  dZ;  dxi 

5-  =  X     2  ~  3-+ti  2  ^-v  ^-l 
dv         i=i  oy   dv     r  i=i  oy   dv 

9/i=x     i  dYj,  dXi+      «  3£i  a^j 
dv          i=i  dz    dv        (=1  dz   dv 


Q=Y-  +  Zd-£  +  d¥(\dY*+    ^A  +  ^fx^L'a.    ^ 
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where  the  last  equation  holds  for  s=  1,  ...  ,  n  and 

_cYt     cYi  3Z,     oZj 

•y'i=e^~aV  Zsi~^Xi     oxt' 

The  system  of  «  +  4  equations  consists  of  a  set  of  only  n  +  3  independent 
equations. 

Ex.  2.     Let  the  two  equations 

Q  =  -  oLi\  +  a3  e£>'3  +  a4  dr4  =  0 

Y  =  -  cfcr.,  -f  £3ok-3  +  /34rf.»-4  =  0 
be  unconditioned. 

Then,  taking  X  (Q  +  0Y)  as  in  the  text  and  transforming  to  new  variables 
M,,  «2)  «3,  p,  so  that  neither  c  nor  cfc  occurs  in  the  transformed  expression 
for  X  (Q  +  0Y),  we  have  a  result  of  the  form 

X  (O  4-  #Y)  =  U^du^  +  l\du,2  +  U3du3, 

in  which  6\,  6'2,  t'3  are  functions  of  MI,  «.,,  «3  alone.     Now  the  reduced  form 
of  the  right-hand  side  is  (§§  126,  144) 


where  yx,  ^2,  y3  are  functions  of  MI}  «2,  «3  and  therefore  are  integrals  of  the 
subsidiary  system,  so  that  y1?  y2,  y3  and  e  may  be  taken  as  new  variables. 
Moreover  the  integrals  of  the  subsidiary  system  are  such  that,  when  they  are 
substituted  into  Y,  the  new  expression  is  of  the  form 


where  the  coefficients  V  are  functions  of  y^  y,,  y3  and  e.     Hence  the  original 
equations  are  coextensive  with 


The  second  of  these  can,  by  means  of  the  first,  be  changed  to 
where 


1  3 

Now  as  v  is  at  our  choice,  subject  to  the  sole  condition  that  it  is  functionally 
independent  of  ylt  y2,  y3,  we  may  take,  as  the  fourth  variable  for  the  trans- 
formation, any  function  of  e,  ylt  y»,  yy,  which  is  not  independent  of  v,  and  so 
we  may  take  y4  a«  tlie  fourth  variable. 

Hence  the  original  equations  can  l>e  replaced  by  the  two  equations 


This  result,  diflerently  obtained  and  by  different  considerations,  was  first 
given  by  Engel  *.  He  also  enunciated  the  following  result,  which  is  prac- 
tically a  re'sume'  of  results  which  are  alternative  : 

"  Zur  Invariantentheorie  der  Systeine  von  Pfaff'schen  Gleichungen  ",  Leipz. 
Sitzungtb.,  (1889),  pp.  157—176. 
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The  system  of  equations 


=  0 


where  the  quantities  a  and  /3  are  functions  of  .ru  A\,,  .t;3,  xt,  can  be  trans- 
formed to  one  or  other  of  the  pairs  of  equations 


y3dy1  =  0  ) 
dyt=0) 


dyt 

The  integration  of  the  transformed  equations  in  the  third  of  these 
cases,  the  one  treated  above,  has  already  been  discussed  in  the  Example 
in  §  175. 

182.  Suppose  now  that  the  subsidiary  equations  are  inte- 
grated to  determine  in  the  first  place  the  quantities  6,  which  will 
be  effected  by  equations  of  the  form 


^n—  i  =  ""n—  1  v^ij   •••»   ^wi-Hu    "•!•>  •••>    "n)  ) 

When  the  values  of  6  hence  derived  are  substituted  in  the  first 
m  +  n—l  equations,  so  that  they  come  to  be  equations  in  the 
variables  x  only,  their  integrals  take  the  form 

HI  =  (fi  v#i>  ...,  #',,H_n,   C&i>  •••>   &n—i)  \ 

..........................................      ............  (5); 

up  =  9p(a<'i>  ••->   ®m+n,   <*>!,  ...,    ttrt-j)  J 

and  then,  when  X  has  been  determined,  we  have  the  equation 


expressible  in  the  form 

Xin=  U1dul+  U..du»+  ......  +  Updup, 

where  the  coefficients  U  are  functions  of  the  variables  u  alone. 

The  right-hand  side  implicitly  contains  the  constants  alt  ...,  an_i, 
which  are  left  undetermined  by  the  subsidiary  equations.  Hence 
when  another  set  of  constants  is  taken,  a  different  set  of  quantities 
6  will  occur  and  therefore  a  new  combination  of  the  '  equations  (I) 
will  arise  ;  and  it  is  evident  that  n  different  sets  of  constants  will 
lead  to  n  independent  combinations  of  the  equations  (I)  and  so 
will  lead  to  a  system  of  n  equations  equivalent  to  (I). 

In  general,  however,  a  new  set  of  constants  in  (4)  will  lead  to 
different  expressions  for  the  quantities  B  ;  and  so  when  these  are 
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substituted  in  the  subsidiary  equations  they  will  vary  in  form,  and 
therefore  the  quantities  u  will  change.  Hence  in  general  the 
new  system  of  equations  will  not  contain  throughout  the  same 
variables. 

183.  But  now  suppose  that  al,  ...,  «n_1  are  a  given  set  of  constants, 
and  let  them  be  subjected  to  infinitesimal  variational  increments  a:, ... ,  an-l. 
Then  there  will  be  new  multipliers  6.2+L2,  ... ,  6n+In,  where  the  infinitesimal 
quantities  7  are  determined  by  the  n  -  1  equations 

•=27  C— 

for  i  =  1, ... ,  n  -  1 ;  and  there  will  be  new  variables  M/,  ... ,  up  given  by 

Uf  -  ur=  2  m  TJ^  . 

If  then  all  the  quantities  ^,  for  the  p  values  of  r  and  the  n-l  values  of  t, 

can  be  ^pressed  as  functions  of  u^ ... ,  up  and  the  constants  a  (now  regarded 
as  a  determinate  set),  then  u/  is  a  function  of  the  p  quantities  ult ... ,  up;  and 
the  conditions  that  must  be  satisfied  to  ensure  the  justification  of  this 
hypothesis  are  the  conditions  that  the  m+n  variables  x  can  be  eliminated 

from  the  m  +  n  equations  involving  ult  ... ,  ut>,  Jjf- . 

It  is  easy  to  prove  that,  if  Alt ... ,  Am  +  n  be  the  expressions  for  JT1}.... ,  £m, 
}'j,  ...,  Yn  when  in  the  latter  the  values  of  the  quantities  6  in  terms  of  the 
variables  x  and  the  constants  a  are  substituted,  then  the  conditions  necessary 
and  sufficient  to  justify  the  foregoing  hypothesis  are  that  the  equations 


_         =    _= 
A!  9a      A%  8a  Am  +  n     3a 

shall  be  satisfied  for  all  the  values  a,  These  require  that  the  constants  a 
shall  enter  into  J1?  A.2, ...,  Am  +  n  only  by  occurrence  in  a  factor  common  to 
all.  In  that  wise  the  differential  equation  satisfied  by  ult ...,  up,  viz.  that 
which  is  associated  with  the  subsidiary  equations  of  §  181  in  the  form 

.   cu       .   <lu  cu 

iaj+^2aJ+ +Am+nfa — =0> 

CXj  CA2  OXm  +  n 

is  an  equation  which,  on  removal  of  the  factor  common  to  the  Ays,  is  inde- 
pendent of  the  constants  a.  Hence  all  the  functions  g,  which  are  its  solu- 
tions, are  independent  of  the  a's ;  and  so  u'  =  u  and  the  transformed  system 
will  contain  throughout  the  same  variables. 

The  system  will  therefore  take  the  form 


U(»)du=0 


pp 
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where  all  the  coefficients  U  are  functions  of  the  variables  u.     Now,  since 

we  have 


p  =  m  +n  -\=(k-  1) 

that  is,  the  new  system  has  n  arbitrary  integrals  and  (k-l)n  determinate 
integrals.     The  former  may  be  taken  to  be  i^  =  constant,  ......  ,  un  =  constant; 

and  the  new  system  is  changed  to  one  in  which,  with  m  -  1  variables  only, 
there  are  n  equations—  that  is,  substantially  the  same  case  as  that  already 
treated. 

The  cases  in  which  the  conditions  just  specified  are  actually 
satisfied  are  those  which  arise  only  for  very  special  forms  of  the 
coefficients  in  the  original  system  and  therefore  only  for  a  very 
limited  number  of  cases  ;  and  hence  it  is  to  be  inferred  that  a 
system  of  simultaneous  unconditioned  Pfaffians  cannot  be  inte- 
grated by  what  is  the  natural  generalisation  of  Natani's  method. 

The  partial  differential  equations,  next  in  order  of  simplicity 
and  of  interest  after  partial  differential  equations  of  the  first  order 
in  a  single  dependent  variable,  are  simultaneous  partial  differential 
equations  of  the  first  order  involving  two  dependent  variables. 
The  subsidiary  systems,  associated  with  these,  do  not  satisfy  the 
conditions  indicated  ;  and  therefore  the  equations  cannot  be  inte- 
grated by  the  foregoing  method. 

184.  Grassmann*  has  shewn  that  the  integration  of  a  partial 
differential  equation  of  any  order  can  be  effected  after  the  integra- 
tion of  the  equation  Xdx  =  0,  where  Xdx  is  now  extensive  and  not 
merely  numerical  as  in  Chapter  V  :    and  this  will  apply  to  the 
integration  of  a  system  of  unconditioned  Pfaffians  which  include, 
as  a  special  case,  the  equations  subsidiary  to  a  partial  differential 
equation  of  order  higher  than  the  first.     But  beyond  proving  the 
relation 

Xdx  =  Uidui  +  Uzdu.2  +  ...  , 

where  u^  =  constant,  u2  =  constant,  .  .  .  are  the  integral  system  of  the 
set  of  equations  and  the  coefficients  U  are  no  longer  numerical,  he 
has  made  no  actual  contribution  to  the  solution,  probably  because 
the  earlier  methods  used  for  PfafFs  problem  are  no  longer  applicable. 

185.  And  so  the  solution  of  the  problem  of  obtaining  the 
integral  equivalent  of  a  simultaneous  system  of  unconditioned 

*  Ausdehnungslehre  (edition  of  1862),  §  501. 
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Pfaffiaus  does  not  .appear  possible  by  any  methods  at  present 
known  which  are  effective  for  the  case  of  a  single  Pfaffian.  It  is, 
in  fact,  one  of  the  most  general  problems  of  the  integral  calculus  ; 
the  discovery  of  its  solution  lies  in  the  future. 

186.  Such  then  is  the  present  position  of  the  second  of  the 
three  problems  stated  in  §  175.  The  third  of  those  problems,  viz., 
the  generalisation  of  a  given  solution,  is  (except  for  a  few  par- 
ticular cases  such  as  the  example  of  §  175)  still  unsolved  ;  and  it 
appears  from  the  following  simple  illustration  that  the  generalisa- 
tion must  remain  unsolved  until  the  second  of  the  problems  there 
indicated  is  solved. 

The  number  of  equations  in  the  integral  system  equivalent  to  a  pair  of 
unconditioned  Pfaffians  in  six  variables  is,  by  §  176,  four;  let  them  be 

a  =  constant,  b  =  constant,  e=  constant,  /=  constant, 
so  that,  as  there,  the  reduced  equivalent  set  of  differential  equations  is 

de=Ada+Bdb  j 
df=Cda  +  Ddb  j' 

where  A,  /?,  (7,  D  are  functions  of  «,  b,  e,  f  and  of  the  two  other  new  inde- 
pendent variables,  say  .c  and  y,  necessary  for  the  expression  of  the  original 
six.  Then  in  order  to  generalise  the  particular  set  of  solutions  it  is  neces- 
sary to  obtain  the  equations  which  make  it  possible  to  pass  from  the  above 
pair  to 

\ 


where  p,  y,  r,  s  are  functions  of  a,  b,  e,  /,  xt  y  and  P,  Q,  R,  S  are  derivable 
by  mere  substitution  when  these  functions  are  known. 

That  the  equations  may  be  coextensive,  we  must  have  for  some  values  of 
p,  (r,  p',  <r'  the  relations 

(-df+Cda 


identically  satisfied  for  proper  values  of  p,  q,  r,  s,  P,  Q,  R,  S.  Each  of  these 
relations  gives  six  equations.  Eliminating  p,  o-,  P,  Q  from  the  first  set  of 
six,  we  have 
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and  similarly  from  the  second  set  of  six  we  have 

8  (a.-,  y,  a)         c  (x,  y,  e}         'd  (x,  y,  f) " 

8  (x,  y,  b)        c  (x,  y,  e)        8  (x,  y,  f)~     ) 

altogether  a  set  of  four  simultaneous  partial  differential  equations  of  the  first 
order  determining  four  dependent  variables  *. 

Unless  the  dependent  variables  in  these  equations  can  be  partially 
separated,  the  system  remains  merely  in  its  most  general  form;  and  the 
solution  of  the  system  then  depends  on  that  of  a  system  of  simultaneous 
partial  differential  equations  in  several  dependent  variables  and  therefore  on 
that  of  a  system  of  simultaneous  Pfaffians,  a  problem  which  hitherto  has 
defied  solution.  The  natural  method  of  attempting  the  partial  separation 
of  the  dependent  variables  is  the  generalisation  of  Mayer's  method  (§  134)  in 
the  theory  of  tangential  transformations ;  we  take 

da     da         ce        c/'    db~ cb         ce         8/' 

so  that  the  equations  become 

dr  _  p  dp         c 
d'.i         da         da 


together  with 


= 

8y         dy     *oy> 

*  The  solution  of  n  simultaneous  partial  differential  equations  of  the  first  order 
in  n  dependent  and  two  independent  variables  has  been  effected  by  Hamburger  in 
his  memoir  "  Zur  Theorie  der  Integration  eines  Systems  von  n  nicht  linearen 
partiellen  Differentialgleichungen  erster  Ordnung  mit  zwei  unabhangigen  und 
n  abbangigen  Verauderlichen ",  Crelle,  t.  xciii.  (1882),  pp.  188 — 214.  Bat  his 
method  applies  only  to  unconditioned  equations  when  the  number  of  inde- 
pendent variables  is  two.  When  the  number  m  of  independent  variables  is 
greater  than  two  and  the  n  simultaneous  equations  involve  re  dependent  variables, 
then  certain  conditions  must  be  satisfied  in  order  that  his  method  may  apply ;  and 
it  may  be  proved  that  the  number  of  these  conditions,  independent  of  one  another, 
is  (»-l)(m-2). 

Other  investigations  (e.g.  Kowalevski,  Crelle,  t.  Ixxx.  (1875),  pp.  1 — 32)  relate 
chiefly  to  the  proof  of  the  existence  of  solutions  of  such  systems  by  obtaining  them 
in  the  form  of  convetging  series ;  but  no  process  of  integration  is  given  except  in 
the  form  of  series  containing  arbitrary  initial  values  of  the  variables. 
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which  are  all  the  equations  obtainable,  free  from  X  and  /*.  On  carrying  out 
his  method  it  appears  (I  do  not  reproduce  the  work)  that  the  resulting 
equations  for  P,  Q,  p,  q  are  not  of  the  form  required;  and  so  the  cor- 
responding partial  separation  is  not  possible. 

Hence  we  make  the  inference  in  the  text — that  the  generalisation  of  a 
given  particular  set  of  solutions  is  not  at  present  possible,  as  it  depends 
upon  the  possibility  of  solution  of  the  second  problem,  for  which  there  is  at 
present  no  effective  method. 
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Natani's,  56 ; 
Mayer's,  59; 
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special  method  for  two  equations 

in  four  variables,  62 ; 
by  solution  of  partial  differential 

equations,  67,  71. 

Exact  integral  of  system  of  equations, 
what  is  meant  by,  300,  301; 

satisfies  a  system  of  partial  dif- 
ferential equations,  302; 
conditions  that  it  may  exist,  304, 

305; 

used  to  modify  the  system,  311. 
Exact  ordinary  equations,  note  on  and 

memoirs  relating  to,  33. 
Exactness, 

necessary    conditions    of,    for  a 

single  equation,  4; 
number  of  necessary  conditions 

independent,  6; 
necessary  conditions  are  sufficient. 

7—12; 
necessary    conditions    of,    for    a 

system,  44 ; 
necessary  conditions  are  sufficient, 

45—51; 

Frobenius'  form  of,  51 — 54. 
Expression : 

in  2n  variables  can  always  be  sub- 
jected to  an  even  reduction,  105 ; 
completely  reduced,  113; 
in  2n  +  l  variables  can  always  be 
subjected  to  an  odd  reduction, 
111; 

completely  reduced,  114. 
Extensive  equation,  representing  single 
equation,  122; 

representing  system  of  equations, 

122, 329 ; 

subsidiary,  transformed,  132,  135; 
solved,  136,  137  (note). 
Extensive  variable,  introduction  of,  121. 

Factor,  form  of,  removeable  from   ex- 
pression after  transformation : 

when  the    Pfaffian    determinant 

does  not  vanish,  90,  99 ; 
when  it  does  vanish,   101,    105, 

203  (note). 

First  integral  of  expression  : 
if  unconditioned,  203 ; 
if  conditioned,  207; 
if  normal  form  involve  odd  num- 
ber of  functions,  224. 
First    Method,    Clebsch's,    of   treating 

Pfaff's  problem,  199—209. 
Frobenius,  on  conditions  of  exactness  of 

system  of  equations,  51 — 54. 
Frobenius'    method    of    treatment    of 
Pfaff  s  problem,  Chap,  xi,  see  table  of 
contents ; 

abstract  and  general  character  of, 

87,  272 ; 

connection  of  Darboux's  method 
with,  88. 


Functions,  number  of  that  can  be  ob- 
tained without  affecting  invariance  of 
determinantal  integer,  282. 
Fundamental    problems   for    non-inte- 
grable  systems,  311; 

two  of  the  three  yet  unsolved, 
329,  330. 

Generalisation  of  normal  forms : 

in  even  number  of  functions,  197, 

252; 
in  odd  number  of  functions,  222, 

253. 

Generalisation  of  Natani's  process  for  a 
single  Pfaffian : 

to  determine  number  of  equations 

in  equivalent  of  system,  313 ; 
inadequate  to  determine  the  equa- 
tions in  equivalent  of  system, 
322. 

Generality  of  integral  equivalent,  cha- 
racteristic properties  of,  145,  311. 
Gradual   construction  of  solution   and 
normal  form : 

in  Pfaff  s  reduction,  112 ; 
by  Jacobi,  120 ; 
by  Grassmann,  141 ; 
byNatani,  151,  157,  160; 
by  Clebsch,  198, 199, 208, 215, 223 ; 
by  Lie,  257,  268,  270. 
Grassmann,   on   system    of   equations, 

122,  329. 

Grassmann's  method  of  treatment  of 
Pfaff's  problem,  Chap,  v,  see  table  of 
contents ; 

abstract  and  general  character  of, 
83,  84. 

Hamburger's  comparison  of  methods  of 

Natani  and  Clebsch,  85. 
Historical  summary  of  methods  of  treat- 
ing Pfaff's    problem,    Chap,   iii,   see 
table  of  contents. 

Homogeneous  tangential  transforma- 
tions, 244; 

equations  characteristic  of,  245 ; 
infinitesimal,  a  special  case  of, 

246; 

applied  by  Lie  to  Pfaff's  problem, 
252. 

Imschenetsky  on  intermediary  integral 
of  partial  differential  equation  of 
second  order,  307. 

Incompletely  integrable  system  of  equa- 
tions, 301 ; 

number  of  exact  integrals  of,  304; 
example  of,  in  subsidiary  equa- 
tions for  partial  of  second  order, 
together    with    conditions  for 
two  integra'     307 — 310 ; 
modified    by   uee  of  exact  inte- 
grals, 311. 
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Independent  solutions  of  a  complete  sys- 
tem of  linear  and  homogeneous  partial 
differential  equations,  number  of,  69. 
Inexact  equations,  views  of,  before  Pfaff's 

memoir,  80. 

Infinitesimal  homogeneous  transforma- 
tion, 246; 

equations  characteristic  of,  247. 
Initial    values    of    variables,    used    by 
Jacobi,  82,  183,  183  (note) ; 

introduction  of,  leads  to  principal 

integrals,  118. 

Integers  associated  with  determinants 
in  transformation  of  bilinear  quantics 
are  invariantive,  277 ; 

arithmetic  mean  of  the  two,  278. 
Integral,  an  exact,  of  system  of  equations: 
what  is  meant  by,  300,  301 ; 
must  satisfy  partial  differential 

equations,  302; 

conditions  for  existence,  304,  305; 
used  to  modify  system,  311. 
Integral  equivalent,  minimum  number 
of  equations  in : 

of  single  equation,  145,  146  ; 
of  system  of  equations,  312—317. 
Integral  equivalent,  of  Pfaffian  expres- 
sion deduced  from  normal  form,  116, 
117; 

of  irreducible  differential  relation, 

250  (note) ; 

of  general  partial  differential 
equation  of  second  order,  320, 
321. 

Integrals  of  subsidiary  system  used  to 
diminish  the  system : 

when  one  is  known,  173; 

when  two  are  known,  175;  with 

alternative  inferences,  177 ; 
when  more  than  two  are  known, 

179. 

Integrals  of  Pfaffian  equation,  effect  of, 
on  subsidiary  system : 

when  one  is  known,  173 ; 
when  two  are  known,  178. 
Integrating  factor  of  single  exact  equa- 
tion : 

general  form  of,  4; 

quotient  of  two  is  a  solution,  4, 16; 

determined,  by  linear  equations, 

14—17; 
by  De  Morgan's  partial  equation, 

20; 

by  Collet's  equations,  25. 
Integrating  factors  of  system  of  equa- 
tions, 39 ; 
determinant  of  sets  of,  a  multiplier, 

40; 

special  method  for  determination 
of,  when  there  are  four  vari- 
ables. .3—67. 

Integration  of 'yitensive  equation,  136, 
137  (note). 

F. 


Intermediary  integral,  conditions    that 
partial  differential  equation  of  second 
order  possess  an,  307—310. 
Interpretation,    numerical,     of    Grass- 

mann's  forms,  124,  125,  133. 
Interrupted  products,  123 ; 

conditions  in  form -of ,  for  existence 
of  integrals  fewer  than  general 
minimum,  123 — 127; 
interpretation  of,  124 — 127. 
Invariantive  integers  in  transformation 
of  bilinear  quantics,  277; 

arithmetic  mean  of  two,  a  single 

sufficient  invariant,  278; 
persistence   of,   sufficient   to   en- 
sure equivalence  of  two  expres- 
sions, 286,  290. 
Invariantive  persistence  of  character  of 

normal  form,  249 — 251. 
Irreducible  differential  relation,  integral 
equivalent  of,  250  (note). 

Jacobi's  additions  to  Pfaff's  theory,  81, 82 ; 
introduction   of  initial  values  of 

variables,  82; 
simplification  of  Pfaff's  reduction, 

117—120; 
simplification  of  Pfaff's  solution 

of  differential  equation,  183 — 

187; 
theorem   relative   to  four-termed 

expression,  83,  115,  226. 
Jordan,  on  multipliers,  40; 

on    tangential    transformations, 

298. 

Lagrange's  examples  of  cylindrical  tan- 
gential transformation,  242. 
Legendrian  transformation  is  a  tangen- 
tial transformation,  242. 
Lemmas  of  transformation  in  Clebsch's 

theory,  210. 

Lie's  method   of  treatment    of    Pfaff's 

problem,  Chap,  x,  see  table  of  contents; 

abstract  and  character  of,  86,  87 ; 

connection  herewith  of  Darboux's 

method,  88. 

Lie's  theorem  for  functions  ip  tangential 
transformation,  237; 

modified  and  simplified  by  Mayer, 

237. 

Lie's  corollaries  from  tangential  trans- 
formations, 242—244,  248; 

derivable  from  Clebsch's  results, 

244. 

Linear  transformations,  introduced  into 
treatment  of  Pfaff's  problem,  274; 
applied  to  bilinear  form  give  two 
invariantive  integers,  277. 

Mayer's  method  of  integrating  system  of 
exact  equations,  59 ; 

in  its  simplest  form,  61. 

22 
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Mayer's  method,  of  solving  complete 
system  of  linear  homogeneous  partial 
differential  equations,  72 — 76 ; 

of  obtaining  at  least  one  integral, 

76—78. 

Mayer's  establishment  of  equations  of 
tangential  transformation,  233,  238  ; 
will    not    apply    to    systems    of 

Pfaffians,  331 ; 
modification  and  simplification  of 

Lie's  theorem,  237. 
Memoirs  on  systems  of  Pfaffians,  299. 
Minimum,  conditions  that  the  number 
of  equations  in  the  integral  equiva- 
lent be  less  than  the  general : 

in  Grassmann's  symbolical  form, 

123—127; 

obtained  by  Natani,  166,  168; 
by  Clebsch,  207; 
by  Lie,  255. 

Minimuin  number  of  integrals,  general : 
for  single  equation,  89,  113,  114, 

145,  146; 
for  non-integrable  system,  312 — 

316. 

Modification  of  incompletely  integrable 
system  by  use  of  its  exact  integrals, 
811. 

Monge's  view  of  inexact  equations,  80. 
Monomial  equation  of  Grassmann: 

if    numerical,   includes   a  single 
partial  differential  equation  of 
the  first  order,  122; 
if  extensive,  includes  a  system  of 
simultaneous  equations  in  se- 
veral dependent  variables,  122; 
relation  of,  to  integrals  of  Pfaffian, 

123; 

transformation  of,  137,  141. 
Multipliers  of  system  of  exact  equations, 
40; 

quotient  of  two  is  a  solution,  with 

other  properties,  41,  43; 
partial  differential  equations  satis- 
fied by,  42. 

Natani's  method  of  integration,  of  exact 
equation,  27; 

compared  with  Euler's,  30; 
compared    with   du    Bois  -  Key- 

mond's,  32 ; 

of  system  of  exact  equations,  56 ; 
developed  by  Mayer,  59 — 62. 
Xatani's  method  of  treatment  of  Pfaffs 
problem,  Chap,  vi,  see  table  of  con- 
tents; 

abstract  and  character  of,  85,  86; 
application  of,  to  solution  of  sin- 
gle   partial    differential    equa- 
tion, 187,  188; 
to  solution  of  system  of  partial 

differential  equations,  190; 
generalised  to  system  of  Pfaffians 


to  determine  number,  313 ; 

inapplicable   to   determine   inte- 
grals, 322. 
Normal  form : 

involving  even  number  of  func- 
tions, 194; 

Clebsch's  generalisation  of,  196 ; 

involving  odd  number  of  func- 
tions, 221 ; 

Clebsch's  generalisation  of,  222  ; 

reduction  of  expression  to  a,  by 
Lie,  248 ; 

relations  between  elements  of  equi- 
valent, 252 ; 

of  conditioned  expression  deduced 
from  that  of  transformed  un- 
conditioned expression,  259 — 
266; 

invariantive  persistence  of  cha- 
racter of,  249 ; 

conditions  which  determine  cha- 
racter of,  253; 

construction  of  (see  Gradual  con- 
struction) ; 

unaltered  in  character  when  Cau- 
chy  substitution  is  applied,  258, 
269; 

character  of,  to  be  inferred  from 
results  of  Natani  and  Fro- 
benius,  278  (note) ; 

used  by  Frobenius  to  make  ex- 
pressions equivalent,  285,  289; 

equations  of  Frobenius  which  de- 
termine, 291,  292. 
Non-integrable  systems,  301 ; 

three  fundamental  problems  re- 
lating to,  311 ; 

minimum  number  of  equations  in 
integral  equivalent  of,  312 — 
316; 

number  of  arbitrary  integrals  in 
equivalent  of,  316 ; 

arbitrary  integrals  used  to  mo- 
dify, 319. 

Number  of  independent  solutions  of  a 
complete  system  of  linear  and  homo- 
geneous partial  differential  equations, 
69. 

Number  of  equations  in  most  general 
integral  equivalent  of  non-integrable 
system,  312—316; 

application  of  result  to  simul- 
taneous partial  equations  in  se- 
veral dependent  variables,  317, 
329. 

Number  of  exact  integrals  of  incom- 
pletely integrable  system,  304. 

Odd  invariantive  integer  in  Frobenius' 
theory,  287. 

Odd  number  of  variables,  unconditioned 
expression  involving,  treated  by  Na- 
tani's method,  157 — 165; 
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by  Clebsch's  method,  219 ; 
by  Lie's  method,  268. 
Odd  reduction,  111; 

can    always    be  applied   to    ex- 
pression involving  odd  number 
of  variables,  111 ; 
not  unique,  111. 
Osculational  transformations,  230. 

Partial  differential  equations,  system  of, 
coextensive  with  system  of  exact  equa- 
tions, 67,  69,  71. 

Partial  differential  equation  of  first 
order,  a  single : 

special  case  of  Pfaffian  equation, 

122;    - 
only  One  integration  necessary  in 

Natani's  method,  154 ; 
integration  of,  by  Pfaff,  181—183; 
Pfaff's  integration  improved  by 

Jacobi,  183—187; 
by  Natani,  187,  18S. 
Partial  differential  equations,   solution 
of  simultaneous  system  of,  by  Natani, 
190; 

application  to  solution  of,  Chap, 
vii,  see  table  of  contents,  238. 
Partial  differential  equation  of  second 
order : 

conditions  for  intermediary   in- 
tegral of,  307 ; 
nature  of  integral  equivalent  of 

general,  320. 
Persistence  of  character  of  normal  form, 

249. 

Pfaff's  Problem,  why  so  called,  81. 
Pfaff's  method  of  reduction,  Chap,  iv, 
see  table  of  contents : 

general  theory,  81,  90 ; 
additions  to, by  Gauss  and  Jacobi, 

81,  82. 

Pfaff  s  theorem  as  to  transformation  of 
an  expression : 
stated,  89; 

completion  of  proof  of,  112; 
applied  to  deduce  a  later  theorem 

of  Jacobi's,  83,  115; 
simplified  by  Jacobi,  117—120. 
Pfaff's  solution   of   partial  differential 
equation  of  first  order,  181 ; 

simplified  by  Jacobi,  183. 
Principal  integrals,  of  system  of  equa- 
tions, 118,  151 ; 

of  subsidiary  system  used  for 
transformation  by  literal  tran- 
scription, 120,  152,  153,  157, 
170,  171. 

Reciprocation  a  particular  case  of  tan- 
gential transformation,  230,  232. 

Reduced  form,  integral  equivalent  de- 
rived from,  116,  117; 

equivalence  of,  to  another  reduced 


form,  195,  219,249; 
containing  even  number  of  inde- 
pendent functions,  203,  255  ; 
generalisation  of,  194; 

containing  odd  number  of  inde- 
pendent functions,  219,  268 ; 
generalisation  of,  220; 

normal  form  of,  222 ; 
Reduction  of  expression  by  Pfaff's  me- 
thod, subsidiary  equations  for,   89 — 
94; 

three  cases  of,  95,  100,  103 ; 
procedure  in,  when  number  of  va- 
riables is  odd,  106—111; 
completed  by  Gauss  for  all  cases, 
•  112—114. 
Reduction,  even,  105; 
odd,  111; 

neither  unique,  105,  111; 
simplified  by  use  of  principal  in- 
tegrals, 117-  -120. 

Reduction  of  two  equations  in  four  va- 
riables to  canonical  form,  325 — 327. 

Second  Method,  Clebsch's,  209—218  ; 

applies  only  to  equation  in  even 
number  of  variables,  if  uncon- 
ditioned, 210 ; 
or  if  Pfaffian  determinant  alone 

vanishes,  214. 

Second  order,  partial  differential  equa- 
tion of : 

conditions    that  it  may  possess 
intermediary     integral,    307 — 
310; 
nature  of  integral  equivalent  of, 

320,  321. 

Simplification  of  Pfaff's  reduction,  by 
Jacobi,  117—120 ; 

of  process  when  some  coefficients 

vanish,  153. 

Simultaneous  partial  differential  equa- 
tions of  first  order, 
in  a  single  dependent  variable: 

solution  of,  by  Natani,  190 — 193 ; 
conditions  of  coexistence,  191  and 

note; 
in  several  dependent  variables: 

included  in  extensive   monomial 

equation,  122; 
number    of    integral    equations 

equivalent  to,  317,  329. 
Simultaneous  variations : 
used  by  Binet,  148; 
used   by  Natani,  148,   149,    157, 

174,  178; 

used  by  Frobenius,  273 ; 
used  by  Darboux,  295. 
Single  exact  equation,  Chap,  i,  see  table 

of  contents. 

Single  integration  of  subsidiary  system 
sufficient  for  partial  differential  equa- 
tion of  first  order,  154. 
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Solution  of  partial  differential  equation: 
note  on  history  of,  183  (note) ; 
Pfaff's  method  of,  181—183; 
improved  by  Jacobi,  183 — 187 ; 
connected  with  Natani's  general 

result,  187; 

Natani's  method  of,  188—190. 
Solution  of  system  of  equations : 

by  Natani's  method,  190 — 193 ; 
in  Clebsch's  method,  215 ; 
by  Mayer,  72—78. 

Subsidiary    equations    for     conditioned 
expression  an  exact  system,  54,  170 ; 

integration  of,  170—172. 
Subsidiary  equations  for  Pfaff's  reduc- 
tion, formation  of,  89 — 94. 
Subsidiary  equations,  when  number  of 
variables  is  even: 

alternative  cases,  94,  296 ; 
solution  of,  in  most  general  case, 

96; 

Cayley's  symbolical  form  of,  100; 
still  valid,  if  determinant  alone 

vanish,  101 ; 

principal  integrals  of,  118. 
Subsidiary  equations,  when  number  of 
variables  is  odd: 

in  general  inconsistent,  110; 
Jacobi's  condition  for  consistency 

of,  107 ; 

effect  of  satisfaction  of,  109 ; 
verified  by  Natani's  results,  164 ; 
formed  by  Natani,  157 — 159 ; 
solution  of,  160,  164 ; 
principal    integrals    of,   used    to 
transform  expression,  151,  160. 
Subsidiary  equation  for  transformation 
of  Grassmann's  monomial  form,  128 — 
130; 

solution  of,  130—136; 
interpreted  numerically,  133; 
integration    of    solved    equation, 

136,  137  (note). 
Subsidiary  equations  constructed  by  use 

of  simultaneous  variations,  148. 
Subsidiary  system,  modified  by  one  of 
its  integrals,  173 — 175 ; 

by  two  of  its  integrals,  176,  177; 
by  two  integrals  of  original  equa- 
tion, 178; 

by  more  than  two  integrals,  179. 
Summary  of  methods  of  treatment  of 
Pfaff's  problem,  Chap,  iii,  see  table  of 
contents. 
Symbolical  solution  by  Cayley  of  subsi- 


diary system,  100. 

System  of  exact  equations,  Chap,  ii,  see 
table  of  contents.  ^ 

System  of  Pfaffians,  Chap,  xiii,  see  table 
of  contents; 

memoirs  relating  to,  299 ; 
represented  by  a  single  extensive 

monomial  equation,  122,  329. 
System  of  equations : 

completely  integrable,  300 ; 
incompletely  integrable,  301 ; 
nou-integrable,  301; 
what  is  meant  by  exact  integral 
of,  300,  301. 

Tangential    transformations,   Chap,   ix, 
see  table  of  contents;  298; 
note  on  history  of,  230 ; 
applied  by  Lie  to  Pfaff's  problem, 

252. 
Tanner's   symbolical    forms   similar  to 

Grassmann's,  142. 

Transformation  of  expression  when 
number  of  variables  is  even  : 

three  cases  of,  99,  100—102,  103 

—105; 

completed,  113. 

Transformation  of  expression  when  num- 
ber of  variables  is  odd : 

two  cases  of,  107—109, 110—111; 
completed,  114. 

Transformation  of  expression  to  mono- 
mial form,  122. 
Transformation,  gradual,  of  monomial 

form,  127—141. 

Transformation  of  expression,  by  princi- 
pal integrals,  118,  152,  157  ; 

by  Cauchy  substitutions  when  it 

is  conditioned,  258,  269. 
Transformations,   tangential    (see    tan- 
gential transformations). 

Uniqueness,  want  of,  in  reductions  even 

or  odd,  105,  111. 
Unsolved  problems,  connected  with  non- 

integrable  systems  of  equations,  330. 

Vanishing  coefficients,  effect  of,  in  sim- 
plifying construction  of  normal  form, 
153. 

Vanishing  Pfafiian  determinant,  effect 
of,  on  transformation  of  expression, 
102,  105. 

Variable,  extensive,  121. 
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